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Let K be a unital algebra over a field F with char F = 0, andExample.
et I © K be an “angmentation ideal”; meaning K/I = F.

Definition, Say that K is quadratic if its associated graded|
or K = @7, 17 /1P is a quadratic algebra. Alternatively,
let A = Q(K) = (V =1/1?)/(ker(fiz : V2V — I?/I?)) be

_ (goes back to [Koh])
K= ) I—< X = /=N

4 T. Kohno

the “quadratic approximation” to K (Q is a lovely functor), (K/I"*)* = (invariants of type p) =: V,
I'hen K is quadratic iff the obvious p @ A — gr K is an| - -
isomorphism. If G is a group, we say it is quadratic if its (w/mwt '}* =V Vo1 C={tY[t" =t") = < i >

croup ring is, with its augmentation ideal. . o )
ker fip = ([t "] = 0 = [tV £ + #¥]) = (4T relations)

Why Care? e In abstract generality, gr K is a simplified ver-

sion of K and if it is guadratic it is as simple as it may be . . —\
(]mrlzmlta] chord 111'«1—) — \ 4T

egrams mod 4T /JI.'

Z: universal finite type invariant, the Kontsevich integral.

without being silly. e In some concrete (somewhat gener-
alized) knot theoretic cases, A is a space of “universal Li
lgebraic formulas™ and the “primary approach™ for proving
(strong) quadraticity, constructing an appropriate homomor-

phism Z : K — A, becomes wonderful mathematics: roposition 1. The sequence
n-Knots  and
N i e . i e . — i L il . -
K Bl‘u[}:\ i v-lKnots _ \\:-h[](]!h i Rp = fj*:i (I.J ]:32 ] I) L £ ﬁ‘)_/ i—1
Metrized Lie Finite dimensional Lie ’
Al algebras [BN1] [Lie bialgebras [Hav] [algebras [BN3]

is exact, where Ry i= kerp: I'? — T; so (K. I) isy
The Free Case. If J i an angmentation ideal in =
(), denote F' — F/J =F by x + [z and define ¢ : F' — F]
by x; — x; + [2;]. Then Jy := ¢(J) is {w € F: degw > 0}
PuB,, is the group For Jy it is casy to check that Ry = R, = 0, and hence the
kame is true for every J.

(o 1<iAj] -n}/ Ufjgf.ﬁ‘.o.iﬁ‘ = J.f""o.h."'g*'i Ihe General Case. If K = F/M and I C K, then I = J/M|
571 W TijOkt = OkITij L Kautida [PRETE J C F. Then I'P = JP T M TP and we
,id

. . have
m (“braids when vou look”, E g e Ji—1

Etingol-Kazhdan Kashiwara-Vergne-
Associators quantization = Torossian

Z| [Dri, BND|  |[EK, BN2)

“blunder braids™ ): . -1
-a | A L I[Q J‘ A; ‘l‘<- .\J I I onto (Tp e \luh[n
~L N AN I:II—J:J’IH{ZJ::J‘II:J:_#""I:P_l—<}7:}’_1f{2<}::ﬂ.{:,]:.
o2 = _-' R3: - / : So ker(p) = m, (p.;.l(k:‘r 1)) =7 (3 p.;.l (J': M :J)) =

NN ( i (T g (M) J) =Y : Ry : I
i gk i gk

I'he Main Theorem [Lee|. PuB,, is quadratic. T Tnjectivity. A {onosided infinite) sequence

dpi1 iy

[The Overall Strategy, Consider the “singularity tower”™ of - Ky K, Ky=K
K, 1) (here *" means 8y and g is (always) multiplication)] .. . . . .. . . e e
(K1) ( K pis ( ys) J ) is “injective” if for all p > 0, kerd, = 0. It is “2-injective” if

its “I-reduction”

. ![ZIJ+1 Hp+1 v Hp YE& 1 . K
. . B K,
We care as im(p? = py o -0 p,) = IP, so IP/[PH - . kr\rJ(s;‘
i p?/ im gt Hence we ask:
. it Mv‘« all p, ker(d, © §,41) = kerd,r1. A paiy
e What's I'" /p(I'PH1)7] “njectiveif its singularity tower is 2-injective.
e How injective is this tower? Propositionr=="11 (K.[) 1s 2-local and 2-injective, it i3

juadratic.
Proof. Staring  at  the  l-reduced  sequence

0] I ; Iptl Hpt1 e Hp . 17
PII(”Iim i m ¥ Ter b oaen » K, get o

Lemma. TP/ u(IFPHY) = (1/1%)%r = ver,
['low Chart.

Irfkerp, v PR LR
< AT Terpy) g ikeg,e Dt trivially gy =

— “— BV : ?‘lf-['hi_'.]y‘ﬁ — (I/1%)%P, s0 the above is (I/17)7 /3 (1971 Ry IP=i1)
by Peter riterion But that’s the degree p picce of Q(K).
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I'he X Lemma (inspired by [Hut[).

B i X The set of all
A[. C"l] g Just for fun. { A{ﬁ } 2D prruui]nua)
o _.'!'n/,_v E ‘E: ﬂ// \\ of reality
N E
n-_/rB'\.e'i. T H K KK — KKy — KKy —
- S E; E Crop
-’.l'l (-‘1 = z

otate .
Adjoin ﬂ F ﬁ

An expansion # is a choice of a
“progressive scan” algorithm.

If the above diagram is Conway (=) exact, then its twe
liagonals have the same “2-injectivity defect”™.  That is,|
it 40 — B — Cy and Ay — B — () are exact, then|

ker(3) o ag)/ ker ag = ker(F) o ey )/ ker ay. ,-t:ll:til})v KKy &K /Ko Ka /Kot Ka /Kath Ka /Ko Ks /Ko -
Proof. k"]'if.l‘j:n] %) ker 3) M im oy adjoin ldl k‘.,.[n,.-ycjl_r.;x.,]
o
= ker Gy M imay <‘:—l %"j:m
The Hutchings Criterion [Hut]. R, [l
I'he singularity tower of (K, ) is \‘\“\ ﬂ}’
D-injective iff on the right, ker(mo S

T
J) = ker(d). That is, iff every “’/_l-'”f \\.f.,}k
“diagrammatic sveygy” lifts to a e+l

\/a

“topological syvzygy”. K_M-JA U\/'IAQ
(o) wndes stendy be]
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