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ILet K be a unital algebra over a field F with char
let I € K be an "angmentation ideal”; meaning
Definition. Say that K is quadratic if jtg ass

or K = D=/ i ag

I(‘@: @ ker!
1% /T7)) be Tt "quadratic approxihwdtion”
functor). Then K is quadratic iff the obvious p :

ts group ring is. with its angmentation ideal.

., gilly. e In some concrete (somewhat generalized) knot theo

(q is a lovely
Ao a K
s an isomorphism. If G is a group, we say it is quadratic if
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Why Care?
@ In abstract generality, gr K is a simplified version of K anc
if it is quadratic it is as simple as it may be without being

, retic cases, A is a space of “universal Lie algebraic formulas”
and the “primary approach” for proving (strong) quadratic
ity. constructing an appropriate homomorphism Z : K — A
becomes wonderful mathematics:

he Overall Strategy. Consider the “singularity tower

m p?/im P L. Hence we ask:

e How injective is this tower?
o What's I'?/u(IP+1)?

Lemma. I'P/u(I'P) ~ (I/1?)®r = Vor,

of

(I, I) (here *:" means 2 and g is (always) multiplication)
. [l [an) VE2 Hr J! K
We care as im(u” = py o0 py) = I, so IP/IPF! =

u-Knots  and
K| Braids v-Knots w-Knots
Metrized — Lie Finite dimensional Lie
1| A| algebras [BN1]|Lie bialgebras [Hav] |algebras [BN3|
Etingof-Kazhdan Kashiwara-Vergne-
Associators quantization Alekseev-Torossian
Z | |Dri, BND| [EK, BN2| [KV, AT]|
Proposition 2. If (K.7I) is 2-local and 2-injective, it iy
juadratic.
Proof. Staring at  the l-reduced  sequence
[ptl Mp+1 I:® iy - " i?
ker jip 41 Ker i, K, get g2 e
17/ ker yip e DY .2y 2\@p o
[ 1P+ fker py ) p(4PF ) ke py * But u(fp+l) = (I/I } y 8K

the above is (I/1%)®P /3" (1971 : Ry . P71,
the degree p piece of ¢(K).

But that’y

I'low Chart.
Thin S

- Intchings’ —
G e ——= R-injectiv
by Poter \ Criterion 1njectiye

I%L;') Qun(lmli()

I'he X Lemma (inspired by [Hut]).

roposition I. The sequence
R =@ (-1 . R, . [P-i-]
R, =D, (1 Ryt I )

is exact, where Ry 1= ker p: I'2 — T:so (K. T) is “2-local”.
I'he Free Case. If J is an angmentation ideal in K =
(i), ¢ - |

=by~
by 2; — x;+ T hen Jj

o

Ir

Hp Ir= 1

- define ¢ : F' —
b(J) is {fw e F :degw >

game is true for every J.
T'he General Case. If K = F/M and I C K,_tl
where J C F. Then I = .J? /3 .I:»i‘l<\!7.l —J

have

Je Jir-1

onto | Tp Tp—1 | onto

F ;)i;\golmls have the same “2-injectivity defect”.

C :
roof.

P=Jr /S J Ui s -t = -1 /300 QUMD J7 o dingrammatic

AU — y (‘(’ é
gl

1 1 ]

A &) Z

If the above diagram is Conway (=) exact. then its twc

That is
if Ay - B — Cy and Ay — B — C; arc exact, then
ker(3; o ap)/ ker ag =~ ker(3 o )/ ker a;.
ker(3y0a4) £ CRAly .

T 0o n—o’ ker ;J] Nim ()

: ~  ker(8
=ker G Nimay +——— kerlboom)

a ker ay
e Hutchings Criterion [Hut]. -1
The singularity tower of (K, 7) is = \I Po_r
2-injective iff on the right, ker(wo v
J) = ker(d). That is, iff every bpir 7" (&
) er(d) at is every P T

is also a [
“topological syzygy”

I) =YX FiRa: B

) = mp (St (MR T)) =

Conclusion.  We need to know that (A./) i

D-Injectivity. A (one-sided infinite) sequence

. Ot > 4, , -
oy Ry e e e s By K

ts “l-reduction”

dp

Koiy K, % Kpy
kerd, iy kerd, kerd,

(K, 1) is “2-injective” if its singularity tower is 2-injective.

s “injective™ if for all p > 0, kerd, = 0. It is “2-injective” if

s injective: i.e. if for all p, ker(d, © d,41) = kerd, 1. A pair

“syzygy complete”  that every diagrammatic syzyvey
is also a topological syzygy, that ker(w o @) = ker(d).

James Gillespie's Sightline #2
(1984) is a syzygy., and (ar-
guably) Toronto’s largest sculp-
ture. Find it next to University
of Toronto’s Hart Honse.
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(goes back to [Koh

Fxample. / k ) l\

1) Ry (PuB,,) is generated by C) and
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E.\iun?)lf‘. \/ (goes back to [Koh]
N ’
G|} = {X-X)
T. Kohno \

(K/I"T')* = (invariants of type p) =: v,
([h/]}H—l)ﬂ - Vp/v -1 V= (fij“ij = fj‘) = <| H_I)

= [t 4™ + t7¥]) = (4T relations)

)=

IZ: universal finite type invariant, the Kontsevich mtogral
B, 1s the group

K=

ker fip = ([tV, 1] =0

horizontal chord dia-
grams mod 4T

A=q<m=(

; C OiiCikOik = OO0

(0ij:1<i#j<n) 5OikIjk = OkTikTij
CijOk = O 0ij

L. Kaulfman

bf “pure virtual braids” (“braids when you look™, K KU

“blunder braids”):

024 =

[The Main Theorem [Lee|. PuB, is qundmtic.
Ap = q(HBu)

v-braids

[GPV]
Goussarov-Polyak-Viro
with X =g =0ij — 1 =X =X,
the “semi-virtual crossing”.
=1 12
/ wnth one &

=% _’ (_H
= @ijh1<i#j<n U=

An = TV/{[aij, i) + @i, aje] + lain, aji), ¢ = laij, an)).

st |+ - - - P

2(PeB,,) is generated by Cpy and

T

Syzygy Completeness, for PuB3,,, means:
R, =@inm,;, —2 P T, Ve

{512 : Yaus : o780 : ..

(2

{012 : Y345 : 07080 1 ...} — {auyu",ds_) 3
Is every relation between the y;;;’s and the c ’s also
la relation between the Y;;;.’s and the C, " 1’s?
"' = e = = =
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K/Ky o= K/Kz— K/Ka— KKy~

The set of all

ZD projections
of reality

Just for fun.

Figuring out My and Ro.
ker g = m (up' (M)

is in principle computable, and
then Ry follows as V®2
I/12)%% = I2uy(I)

R—=I1=J/M

Crop
Rotate
Adjoin

-ll ALy g

K/K\ DK /K@Ky | Ky K3/ KD Ky KsDKs/Kg® -+

Il Il
R? ker(K/Ky—K/Ka)

An expansion Z is a choice of a
“progressive scan” algorithm.

crop
rotate
adjoin
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Footnotes

1. Following a homonymons paper and thesis by Peter Lee [Lee]. All serious work here is his and was extremely
patiently explained by him to DBN. Page design by the latter.
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