
Pensieve header: Programs for Β-calculus, development notebook.

KnotTheory

<< KnotTheory`

KnotTheory

Loading KnotTheory` version of February 5, 2013, 3:48:46.4762.

Read more at http:��katlas.org�wiki�KnotTheory.

Initialization

ΒSimp = Factor; SetAttributes@ΒCollect, ListableD;

ΒCollect@B@Ω_, L_DD := BAΒSimp@ΩD,

CollectAL, h_, CollectAð, t_, ΒSimpE &EE;

ΒForm@B@Ω_, L_DD := ModuleA8ts, hs, M<,

ts = UnionACasesAB@Ω, LD, Ht TLs_ ¦ s, InfinityEE;

hs = UnionACasesAB@Ω, LD, hs_ ¦ s, InfinityEE;

M = Outer@ΒSimp@Coefficient@L, hð1 tð2DD &, hs, tsD;

PrependTo@M, tð & �� tsD;

M = Prepend@Transpose@MD, Prepend@hð & �� hs, ΩDD;

MatrixForm@MDE;

ΒForm@else_D := else �. Β_B ¦ ΒForm@ΒD;

Format@Β_B, StandardFormD := ΒForm@ΒD;

Program

XΜ_\ := Μ �. t_ ® 1;

tmx_y_®z_@Β_D := ΒCollectAΒ �. 9tx y ® tz, Tx y ® Tz=E;

hmx_y_®z_@B@Ω_, L_DD := ModuleA
9Α = D@L, hxD, Β = DAL, hyE, Γ = L �. hx y ® 0=,

B@Ω, HΑ + H1 + XΑ\L ΒL hz + ΓD �� ΒCollectE;

swx_y_@B@Ω_, L_DD := ModuleA8Α, Β, Γ, ∆, Ε<,

Α = CoefficientAL, hy txE; Β = D@L, txD �. hy ® 0;

Γ = DAL, hyE �. tx ® 0; ∆ = L �. hy tx ® 0;

Ε = 1 + Α;

BAΩ * Ε, Α H1 + XΓ\ � ΕL hy tx + Β H1 + XΓ\ � ΕL tx

+ Γ � Ε hy + ∆ - Γ * Β � Ε

E �� ΒCollectE;

gmx_y_®z_@Β_D := Β �� swxy �� hmxy®z �� tmxy®z;

B �: B@Ω1_, L1_D B@Ω2_, L2_D := B@Ω1 * Ω2, L1 + L2D;

HR
+Lx_y_ := BA1, HTx - 1L tx hyE;

HR
-Lx_y_ := BA1, IHTxL-1

- 1M tx hyE;
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tm

9Β = BAΩ, SumAΑ2 i+j-6 ti hj, 8i, 1, 4<, 8j, 5, 6<EE,

O1 = Β �� tm12®1 �� tm13®1,

O2 = Β �� tm23®2 �� tm12®1,

O1 � O2

= �� ColumnForm

tm

Ω h5 h6

t1 Α1 Α2

t2 Α3 Α4

t3 Α5 Α6

t4 Α7 Α8

Ω h5 h6

t1 Α1 + Α3 + Α5 Α2 + Α4 + Α6

t4 Α7 Α8

Ω h5 h6

t1 Α1 + Α3 + Α5 Α2 + Α4 + Α6

t4 Α7 Α8

True

hm

9Β = BAΩ, SumAΑ4 i+j-6 ti hj, 8i, 1, 2<, 8j, 3, 6<EE,

O1 = Β �� hm34®3 �� hm35®3,

O2 = Β �� hm45®4 �� hm34®3;

O1 � O2

= �. Αi_ ¦ i
` �� ColumnForm

hm

Ω h3 h4 h5 h6

t1 1
`

2
`

3
`

4
`

t2 5
`

6
`

7
`

8
`

Ω h3 h6

t1 1
`

+ 2
`

+ 1
`

2
`

+ 3
`

+ 1
`

3
`

+ 2
`

3
`

+ 1
`

2
`

3
`

+ 2
`

5
`

+ 3
`

5
`

+ 2
`

3
`

5
`

+ 3
`

6
`

+ 1
`

3
`

6
`

+ 3
`

5
`

6
`

4
`

t2 5
`

+ 6
`

+ 1
`

6
`

+ 5
`

6
`

+ 7
`

+ 1
`

7
`

+ 2
`

7
`

+ 1
`

2
`

7
`

+ 5
`

7
`

+ 2
`

5
`

7
`

+ 6
`

7
`

+ 1
`

6
`

7
`

+ 5
`

6
`

7
`

8
`

True

htt

9Β = BAΩ, SumAΑ2 i+j-5 ti hj, 8i, 1, 3<, 8j, 4, 5<EE,

O1 = Β �� tm12®1 �� sw14,

O2 = Β �� sw24 �� sw14 �� tm12®1;

O1 � O2=
htt

:
Ω h4 h5

t1 Α1 Α2

t2 Α3 Α4

t3 Α5 Α6

,

Ω H1 + Α1 + Α3L h4 h5

t1

HΑ1+Α3L H1+Α1+Α3+Α5L
1+Α1+Α3

HΑ2+Α4L H1+Α1+Α3+Α5L
1+Α1+Α3

t3

Α5

1+Α1+Α3

-Α2 Α5-Α4 Α5+Α6+Α1 Α6+Α3 Α6

1+Α1+Α3

, True>
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hht

9Β = BAΩ, SumAΑ3 i+j-5 ti hj, 8i, 1, 2<, 8j, 3, 5<EE,

O1 = Β �� hm34®3 �� sw13 �� ΒCollect,

O2 = Β �� sw13 �� sw14 �� hm34®3 �� ΒCollect;

O1 � O2

= �. Αi_ ¦ i
` �� ColumnForm

hht

Ω h3 h4 h5

t1 1
`

2
`

3
`

t2 4
`

5
`

6
`

Ω I1 + 1
`

+ 2
`

+ 1
`

2
`

+ 2
`

4
`M h3 h5

t1

I1+1
`

+4
`M I1

`
+2

`
+1

`
2
`

+2
`

4
`M I1+2

`
+5

`M
1+1

`
+2

`
+1

`
2
`

+2
`

4
`

3
` I1+1

`
+4

`M I1+2
`

+5
`M

1+1
`

+2
`

+1
`

2
`

+2
`

4
`

t2

4
`

+5
`

+1
`

5
`

+4
`

5
`

1+1
`

+2
`

+1
`

2
`

+2
`

4
`

-3
`

4
`

-3
`

5
`

-1
`

3
`

5
`

-3
`

4
`

5
`

+6
`

+1
`

6
`

+2
`

6
`

+1
`

2
`

6
`

+2
`

4
`

6
`

1+1
`

+2
`

+1
`

2
`

+2
`

4
`

True

R3

8HR
-L51 HR

-L62 HR
+L34 �� gm14®1 �� gm25®2 �� gm36®3,

HR
+L61 HR

-L24 HR
-L35 �� gm14®1 �� gm25®2 �� gm36®3<

R3

:

1 h1 h2

t2 -
-1+T2

T2

0

t3

-1+T3

T2

-
-1+T3

T3

,

1 h1 h2

t2 -
-1+T2

T2

0

t3

-1+T3

T2

-
-1+T3

T3

>

8_17-1

Β = HR
-L12,1 HR

-L27 HR
-L83 HR

-L4,11 HR
+L16,5 HR

+L6,13 HR
+L14,9 HR

+L10,15

8_17-1

1 h1 h3 h5 h7 h9 h11 h13 h15

t2 0 0 0 -
-1+T2

T2

0 0 0 0

t4 0 0 0 0 0 -
-1+T4

T4

0 0

t6 0 0 0 0 0 0 -1 + T6 0

t8 0 -
-1+T8

T8

0 0 0 0 0 0

t10 0 0 0 0 0 0 0 -1 + T10

t12 -
-1+T12

T12

0 0 0 0 0 0 0

t14 0 0 0 0 -1 + T14 0 0 0

t16 0 0 -1 + T16 0 0 0 0 0

8_17-2

Do@Β = Β �� gm1k®1, 8k, 2, 10<D; Β

8_17-2

T1
2
+T16-T1 T16

T1
2

h1 h11 h13 h15

t1 -
H-1+T1L T14 HT1

3
+T16

2 L
T1

2 T12 HT1
2
+T16-T1 T16L -

H-1+T1L H1-T1+T1
2L T14 T16

T1 HT1
2
+T16-T1 T16L

H-1+T1L H1-T1+T1
2L T14

T1
2
+T16-T1 T16

-1 + T1

t12 -
-1+T12

T12

0 0 0

t14

H-1+T14L H-T1+T1
2
+T16L

T12 HT1
2
+T16-T1 T16L

H-1+T1L H1-T1+T1
2L H-1+T14L T16

T1 HT1
2
+T16-T1 T16L -

H-1+T1L H1-T1+T1
2L H-1+T14L

T1
2
+T16-T1 T16

0

t16

T1 H-1+T16L
T12 HT1

2
+T16-T1 T16L

H-1+T1L T1 H-1+T16L
T1

2
+T16-T1 T16

-
H-1+T1L2 H-1+T16L

T1
2
+T16-T1 T16

0
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8_17-3

Do@Β = Β �� gm1k®1, 8k, 11, 16<D; Β

8_17-3

-
1-4 T1+8 T1

2
-11 T1

3
+8 T1

4
-4 T1

5
+T1

6

T1
3

t1

8_17-4

Alexander@Knot@8, 17DD@XD
8_17-4

KnotTheory::loading : Loading precomputed data in PD4Knots`.

8_17-4

11 -

1

X
3

+

4

X
2

-

8

X

- 8 X + 4 X
2

- X
3

Recycling

StandardAlexander

1 0 0 0 0 T - 1 0 -T

-1 T 0 0 0 0 1 - T 0

0 -1 T 0 1 - T 0 0 0

T - 1 0 -T 1 0 0 0 0

0 1 - T 0 -1 T 0 0 0

0 0 0 0 -T 1 0 T - 1

0 0 1 - T 0 0 -1 T 0

0 0 0 T - 1 0 0 -T 1

@@1 ;; 7, 1 ;; 7DD �� Det

StandardAlexander

-1 + 4 T - 8 T
2

+ 11 T
3

- 8 T
4

+ 4 T
5

- T
6

The Borromean Link

Β = HR
-Lr,6 HR

+L2,4 HR
-Lg,9 HR

+L5,7 HR
-Lb,3 HR

+L8,1

1 h1 h3 h4 h6 h7 h9

t2 0 0 -1 + T2 0 0 0

t5 0 0 0 0 -1 + T5 0

t8 -1 + T8 0 0 0 0 0

tb 0 -
-1+Tb

Tb

0 0 0 0

tg 0 0 0 0 0 -
-1+Tg

Tg

tr 0 0 0 -
-1+Tr

Tr

0 0
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Do@Β = Β �� gmrk®r, 8k, 1, 3<D;

DoAΒ = Β �� gmgk®g, 8k, 4, 6<E;

Do@Β = Β �� gmbk®b, 8k, 7, 9<D;

Β �. 9Tc_ ¦ c=
1-2 b+b2

-2 g+3 b g-b2 g+g2
-b g2

-2 r+3 b r-b2 r+3 g r-3 b g r+b2 g r-g2 r+b g2 r+r2
-b r2

-g r2
+b g r2

b g r

tb
1-2 b+b2

-2 g+3 b g-b2 g+g2
-b g2

-

tg -
1-2 b+b2

-2 g+3 b g-b2 g+g2
-b g2

tr
1-2 b+b2

-2 g+3 b g-b2 g+g2
-b g2

-

Work in Progress

ΒZ@L_D := ModuleA8s, Β, c, k<,

s = Skeleton@LD;

Β = Times �� PD@LD �. X@i_, j_, k_, l_D ¦ IfA
PositiveQ@X@i, j, k, lDD,

HR
+Ll,i, HR

-Lj,iE;

DoAΒ = Β �� gms@@c,1DD, s@@c,kDD®s@@c,1DD,

8c, Length@sD<, 8k, 2, Length@s@@cDDD<E;

ΒE

ΒZ@Knot@8, 17DD �� First

-

1 - 4 T1 + 8 T1
2

- 11 T1
3

+ 8 T1
4

- 4 T1
5

+ T1
6

T1
2

FactorB
ΒZ@ðD@@1DD

Alexander@ðD@T1D
F & �� AllKnots@83, 8<D

:
1

T1

, T1,

1

T1
2

,

1

T1
2

, 1, 1, 1,

1

T1
3

,

1

T1
3

, T1

4
, T1

4
,

1

T1
3

,

1

T1

, T1

2
,

1

T1

,

1

T1

,

T1, T1, T1

3
,

1

T1

, T1, T1, T1, T1,

1

T1

, T1, T1,

1

T1

,

1

T1
3

,

1

T1

, T1, 1, T1

4
, 1,

1

T1

>

ΒMVA@L_LinkD := ModuleB8Ηs, Ω, Μ, M<,

8Ω, Μ< = List �� ΒZ@LD;

Ηs = Rest@hð & �� HFirst �� Skeleton@LDLD;

M = OuterA
CoefficientAΜ - IΜ �. t_ ® 1 �. ha_ ¦ ta haM, ð1 * ð2E &,

Ηs, Ηs �. ha_ ¦ taE;

FactorB
Ω Det@MD

1 - TSkeleton@LD@@1,1DD
FF
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ΒMVA@Link@"L8a16"DD

KnotTheory::loading : Loading precomputed data in PD4Links`.

-

H-1 + T1L H-1 + T5L H-1 + T11L H1 + T5 T11L
T1 T5 T11

SimplifyB
1

ΒMVA@ðD
HMultivariableAlexander@ðD@TD �. T@i_D ¦ TSkeleton@ðD@@i,1DDLF & ��

AllLinks@8D

KnotTheory::loading : Loading precomputed data in MultivariableAlexander4Links`.

: T1 T5

3�2
,

T1

T5

, T1

3�2
T5

3�2
, T1 T5

3�2
,

T1
3�2

T5

,

T1
3�2

T5

, T1

3�2
T5

7�2
,

T1

T7

, T1 T7, T1

2
T7

3
,

T1

2
T7

3
, T1

5�2
T9

5�2
, T1

5�2
T9

5�2
, T1

5�2
T9

5�2
, -T1

3�2
T5

3�2
T9 , - T1 , -T1

3�2
T5

2
T11

2
, -

T1

T11
2

,

-

T1 T5

T11

, -

T1
3�2

T5

T13
3�2

, T1

3�2
T5

3�2
T9

3�2
T13

3�2
, T1

3�2
T5

3�2
, T1 T5 , -T1

3�2
T5

2
T11

2
,

- T1 T5

2
T11, - T1 T5

3�2
T11

3�2
, -T1

3�2
T5

5�2
T13 ,

T1 T5

T9 T13

, T1 T5 T9 T13 >
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