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g0 bi-local exponentiation relations. In g0 = D^ = Dii =

Dii = Dii B 〈b, c, u,w〉/([b, ·] = 0, [c, u] = u, [c,w] =

−w, [u,w] = b) with deg(b, c, u,w) = (1, 0, 1, 0) and a12 =

b1c2 + u1w2: (verifications in G0.nb)

1. The Yang-Baxter element,
expU(a12) = exp

(
b1c2 + eb1−1

b1
u1w2

)
�mu1

1 �mc2w2
2

2. X [c, uw] = 0
X eβueαc = eαcee−αβu and eβweαc = eαceeαβw

3. X [w, eγu] = −bγeγu and [u, eγw] = bγeγw

4. With Muw = Muw(γ) B eγuw�muw =
∑

k≥0
γk

k! ukwk,
X [u,Muw] = bγuMuw and [w,Muw] = −bγMuww
X M−1

uw(γ(α))∂αMuw(γ(α)) =
∂αγ(α)

1−bγ(α) uw

5. With Mwu = Mwu(δ) B eδuw�mwu =
∑

k≥0
δk

k! wkuk,
X [u,Mwu] = bδMwuu and [w,Mwu] = −bδwMwu

X M−1
wu(αδ)∂αMwu(αδ) = δ

1+bαδwu = δ
1+bαδ (uw − b)

6. X Mwu(δ) = 1
1+bδMuw

(
δ

1+bδ

)
7. X The hard core uw relation. eαweβu = e−bαβeβueαw

with ν = (1 + bδ)−1, eαwMwu(δ)eβu = νe−bναβeνβuMuw(νδ)eναw

X 1-Smidgen sl2 / g1 bi-local exponentiation relations. With
ε2 = 0, in g1 B Q[ε]〈b, c, u,w〉/([b, ·] = 0, [c, u] = u, [c,w] =

−w, [u,w] = b − 2εc) with deg(b, c, u,w, ε) = (1, 0, 1, 0, 1) and
a12 = (b1 − εc1)c2 + u1w2: (verifications in G1.nb)

1. c relations: eβueαc = eαcee−αβu and eβweαc = eαceeαβw

2. With ν = (1 + bδ)−1 and Λ as below,
O

(
eαw+βu+δuw | wu

)
= O

(
ν(1 + ενΛ)eν(−bαβ+αw+βu+δuw) | cuw

)
(160805) Λ for Λόγος, “a principle of order and knowledge”: Λ =

− 1
2 bν

(
α2β2ν2 + 4αβδν + 2δ2

)
− 1

2β
2δν3u2(3bδ+2)− 1

2 bδ4ν3u2w2−

βδ2ν3u2w(2bδ + 1) − βν2u(2bδ + 1)(αβν + 2δ) − 2bδ2ν2uw(αβν +

δ)+ 1
2α

2δν3w2(bδ+2)+2c(αβν+δ)+2βcδνu+2cδ2νuw+2αcδνw+

αδ2ν3uw2 + αν2w(αβν + 2δ).
(160801a) Roland’s smqsl(2) formulas, BBS:VanDerVeen-160731,
with q = eε , t = eb: b central, [w, c] = w, [c, u] = u,
wu − quw = 1 − te2εc (at ε2 = 0: [w, u] = εuw + 1 − t −
2εtc), R =

∑
m,n

un(b+εc)m⊗cmwn

m![n]q! →
∑

m,n
un(b+εc)m⊗cmwn

m!n!

(
1 − ε

2

(
n
2

))
.

Also, ∆(b, c, u,w) = (b1 + b2, c1 + c2, t2eεc2u1 + u2, eεc2w1 +

w2) and S (b, c, u,w) = (−b,−c,−t−1ue−εc,−we−εc). Verified
VdVAlgebraAt1-Testing.nb.
(160801b) sm0sl(2) formulas, t = eb: b central, [w, c] = w,
[c, u] = u, wu − uw = 1 − t, R =

∑
m,n

unbm⊗cmwn

m!n! (verified
VdVAlgebraAt0.nb). Also, ∆(b, c, u,w) = (b1+b2, c1+c2, t2u1+

u2,w1 + w2) and S (b, c, u,w) = (−b,−c,−t−1u,−w) (unverified).
(160730) Lessons from Roland: • There is an additional grading, with
ht(b, c, u,w) = (0, 0, 1,−1). • Rescale u → b

eb−1 u. • A simple R-
matrix for 1-co.

(160725) Challenge: In g0, understand eβuw+αu+γw�muw
x and

eβuw+αu+γw�mwu
x .

(160628) Figure out duality in g1!
(160622b) The (b − εc)-scapegoated 1-co low algebra g1 “1-smidgen
sl2” (ε2 = 0, b central) with a12 = (b1 − εc1)c2 + u1w2,
[w, c] = w [c, u] = u [u,w] = b − 2εc.
Also ad(−a12) = {c1 7→ u1w2, c2 7→ −u1w2,

u1 7→ εu1c2, u2 7→ −(b1 − εc1)u2 + (b2 − 2εc2)u1,
w1 7→ −b1w2 − εw1c2 + 2εc1w2, w2 7→ (b1 − εc1)w2}.

Claim. Over Q~ε, bi� the following generate a sub-Lie algebra,
sub-meta-monoid, and contains the ai j’s:

{1, ci, ui,wi, uiw j} and
ε{cic j, ciu j, ciw j, ciu jwk, uiu jwk, uiw jwk, uiu jwkwl}

(160621) 1-co low algebra (ε2 = 0): a12 = I = b1c2 + u1w2 ∈ b
∗
ε ⊗ bε

[w, c] = w [b, u] = −εu δc = 0 δw = ε(c ∧ w)
[b, c] = 0 [b,w] = εw [c, u] = u [u,w] = b − εc

(verification in pensieve://2016-06)
Also, ad(−a12) = {u1 7→ εu1c2, u2 7→ −b1u2+b2u1−εu1c2, b1 7→

−εu1w2, b2 7→ εu1w2, w1 7→ −b1w2 − εw1c2 + εc1w2, w2 7→

b1w2, c1 7→ u1w2, c2 7→ −u1w2}.

Recycling.
(160622a) Scapegoated 1-co low algebra (ε2 = s2 =εs=0, b central):

a12 = I = (b1 + s1)c2 + u1w2 ∈ b
∗
ε ⊗ bε

[w, c] = w [s, u] = −εu δc = 0 δw = ε(c ∧ w)
[s, c] = 0 [s,w] = εw [c, u] = u [u,w] = b + s − εc
Also, ad(−a12) = {

u1 7→ εu1c2, u2 7→ −(b1 + s1)u2 + (b2 + s2)u1 − εu1c2,
s1 7→ −εu1w2, s2 7→ εu1w2, c1 7→ u1w2, c2 7→ −u1w2,
w1 7→ −(b1 + s1)w2 − εw1c2 + εc1w2, w2 7→ (b1 + s1)w2,

}.
(160629) Let A = (A0 = 〈1〉)⊕ A>0 be a graded unital algebra over an
augmented ring η : R → Q, and let T : A⊗n → A⊗n be such that
???. Then there is a unique
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