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Pensieve header: Testing the common program for all w-meta-calculi. Continues
pensieve://2014-07/MetaCalculi/.

Inf+]:= dir = SetDirectory["C:/drorbn/AcademicPensieve/Projects/MetaCalculi/"];
<< KnotTheory"
<< MetaCalculi.m

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

MetaCalculi® loading...

General

SXForm[L = Link["L6a4"]]

: Loading precomputed data in PD4Links".

SXForm|[ {Loop[1, 2, 3, 4], Loop([5, 6, 7, 8], Loop[9, 10, 11, 12]},
Xm[1l, 6] Xm[5, 10] Xm[9, 2] Xp[3, 8] Xp[7, 12] Xp[11, 4]

Z[L]

dm[9, 12, 9] [
dm[9, 11, 9] [dm[9, 1@, 9] [dm[5, 8, 5] [dm[5, 7, 5] [dm[5, 6, 5] [dm[1, 4, 1] [dm[1, 3, 1]
dm[1, 2, 1] [Xm[1, 6] Xm[5, 10] Xm[9, 2] Xp[3, 8] Xp[7, 12] Xp[11, 41111111111

a-Calculus
{Xpabs Xmyp} // A
1 h[a] h[b] 1 h[a] h[b]
[[tra] e =] lt[a] o et [1ev) :’e” }
A 1 et A 1 e C

{Xmsy Xmg, Xp3s // A // dm[1, 4, 1] // dm[2, 5, 2] // dm[3, 6, 3],
Xpey XMys Xm3s // A // dm[1, 4, 1] // dm[2, 5, 2] // dm[3, 6, 3]}

1 h[1] hi2]  h[3] 1 h[1] h[(2]  h[3]
t[2) eoli-e?] cl’e” 0 0 tr2) el C“*Q 0 0
2 2
€2 (L1453 e e ) e (—1+e% e G G
{ t [3] e ( 1 ) (1 j 0 t [3] ( 1 ) (1 ) 0 }
C3 C3 C3 C3
A @ C2*Cs e 1 A A e 1
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o = Xmyp 3 Xmyz Xmgz XMy, 11 Xp16,5 XPe,13 XP14,9 XP1e,15 // A

1 h{1]  h{2] h[3] hi[4] h[5] h[6] h[7] h[8] h[9] h[ile] h[1l] F
t[2] ) ) ) ) ) ) L(;LL ) ) ) )
t[4)] 0 0 0 0 0 0 0 0 0 I— cld’e“
t[6] 0 0 0 ) 0 0 0 ) 0 0 )
t[8] ) ) e—(c%l ) ) ) ) ) ) ) )
t[1e] 0 0 0 ) 0 0 0 ) 0 0 )
t[12] e—iil ) ) ) ) ) ) ) ) ) )
t[14] 0 0 0 ) 0 0 0 o <t o )
t[16] 0 0 0 o = o 0 ) 0 ) )

A e 1 e ¢ 1 e 1 e 1 e 1 e

a = XMy 1 Xmy7 Xmgz Xmg 11 Xp16,5 XPs,13 XP14,9 XP1e,15 // A;
Do[a = a // dm[1, k, 11, {k, 2, 16}]; «

€3 (-1+4e -8’2 +11e*“-8e*@ 44 -ef) h[1]

t[1] )
A 1
Testing R3
{(Xp12 // A) x% (Xp13 // A) ** (Xp3 // A), (Xpa3z // A) %% (Xp13 // A) % (Xp12 // A)}
1 h[1] h[2] h[3] 1 h[1] h[2] h[3]
t[1] ) -1+e% -1+e% t[1] ) -1+e% -1+e%
{ ° c1 CIc;fcz ) R C1C1C1+C2 }
t[2] o o e t[2] o o et
A 1 ecl eC1+C2 A 1 (Ecl eC1+C2

Testing tr
a B 6
a@ = A[w, h[a] o, +h[b] o, +h[S] o5, {t[al, t[b], t[S]}.|[y & e].{h[a],h[b],h[sn];
o ¥ E

{t1=0a0 // dm[a, b, c] // tr[c], t2=a@ // dm[b, a, c] // tr[c], t1-==t2}

w+/3wcc+ywcc+/37(wc§—aéwc§+6wccoa+awcc0bfwaaob
tlc]
{ t[S] E+BE C+YEC—€PC—OYC+BYEC-aSEC
1+3¢

A

Testing the KV Solution

See the 2014-07 version of this file.
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[-Calculus

{Xpab: xmab]‘ // T

1 s, Sp
1 s, Sh s, 1 “1+T,
{ Sa 1 1*Ta Ta }
s @ T, |7 |S @ -
r 1 Ta — 1
Ta

Meta-Associativity

n=4j; 70=I'[w, iha Cas iita hba10a+b]
a=1

a=1b=1
w S1 Sy S3 Sa
S1 O11 Q12 013 Qa4
Sy 021 Q22 O3 024
S3 031 Q32 033 O34
Sa Q41 Oa2 043 Qag
2 01 O3 O3 Oy

¥0 // dm[1, 2, 1] // dm[1, 3, 1]

w (1-0u2 - 03 22 - O3 + 02 023 S1
Sl 031 -012 X371 -013 Ay (X371 —(23 A31+01p (X3 (31 +0(11 (33 +X13 (7 Q33 —(11 (X3 A3 +0p1 (X33 —(X12 Op1 (X33+(

1-0112-043 Q220123 +012 Q23
s 041 ~0l12 Ola1 —0113 Oty Olag —0z3 Olag +0l12 Op3 Ola1 +041 Olap+043 Op1 Olag —0l11 013 Olgp +Ql21 Olaz—0l12 Op1 Olg3 +¢
4
1-012-043 Q220123 +012 Q23

b 01 02 O3

¥0 // dm[2, 3, 2] // dm[1, 2, 1]

w <1 - Q12 — 013 Oz — 023 + Q12 0(23) S1
s Q31 -012 X371 -013 Aoy X371 —0p3 K37 +Q7p (23 31 +Q171 K32 +Q13 (o1 A3p—Q17 (Kp3 X3 +0p1 A33—-Q1p (g A33+(
1

1-012-013 02 -3 +012 023
S Olag —0lgp Olag —0113 Opp Qa1 —0lp3 Olag +0l4p Q3 Qlag +011 Olap+0l33 Olo1 Olap —Ql1 O3 Olap +01 Qlaz—0l12 021 Ol43+(
4 1-0u2-013 Q22 -023+012 Q23
3 01 02 O3
(e 7/ dm[1, 2, 1] //dm[1, 3, 1]) = (¥0 // dm[2, 3, 2] // dm[1, 2, 1])

True
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o

nep= T /2 Tl , o, A_]1% := Module[{S =dL[T[w, o, A]], M},
M = Outer [TSimp[ (Ot,h, )] &, S, SI;
r[
rsimp[Det[M] »], Collect[o, h_, (1/#)&],
(t2& /@ S).Inverse[ M]. (h;& /@ S)
|
n n n
nf-}= N =3; y0 = I‘[w, Zha Cas ZZta hp a10a+b]
a=1 a=1b=1
w S1 Sy S3
S1 011 012 (13
Outf-]J= | S 01 O 023

S3 031 032 O33
T 01 O3 O3

= y@°% // dm[1, 2, 1]

—w (13 02 Q31 — 012 Q23 31 + 013 Q32 — 013 Qa1 (32 + 011 Q23 (32 — Q12 (33 + 012 Ol (33 — (11 022 O33)

S1
—Q13 02;

Out[=]= S3
013 022

r

1= Simplify[ (y@%® // dm[1, 2, 1]) == (¥@ // dm[2, 1, 1])°"]

out/-]= True

= {TIXpLi, 311, TIXp[i, 311% /. Ti-Ti'}

1 s; 55 - si S
o (|50 LT s 11Ty

s; @ T s; 0 Ty

1 T T 1 T

Cyclicity of tr
n=3; y0 = r[“’: iha Oas iita hp a10a+b]

a=0 a=1b=1
w S S> S3
S1 011 Q12 (13
S2 Q21 O22 023
S3 031 032 033
T 01 O3 O3
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{(y0 // dm[1, 2, 1], ¥@ // dm[1, 2, 1] // tr[1]}

-w (—1+O(12) S1 S3
S —Q1 40047 091 -0111 Oy —Ql43 QP —03+011 0123 w (1 — 012 — Q21 + Q12 21 — (11 O122>
{ “l4oqz “liag , S5 0113 2 031 +00p3 Ota
S3 —031+032 031-0111 A3 —033 Ql3p—0l33+01) A33
~l+op -l+aga T
r 01 02 O3

{¥0 // dm[2, 1, 1], ¥@ // dm[2, 1, 1] // tr[1]}

-W (71+O(21) S1 S3
S —0g2+01p 0p1—043 Olpp  —Ol3+033 Olp1 —0Ol41 Op3 @ (1 =012 — Q21 + Q12 Q21 — Q11 O(zz)
{ “leao T , S5 043 022 031 +003 031
S3 —QQ3 Q31 —Q3p+01p1 A3  —Qp3 (37— A33+0p1 X33
“1+oo1 —1+051 T
T 01 02 O3

(yo // dm[1, 2,11 // tr[1]) = (y@ // dm[2,1, 1] // tr[1])

True

Testing the MVA

Z[T', Link["L6a4"]]

: Loading precomputed data in PD4Links".

1-Ty-Tg+Ty Ts-To+Ty To+Tg Tg) (Ty+Ts-Ty Tg+To-Ty To-Ts To+T3 T5 T. s
T Ts To
To (1-2T3+T3-Ts+3 Ty Ts-Tf Ts-To+2 Ty To-T§ To+Ts To-2 Ty Ts To+TF T
(1-Ty-Ts+Ty Ts-To+Ty To+Ts Tg) (Ty+Ts-Ty Ts+To-Ty To-Ts To+Ty Ts

Ss Ty (=1+Ts) (1-T3+T3 Ts) (-1+Tg)

(1-T1-Ts+T1 Ts=To+T1 To+Ts Tg) (T1+Ts—T1 Ts+To=T1 To-Ts To+T1 Ts
So (=1+T5) T (=1+Tg) (1-2T3-Tg+Ty To)

(1-Ty-Ts+Ty Ts-To+Ty To+Ts Tg) (Ty+Ts-Ty Ts+To-Ty To-Ts To+Ty Ts
T 1

S1

trZ[L_] := Module[{x},
¥ =Z[T, L1;
Do
¥y =v//tr[k],
{k, Most[y // dL1}];
¥[0] / (Tiastryssa - 1) ]

trZ[Link["L10a4"]]
(-1+Ty) (-1+Ts) (1-3Ts+3T2-3T2+T8)
T3

MultivariableAlexander [Link["L10a4"]] [T]

: Loading precomputed data in MultivariableAlexander4Links'.

(-1+T[1]) (-1+T[2]) (1-3T[2] +3T[2]2-3T[2]%+T[2]%)

NT[1] T[2]°?
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(Multivar‘iableAlexander‘[#] [T] /. T[i_] > Tskeleton(#] [[1,1]])

2020-06-21 12:43:59

] & /@ AllLinks[{2, 7}]

Factor[

{-TiTs, -T32 T2,

T AT

The Mirror Properties

n=3; y0 = r["’: iha Oas iita hy alea+b]

a=0

w S1 So S3
S1 011 O12 Q13
S2 021 Op2 023
S3 031 032 033
I O1 O O3

¥0 // Mirror // dm[1, 2, 1]

w (043 Q2 Q31+03 031 =01 O3 031013 01 Ol3p+011 O3 Ol3p =01 Q33+0l,

1 _T3271/2 _ V1 _ VT
I 1 5 3

01 033-0431 0z O33)

LA

VT1 ~To
NN paqyeTie,

T WAT, T, T, :

3/2
L

T3/2 T
17\/751 _ T TR, - }

Vs NTa

S1

Q33 Q32+Q33-012 &

¥9 // dm[1, 2, 1] // Mirror

W (043 Q2 Q31+0p3 031 -01p O3 031 -013 O3 Ot3p+00 Q3 O3p—0y A33+0l1p 01 O33-041 0p) O33)

—Q13 Q2 Q31 - 023 (31+012 Q23 X31+013 Q21 (32— 011 A3
03 Qp+Q3-032 &

Q13 Q22 Q31 +023 (31 -2 K23 A31-013 021 O32+011 (23
1

01 02

S1

03 32+Q33-032 &

(y@ // Mirror // dm[1, 2, 1]) = (¥@ // dm[1,

True

—Q13 Q22 A31 - 023 A31+012 23 X31+013 Q21 (32 -011 A3
033 Q2 +QR3-032 &

Q13 Q22 Q31 +023 (31 -012 K23 A31-013 021 O32+011 A23
1

01 02

2, 1] // Mirror)
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n n n
{n =2; ¥0 = I‘[w, Zha Oas Zzta hp a10a+b] s
a=0

a=1b=1

tl=y@ // Mirror // dS[1], t2=v@ // dS[1] // Mirror, t1 = t2}

w S1 S)
{ S1 011 Qa2
3
Sy 021 Q22 S,
T O1 (0))

r
w0 s1 S5
02

s1 —03p Qp1+0117 02 O3
022 022

1
S, Q12 4
022 022

1
T O1 -
02

Column Sums

Clear[a, B, ¥, 6, 6, €, ¢, ¥, B, u, w];

Yo=r[wJ ha 03 + hy 0p + hs 05, {ta, to, tS}‘(Y é

¥9 // dm[a, b, c]

S1 S2
—012 Op1+011 Q2 a1
022 22
a1z 1 2
Q22 22
O1 L
02
21 21 12 a12
, - = && =-—}
22 22 22 22
a B 6
€ -{ha) hb: hS}]5
o ¥ E

- (—1 + /3) W S¢ Ss
-Y+By-ad -€e+fe-566
Sc
-1+3 -1+
S —¢+B -y —E+BE-OY
S
-1+3 -1+
2 Oa Op Os
—Y+By-ab -€+fe-66
-1 -1 . .
{1, 1}.[ on s ak ] // Simplify
-1+ -1+

(-1+B) v+ (-1+B) d-a (6+4)

6—B€+69+E—BE+9w}

{

)

2020-06-21 12:43:59

-1+ 1-3
-Y+By-ad -e+Be-66
-1+ -1+ _ _ _ _ - _ _ . .
{1, 1}.[ By  EeBEO ] /. {a»>sl-y-¢, §>82-B-¢§, E»>s3-06-€} // Simplify
-1+ -1+

s1(-s2+B) + (-1+5s2) (y+¢)

s3 (-1+/3) +06-520

; J

-1+ -1+p
“¥+By-adé -e+Be-66
-1+B -1+ _ _ _ _ o _ _
{1, 1}.[_¢+B¢_aw —3+Bs—ew] /. {a>Sl-y-¢, 6§6>s2-B-Yy, E»S3-6-€} /.
-1+ -1+

sl|s2|s3-»1// Simplify

{1, 1}
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Tangle Concatenation; -inversion

n=3; {
n n n
¥l= I‘[wl, Zha ol,, Zzta hy a1aa+b] )
a=0 a=1b=1
n n n
¥2 = I‘[wz, Zha 02;, Zzta hy /31aa+b] s
a=0 a=1b=1

2020-06-21 12:43:59

FullStitch[y1, ¥2], ¥l y2, FullStitch[y1, ¥2] == y1 % y2}

wl s4 S, S3 w2 S1 S> S3
S1 011 Q12 Qa3 S1 Bux Bz Bisz
Sy Qa1 022 Q23 |5 | S2 Bar B2z Bas |»
S3 031 O3 033 S3 fB31 B3z B33
> 0'11 0'12 0'13 2 0'21 0'22 0'23
wl w2 S1 S> S3
S1 0a1 B11 + 021 B1z + a31 B13 012 P11 + Az B1z + a3z B13 13 B11 + A3 P12 + (33 B13
Sz 01121 + 001 B2z + 031 B2z Q12 Ba1 + 022 B2z + 032 B2z 13 Ba1 + 23 B2z + X33 B23 | »
S3 011 31 + 001 B32 + 031 B33 Q12 B31 + 022 B3z + 032 B33 Q13 B31 + C23 B32 + X33 B33
2. 011 021 012 022 013 023
wl w2 S1 S> S3
S1 01 Bi1 + 021 B12 + 31 B13 Q12 Bia + Q22 B2 + A32 B13 Qa3 Baa + 023 Ba2 + 33 Bas
Sz 01 Ba1 + 021 Baa + 031 B2z Q12 Ba1 + Q22 B22 + Q32 323 Q13 P21 + Q23 B2 + Q33 B2z | » Tr‘ue}
S3 01 B31 + 021 B32 + X31 B33 Q12 B31 + Q22 B32 + Q32 B33 Q13 SB31 + Q23 B32 + Q33 B33
2 olq 024 ol, 02, ols3 023
y1?
1
- S S
wl 1 2
S1 Q23 (32— 02 Q33 73 QA32-0t1p A33
013 Q22 Q31012 K23 (31 -013 K21 O32+011 Q23 O32+Q12 Q21 (33~ Q11 K22 X33 —Q13 022 (311012 023 031 +013 021 032~ Q11 Q23 Q32 - (12 (21 A33+011 (22
S, Q3 Q31 —0p1 X33 033 031-033 Q33
—Q13 Q22 A31+012 (23 A31+013 021 A32-011 023 O32-Q12 A1 A33+011 K22 A33 013 022 031-Q12 A3 Q31 -Q13 O21 A32+011 K23 O32+012 Q21 O33-Q11 Q22 ¢
S3 Q2 Q31 —0p1 A3 Q32 031-Q3 A3
013 Q22 Q31012 K23 (31 -013 K21 32+011 Q23 O32+Q12 A1 (33~ Q11 K22 X33 —Q13 022 (31 +012 23 031 +013 021 032 - Q11 Q23 (32~ (12 (21 A33+011 22
1 1
Z —_ _
ol ol
-1
Y1 xxyl
1 s; s, s3
s, 1 0 ©
s, 6 1 o
s3; 0 0 1
> 1 1 1
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¥yl //dS[1] //dS[2] // dS[3]

wl Q13 03 (X33 —Q1p O3 (31— Q13 (X1 A32+011 (o3 (K32 +(0(1 Qo1 (X33—(17 Q2 (X33

1; 01, 01 s1
oliolyols
S1 023 032 —0p Q33
Q13 OG22 Q31 -Q12 K23 (31 -013 K21 A32+011 Q23 O32+Q12 Q21 (33-Q11 X122
S5 023 031 -03 Q33
—Q13 Q22 A31+0112 (23 031 +013 21 A32-011 023 (32 -Q12 A1 A33+011 A2;
S3 Q2 031 -03 Q32
Q13 Q22 O31-012 K23 (31 -013 K21 U32+011 (23 O32+A12 Q21 (A33-A11 A22
5 1
ol,

(¥1 //ds[1] /7 dS[2] // dS[3]) =¥1"' // Simplify

wl (013 (G2 Q31 — 021 A32) + 012 (— 003 31 + Q21 033) + Q11 (023 A3z — 022 033 ) ) 1

o0l, 01, 0l3 wl

Other

R3
{Xmsy Xmez Xp3q // T // dm[1, 4, 1] // dm[2, 5, 2] // dm[3, 6, 3],
Xpe1 Xmyg Xmzs // T // dm[l, 4, 11 // dm[2, 5,2] // dm[3, 6, 31}
R3
1 S1 S, S3 1 S1 S2 S3
Tz Tz
S1 o 0 0 S1 n 0 0
Sy -1+Tp 1 ) S, -1+To 1 )
{ T, T s T Ts }
s _ 14Ty 1475 1 S: — Z1+T3 1475 1
3 T2 T3 3 T2 T3
T2 T3 T2 T3
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¥ = Xmyp 3 Xmpz Xmgz Xmy, 11 Xp16,5 XPe,13 XP14,9 XP1e,15 // T

1 Sq S, S3 Sa Ss S¢ S7 Sg So Si9 S11  S12 S13  S14 S15 S16
S1 TL 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
12
s, 8 1 ©o © 0 @ %1 e 0 @ o o © o 0 0
2
S3 0 0 TL 0 0 0 0 0 0 0 0 0 0 0 0 0
8
ss2 © o o 1 @ © o o o 0 17“- e o o 0 )
4
Ss 0 (%] 0 0 T16 0 0 0 0 0 0 0 0 0 0 0
Sg 0 0 0 0 0 1 0 0 0 0 0 0 1-T¢ © 0 0
Sz 0 0 0 0 0 0 TL 0 0 0 0 0 0 0 0 0
2
ss © o ITT& 0 e 8 o 1 0 @ o o o o 0 )
8
So 0 0 0 0 0 0 0 0 T1a 0 0 0 0 0 0 0
S1e 0 (%] 0 0 0 0 0 0 0 1 0 0 0 O 1-T,p ©
S11 0 0 0 0 0 0 0 0 0 0 TL 0 0 0 0 0
4
S1» %ﬂ e o o ) e o o ) e o 1 ) ) ) )
12
S13 0 0 0 0 0 0 0 0 0 0 0 0 Te 0 0 0
S14 0 0 0 0 0 0 0 0 1-Ty4, © 0 0 0 1 0 0
S1s 0 (%] 0 0 0 0 0 0 0 0 0 0 0 0 T10 0
S16 0 0 0 0 1-Ti © 0 0 0 0 0 0 0 0 0 1
1 1 1 1
b - 1 = 1 T 1 = 1 T 1 = 1 T 1 T 1
™ T 16 5 14 I 6 10
Do[y = ¥ // dmy, {k, 2, 10}]; ¥
@ S1 S11 S12 S13 S14 Si5  Sie \
s, Tia (~T1+Ti+Ts6) (-1+Ty) (1-T3+T]) TiaTae 0 _ (=14Ty) (1-T34T3) Tag e 1-T, ©
T1o (T3+T16-T1 Tie) T1 (T3+T16-T1 Tie) Ti+T16-T1 Tis
S11 ) 1 0 ) e o o
T1
S12 LT ) 1 ) @ o o
T12
S13 (4] (%] %] T, 0 2] 0
1 _ (14Taa) (-Ta+Ti+Tae)  (=14T1) (1-T1+TF) (-1+Ti) Tie g L1:Ta) (1-T1+T3) (-1+Ta) 1 0 9
T12 (T%*’TlG’Tl T16> Tl <T%+T16’T1 T16) T%+T16’T1 Tlﬁ
S1s 7] 0 0 0 (%} T, 0
Ty (~1+T16) -14T1) Ty (=1+4T (~1+T1)2 (-1+T16)
S - - 0 (%} 0 1
16 Tip (T3+T16-T1 Tae) Ti+T16-T1 Tis Ti+T16-T1 Tas
5 TuTe L 1 T, 1 T, 1
T Ty T !
8 17
¥ = Xmga,1 Xmy7 Xmgz Xmg 11 Xp16,5 XPs,13 XP14,9 XP1e,15 // T}
Do[y = ¥ // dm[1, k, 1], {k, 2, 16}]; ¥
8 17
1-4T,+8T2-11T3+8T§-4T3+T%
S1 1
b 1
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Z[T, Link["L6a4"]]

: Loading precomputed data in PD4Links".

1-T;-Ts+Ty Ts-To+Ty To+Ts To) (Ty+Ts-Ty Ts+To-Ty To-Ts To+Ty T T s
T1Ts To .
sy To (1-2T3+T3-Ts+3 Ty Ts-T3 Ts-To+2 Ty To-T3 To+Ts To-2 Ty Ts To+T3 T
(1-T1-Ts+Ty Ts-To+Ty To+Ts To) (Tq+Ts5-Ty Ts+To-Ty To-Ts To+T1 Ts
s Ty (-14Tg) (1-T3+T3 Ts) (~1+Tg)
> (1-T1-Ts+Ty Ts-To+Ty To+Ts To) (Ty+Ts-Ty Ts+To-Ty To-Ts To+Ty Ts
so (-1+Ts) Ts (-1+Tg) (1-2T;-To+T;3 To)
(1-T1-Ts+Ty Ts-To+T1 To+Ts To) (T1+Ts5-Ty Ts+To-T1 To-Ts To+T1 Ts
% 1

MVA[T, Link["L6a4"]]
(—1+T1) (—1+T5) (—1+T9)
T, Ts

(Multivar‘iableAlexander‘[#] [T] /. T[i_] > Tskeleton#] [[1',1]])
MVA[T, #]

] & /@ AllLinks[{2, 8}]

Factor[

: Loading precomputed data in MultivariableAlexander4Links'.

NT1 ~Ts
, _Ti/z TE/Z T;/Z,

{-TiTs, -T3272%, - Ty T2, -T32 Ts, -T3 73, -TiT5, -
VTo

VT2 ~Ts / / 3/2 17/2 VT1 VT1 2 1 Ti2 Ts 3/2 17/2
- -1 Ts, -T T > T T s T sy T Ty, - — -—— T T b)
3/2 1 > 3/2 3/2 7 1 >
T3 Tz Tz Ty NP
s T - LG T,
-T1 Tg/z.v -T1 T_;,/Z) - > ’Ti/z T_;,/Z) - ATy TE/ZJ - > - > *Ti/z T;/ZJ -
JTs NTs TS Tz
“Ti Ty, ~TIT3, -TITS, STY2TYR, STYRTYR, STRATER, ST ATy, — ATy, STY2TITE,
i ATt 1T
- - , - , ~T32TYRTY AT, —TY AT, Ty s, -T2 TETE

B} 13 » 11»
2 3/2
T1 T Tlé

T T
AT T2, - AT TERTHE, ST T, —@, T Ts ATe T3
VTs AT1s

ael Convertions

{Xp[1, 2] // T, Xp[1,2] //A // T}

1 s So 1 s So

{ s; 1 1-T; s; 1 1-T; }
s, © T, ? s, © T,
5 1 0T, s 1 0T,

{Xm[1, 2] // A, Xm[1, 2] // T // A}
1 h[2] 1 h[2]
t[l] e cl—e“ > (t[l} e (1-e% ]}

C1
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Clear[a, B, ¥, 6, 6, €, ¢, ¥, B, u, w];

2020-06-21 12:43:59

a B 6
¥0 = r[“’: hy 0a +hyop + hs 05, {ta, tb, ts}-(]’ 6 GJ-{haJ hy, hs}]i
o ¥y =
{xe, 0 // A,y0 //A//T, (¥0//A//T) /. {a>1-¥-¢, 6>1-B-y, E>1-6-¢€}}
W Ss Sp Ss w h[(a] h[b] h[S]
t[a] —a+oa  _ B _ 6
S, a [ 6 ¢ s s
{lse v 6 € tib] -x o _e |5
ss ¢ U = “© o G
S O Op Os t[S] _%  _ 4 -Etos
Cs Cs Cs
w Sa Sb Ss w Sa Sb Ss
Sa l1-v-9¢ B o Sa 1-v-9¢ B O
Sb Y 1-B-y € s s ¥y 1-B-y e }
Ss o] U 1-e-6 Ss o] Y l1-e-6
S l-a-y-¢+03 1-B-6-yYy+0p 1-€-6-2+05g b Oa Op Os
Clear([a, B, ¥, 6, 6, €, ¢, ¥, B, u, w];
Y0 = I‘[w, haoa + hp op + hs 05, {ta, tp, ts}. (‘{ 1) e] {ha, hp, hS}]
o ¥ =
{y0 // dm[a, b, c] // A, ¥0 // A // dm[a, b, c]} /.
{a»1-y-¢, 6>1-B-yYy, E>1-6-€}
w-PBw hic] h[S]
tic] 1-B-¢+B ¢-Y+y Y+@ Y~0a Op+/3 05 Op E-BE+O-BO-O Y
{ —Cc+B Cc —Cc+B Cc ]
t [S] -B ¢+ Y- 1-B-e+B€-0+B6+6 Y-0s+f3 O
~Cs+B Cs ~Cs+S3 Cs
w-PBw h[c] h[S]
t[c] 1-B-¢+B ¢-d+y Y+¢ Y-0a Op+B Oa On €E-BE+O-BO-OY
—Cc+B Cc —Cc+B Cc }
t[S] B -y - 1-B-e+B€-6+B6+0 Y-0s+B 05
-Cs+f3 Cs ~Cs+f3 Cs
The KV solution in T, starting from a
V//A // aCollect[FullSimplify]
21/4 (Si”“[?] ]1/4 (Si"":(f] ]1/4
C1 c2 h 1
[Sinh[;(c1+cz)]]1/4 [1]
. \/sinh{fj pe2 \/sinh{?J o Sinh[;((;wcz}J
t[l} C1 C1+C2
[slnh = sinh| c;+c2)] sinh[ 1] sinh[~ (c1+c2) |
c1+C2 +2 Clz C1c2 Cll‘CZ
’\/7\/517‘7 \/517‘7 Sinh[z(cl-cz)] eic Sinh[:] e&“zc Sinh|
ez C +e 2 1
_t[z} C1+C2 C2 C2
Sinh[ sinh[~ (ci+c2) | Sinh[ 1] sinh[ = (ci+ca) ]
2y P
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V/IA//IT //
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e -e™
rCollect [Assuming[T; > @ && T, > @, (# /. {sinh[x_] » ———}| // Fullsimplify] &]
2
( 1471 )1/‘1( 14Tz )1/“
Log[Ty] Log[T,]
1/a S1 S22
ST T2 ) /
(Log{T;Tzr
[(F1em) T 1T, 1T Ts 1T Ts 1+T1\,T1 1T
Log([Ty] |Log([T - T L T
s 0g[T1] 0g[T2] Log[T1] \/Log [12] Log TiT,] T '\/Log[H 7] ] og[T1] Log[T Log[T2] A\
1 _
Log[T1To] (-1+Ty) 4/ Log[T1 T2 ’”z -
Log[T1T2] Log|T
Log[T2] 1T, 1+T1]T1 T T Log[T1] 1+T1\T1 T,+Log[To] T,
Log Tz Log T; Log T; Tz Log T Log[Tz]
S2

Log[T: Ta] 1:T1) T T2 Log[T1 Ts] T1.T2 T T
Log[n] Log[T1 T2] Log[T:] Log[T1 T

> AT

rSimp = Assuming[T; > 1 && T, > 1, [# /. {sinh[x_] =

=)

// Fullsimplify] &;

S2

Log[T2] Log[T1 T2

Log[T1] [71+T2 [Tlf Toa[T
1

Log [Ty T2] (-1+T1 T

®Log[Ta] (-1+4T1) T1 (-1+T1"
Log[T1iT2] (-14T2)

“Log[T>]+T, [Log[m T1+\/L°g¢“]

V//A//T
Log [Ty o] (~14Ty) (-1+Tp) )1/4 sy
Log[Ta1] Log[T2] (-1+T1Ta)
Log[T1] Log[T2] Log[T1i T2| Ta (-1+T2)
Log[Ta]+ \/ (-1+T1) (-1+T1 T2)
S1 -
Log[T1 T2]
Log[T] [-1+ Log[T1] Log[T1 T2| Ta (-1+T2)
< 2 Log[T2] (-1+T1) (-1+T1T2)
2
Log[T1T,]
by 1

T[V] %% T'[Vi]

Log [Ty T2] (-1+T1 T

NT1

1 S1
—Log[T1 To]+Ts [ \/Logh;' Log[T2] Log[T1 T2| (-1+T1) T1 (-1+T2) Ty [Log[Ta Tol+ Log[T1] Log[T2] Log[T1 T2] (-1+T2) T, Log[T1] Log[T2| Log[T1 T2] (-1+T2)

s “14T1 T2 (-1+T1) T1 (-1+Ta T) (-1+T1) T1 (-14T1 T2)

1

Log[T1 T2] (-1+T1T2)
(“1+Ty) [= (<147 T Log[T1] Log[T2] Log[T1 T2] (-1+T2) N \/ Log[T1] Log[T2] Log[Ta T2| (-1+T1) T1 (-1+T2)

s 2 : : (-1+T1) T1 (-14T1 T2) -1+T1 T2

2

Log [Ty To] (-14T1) (-1+T1 T2)
> 1

1
Log[T1 To] (-1+ Ty T,)

Log[T1] Log[T,] Log[T1T2] (-1+Ty) Ty (-1+T,)

-Log[T1T2] + T,

+T1

—1+T1T2
Log[T1] Log[T>] Log[T,1 T -1+T
Log [Ty Ta] + g[T1] Log[T,] Log[T. T,] ( 2) _
(—1+T1) T1 (—1+T1T2)

Log[T1] Log[T,] Log[T1 To] (-1+T,)
(—1+T1) T, (—1+T1T2)

1

// PowerExpand // Simplify
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(—1+T2) (_ (—1+T1) T, \/L° Ti] Log[Tp] Log[Ty Tp] (-1+Tp) \/Qg[m Log[Tp] Log [Ty To] (~1+T3) Ty (~1+T5) )
(-1+4T1) T1 (14T T3) -1+T1 T,

//
Log[T1To] (-1+Ty) (-1+T1T2)

PowerExpand // Simplify

dS and dA for I, starting from «a
Clear[a, 6, ¢, B, w];
¥0 = r[“’: ha 03 + hs 05, {ta, ts}-(; Z)-{ha, hS}]S
((ye /7 A7/ dS[a] // T) = (vo // A// dA[a] // T)) /. {a>1-¢, E->1-6}

True

(yo /7 A// dS[a] // T)

-1+¢) w

-l+o+¢-0, Sa Ss
1 o
Sa C—140 C -149
S _ o -1+6+9¢
-1+¢ -1+¢
5 _ 1 100+ O-E+A E-0+60 ¢+ p+0,-0 03~F 03+ 05~ Og~¢) Og+0T5 Ts
-l+a+¢p-0, -l+a+¢-0,

(e // A// dA[a] // T) /. {¢>1-a, E->1-6} // TCollect

aw
= S S
Oa a S
1 &)
S N =~
a a a
-l+a o-6
S —_ = =
s a a
2 1 Os

~— Sa Ss

Oa

s, L ¢
o o

Ss -l+a a-6

(e /7 A// dA[a] // T) = (¥@ // dA[a]) /. {¢>1-a, E->1-6} // Simplify
True
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dA for T, starting from a

Clear[a, 6, ¢, 2, w];
70=I'[a), h; 02 + hs 05, {ta, tS}‘(; g)'{ha’ hS}];
((v6 7/ A// dafa, b, c] // T) /. {a>1-¢, E>1-6}) // TCollect

W S S¢ Ss
g, _ -Log[Tul+¢Log[Tul-Log[Tc] o _ LoglTpl (-1+6+0,) o Log[Ty]

b Log[Tp] +Log [Tc] Log [To] +Log[Tc] Log[To] +Log[Tc]
S _Log[Tc] (-1+¢+0a) Log[Tc]-¢ Log[Tc]+Log[Ty] o 6Log[T.]

¢ Log[Tp] +Log[Tc] Log[Tp] +Log[Tc] Log([Tp] +Log[Tc]
Ss 0) [0) 1-6

Z Oa O_a GS

Clear[a, 6, ¢, E, w];

)’0:1"[(0, ha 0a + hs 05, {ta, ts}-(; Z)-{ha) hs}]i

¥0 // A // da[a, b, c] // dS[c] // dm[b, c, a]

. Infinite expression — encountered. >
0

. Infinite expression — encountered. >
0
Z-0¢-=¢-0s+¢0s)tS]

: Indeterminate expression ComplexInfinity + ComplexInfinity + encountered. >
-Cs+ ¢ Cs

-l+a+¢-0,

o)

gA for T, starting from a

Clear[a, 6, ¢, E, w];

Y0 = I‘[w) ha 03 + hs o5, {ta, ts}-(: g)°{ha) hS}]S

¥ // A// qa[a, b, c] // T

W Sp Sc
Sy - 1-0-¢+aTc-Ty Tc+¢ Ty Tc+0a-Tc 0p (=1+Tp) Tc (=0a) e (-1
~14+Ty T, ~14Ty T¢ -1-
S (=1+T¢) (0-0a) 10T -Tp T+ Tp Te+d Ty Te+Te 05-Tp Tc 0a o (-
[¢ 14Ty Te -1+Tp T¢ -1-
Ss ¢ 0 1
> l1-a-¢+0; l1-a-¢+0; 1-06.
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Clear[a, 6, ¢, B, w];

¥0 = r[w., ha 03 + hs 0s, {ta, tS}-(

¥9 // qala, b, c]

W Sp Sc Ss
s 0T+ Tp Tc-0a+Tc Oa (-1+Tp) Tc (0x-0a) O (-1+Tp) Tc
b 14Ty Te “14Tp Te 14Tp Te
s (-1+T¢) (a-0a) o+ Tc—Tc 0a+Tp Tc 04 O (-1+T¢)
¢ ~1+Tp Te ~1+Tp Te ~1+Tp Te
Ss ¢ 0] =
b O3 Oa Os
Clear[a, 6, ¢, B, w];
0=T[w, h h ta, ts}. (* ©).(ha, hs}];
¥9 = [w: a0Oa+thsos, {ta, ts}. b = - {ha, S}]:

Simplify|[

(ye //qafa, b, c])[31= (¥ // A// qa[a, b, c]

True

gA tests for T

{t1=Xpss // T //aa[1, 1, 2], t2= (e[1] Xpys // T) #% (e[2] Xps3 // T), t1

1 s;1 s S3

s1 1 8 -(-1+Ty) T,
{Is, @ 1 1-T,

S3 0 (7] T1 T2

T 1 1 T, T,

{ti=Xmy3 // T //qa[1, 1, 2], t2= (e[2] Xmy3 // T) »» (e[1] Xmy3 // T), t1

1 s; s, S3 1
si1 1 © -1+Ty s1
Ta
s, 0 1 —1+Tp S,
{ 1T |
1
s3; 0 0 s
3 T, 3
r 1 1 - T
T1i T,

S1
1

r ® O°©

1
S1
S2
S3
T

S2
0

1
0

1

S1
1
%]
%]
1

S3

-1+T4

T1

-1+T,

T1 T2
1
T1 T2
1
T1 T2

S2 S3

0 - (-1+Tq) T,

1 1-T, , True}
0 T, T,

1 T, T,

, True}

2020-06-21 12:43:59

// T)I3] /. {a»1-¢, 6>51-5}]

= t2 // Simplify}

t2}

{t1=Xps,» // T //qa[1, 1, 2], t2= (e[1] Xp3,5 // T) #* (€[2] Xp3,1 // T), tl =12}

1 S1 S, S3

S1 T3 0 0
{|s2 o T o |,

s3 1-T3 1-T3 1

T T3 T3 1

http://drorbn.net/AcademicPensieve/Projects/MetaCalculi/#MathematicaNotebooks
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s1 T3
So 0
s3 1-T3 1
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S2 S3
o 0
T3 @ |, True}
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{t1=xm3,, // T //9qa[1, 1, 2], t2= (e[2] Xm3,3 // T) % (e[1] Xm3,; // T), t1 =12}

1 s S, S3 1 s S2  S3
s; 0o o s; 2 e o
T3 T3
1 1
S 0 = 0 s 0 = 0
{ 2 T3 N 2 T3 ) True }
5, bTa LT g 5, ki LT g
T3 T3 T3 T3
T3 T3 T3 T3

Clear[a, B, ¥, 6, 6, €, ¢, ¥, B, u, w];

a 83 6
{)’0 = I‘[w.v hyoa+hyop +hsos, {ta, to, ts}. |y 6 € ] . {ha, hp, hS}]J ¥9 // dm[a, b, C]]’
¢ Y E
W Sa Sp Ss 7(71+/3) W Sc S
Ssa a B © S —y+BY-0S5 —e+Be-66
{ sb ¥ & € |, -1+f3 hflifj }
_ s —0+Bo-ay -E+BE-OY
ss ¢ ¥ = S “148 “148
' 05 Op Os T Oa Op Os
¥9 // dm[a, b, ¢] // qA[c, c1, c2]
-(-1+8) w Sc1
s Teo— T+ O Tep=y Teg Teo+ Te1 Teo-a 6 Teq Tep+03 Oh—83 03 Ob=T¢p Oa Ob+B Ty Oz O -1+Te1) Teo
<t (-148) (-1+Te1 Te2) (-
s (=1+T5) (—y+B¥y-a6+0; Oh—f3 Oa Op) Y-By+a b=y To+B¥ Teo-a b T
<2 (-1+8) (-1+Te1 Tea) (-
5 —0+B ¢-a
s -1+
T Oa Ob

¥9 // qala, al, a2] // qa[b, bl, b2] // dm[al, bl, c1] // dm[a2, b2, c2]

- (—1 + /3) w Sc1
Se1 T-BYTer+0 6 Ter=¥ Te1 Tep+B Y Tea Tep—0 8 Tea Tep+0a Ob—f3 02 Op=Tcp Oa 0p+B Tez 04 O (=1+Tey) Tep
(-1+8) (-1+Taa Tea) (-
se (=1+Te2) (~¥+B Y- 5+03 Op—f 0z Op) Y-By+a by Teo+ByTer-ad Tep+
(-1+B8) (-1+Tc1 Te2) (-

-p+B8 d-a

Ss -1+

T Oa Ob

(70 // dm[a, b, c] // qA[c, c1, cz]) =
(ve // gala, al, a2] // qa[b, bl, b2] // dm[al, b1, c1] // dm[a2, b2, c2]) // Simplify
True

dS tests for I

{Xp[1, 2] // T, Xm[1,2] // T // dS[1], Xm[1, 2] // T // dS[2]}

1 s; S, 1 s, S, 1 s, S5

{ s; 1 1-T, s; 1 1-T, s; 1 1-T, }
s, @8 T; |"ls, © T, |T]|s;, @6 Ty
1 0T, 51 0T, 51 0T,
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{Xm[1, 2] // T, Xp[1,2] // T // dS[1], Xp[1,2] // T // dS[2]}

1 s; s, 1 s; s, 1 s, S,
s1 1 -1+T, s1 1 -1+T4 s1 1 -1+T4
Ta T1 T1
{ s, © L ’ s, © L ’ s, © 1 }
Ta T1 T1
s 1+ = 1 + = 1 X
Ta T1 T1

Xp[1,2] // T // dS[1] // dS[2]

1 s, So
s, 1 1-Ty
s, © T,
s 1 0T

Clear[a, B, ¥, 6, 6, €, ¢, ¥, B, u, w];

a 3 6
{76 = I‘[w, ha 03 + hy op + hs 05, {ta, th, ts}. ¥y 6 € ] . {ha, hp, hS}] >
o ¥ E
tl=y@ // dm[a, b, c] // dS[c], t2=vy@ // dS[a] // dS[b] // dm[b, a, c], tl = t2}
“Y+BY-ad) w
- S S
W Sz Sp Ss Oa Op ¢ >
s, a B 6 Sc -1+ —€e+Be-66
{ s ¥ 5 c -yY+By-ad -Y+By-ad
b ’ s _ —¢+Bé-ay -yE+BYE-a5E+e p-BePréO0pracy-you |’
Ss (b d/ = s -y+By-ad -y+By-ad
X 0a Op Os 5 1 O
O, Op
_ (y+By-ad)w Sc Ss
Oa Op
S -1+ -e+Bfe-66
c
-y+By-ad -y+By-ad
S _ -d+B p-a YE+BYE-aSE+e ¢-BE p+S5 O p+ae Y-y OU 4 TI"UE}
s -Y+By-ad -y+By-ad
2 1 Os
Oa Op

Clear[a, 6, ¢, E, w];

70 = ]_"[w, ha Ga+h5 Os, {ta, ts}.(; g)-{ha) hs}])

Fullsimplify[{1, 1}.dS[a] [¥0] [A], AndeeThread[{1, 1}.¥0[A] = (1, 1}]]
1-¢ 1-9¢

(=]

(04 (04

{1, 1}.dS[a] [¥@] [A] // Simplify
1-¢ 6+aE-60¢

{(— J

(04 o

And @@ Thread[ {1, 1}.¥0[A] = {1, 1}]
a+¢=188&60+ = =
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Clear[a, 6, ¢, B, w];

¥0 = r[w., ha 03 + hs 0s, {ta, ts}-(

¥0 // dS[a] // dS[a]
W Sz Ss
S a ©

Ss ¢

2, Oz Os

(1]

Clear[a, 6, ¢, E, w];

a[Ta] e[Ta]) h h .

o] =y ) (e 3]s

{(v0 7/ dnlal) (e[a]l //T), ¥0 // qala, b, ] // dS[c] // dm[b, c, al,

¥9 // qa[a, b, c] // dS[c] // dm[c, b, a],

¥ // qa[a, b, c] // dS[b] // dm[b, c, al, ¥@ // qa[a, b, c] // dS[b] // dm[c, b, a]}

¥0 = r[w., ha 03 + hs 05, {ta, ts}-(

wall Sa S
W Sj Ss Oa
1
sa 1 0 sa 1 el
{ i s al1] ,
ss 0 E[1] al1] 8[1]1-6[1] ¢[1]
Ss 0
s 1 os al1]
2 1 Os
wall]l Sa Sg
W Sa Ss W Sz Ss Oa .
sa 1 o[1] s, 1 0[1] sa 1 oy )
ss @ =[1] |’ |ss @ =[1] |’ < o alll=[1]-61]6[1]
5 1 o 5 1 o s a[1]

2 1 Os

{Xp[S, a] // T, Xp[S,a] // T // qA[a, b, c] // dS[c] // dm[c, b, a]}

1 Sa Ss 1 s; ss

{ sa Ts © s, 1 0 )
ss 1-Ts 1 |” |ss 0 1
5 Ts 1 5 1 1
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Clear[a, 6, ¢, B, w];

70=r[wJ hy 0a + hs os, {ta, ts}-(a e)-{ha) hS}]S

¢ E

{ti=y0 // qa[a, b, c] // dS[b] // dS[c],
t2=vy0 //dS[a] // qA[a, ¢, b], Simplify[tl == t2]}

2020-06-21 12:43:59

o Sb Sc Ss
Oa
Sh —aTp+o Ty Tc-0a+Ty Oa _ (=14Th) (a-0a) 6 (-1+Ty)
o (-1+Ty Te) 0a a (-1+Tp Te) Oa a (-1+Tp T¢)
{ S _ Ty (-1+Tc) (a-0a) o+ Tp-Tp 0a+Tp Tcoa O Tp (-14T¢)
¢ o (-14Tp Te) On o (-14Tp Te) 0n o (-14Tp Te) |
Ss _2 _e aB-0¢
a o a
1 1
2 - - Os
Oa Oa
o Sb Sc Ss
Oa
Sk —aTp+o Ty Tc-0a+Ty Oa _ (=1+4Ty) (a-0a) 6 (-1+Ty)
a (-1+Ty Te) Oa a (-1+Tp T¢) Oa a (-1+Tp T¢)
Tp (~1+T - - Tp-T T, T Tp (~1+T
Sc _ Ty (Z1+T¢) (a-0a) o+aTp-Tp Oa+Th Tc 0a O Tp (=1+T¢) ,Tr‘ue}
o (-1+Ty Te) 0a a (-1+Tp Te) Oa a (-1+Tp T¢)
Sg _2 _e aB-0¢
a a a
1 1
2. - - Os
Oa Oa

dA tests for I

{xp[1, 21 // T, (Xm[1,2] // T) /. T1>1/Ty, Xm[1,2] // T // dA[1] // dA[2]}

1 s; So 1 sq So 1 sq S,

{ s; 1 1-T4 s; 1 1-T4 s, 1 1-T4 }
s, © Ty |T|s2 @ T [T|s; @0 T
s 1 0T 5 1 0T, 5 1 0T,

{xm[1, 2] // v, (Xp[1,2]// T) /. T1»1/Ty, Xp[1,2] // T // dA[1] // dA[2]}

1 s So 1 s So 1 s, S>
s; 1 -1+Ty s; 1 —14Ty s; 1 -1+Ty
Ta T1 T1
{ s, © i ’ s, © 1 ’ s, © L }
Ta T1 T1
1 X 1 X 5 1+
Ta T1 T1
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Clear

(e -

tl1

Sa

Ss

[a, By ¥s 6, 6, €, ¢, ¥, E, u, w];

2020-06-21 12:43:59

a B 6
I‘[w, haoa+hyop +hsos, {ta, to, ts}. [y 6 € ] « {ha;, hy, hs}]:
o ¥y E
¥0 // dm[a, b, c] // dA[c], t2=v@ // dA[a] // dA[b] // dm[b, a, c], t1 = t2}
(—y+By-ad) w
- S S
Sa Sp Ss Oa Ob c s
a B o s -1+ —e+fe-66
c
5 c -y+By-ad -y+Bvy-ad
v ’ —¢+Bd-0 ¥ -y E+BYH-0SF+e p-Be p+50 drac -y Oy |’
- Ss -
¢ Y = —y+By-a b -y+By-a b
Oa Op Os 5 -1 O
OJa Op
-Y+By-0d) w Sc Sg
Oa Op
s -1+ -e+Bfe-66
¢ -y+By-ad -y+By-ad Tr‘ue}
—p+B¢-a¥ -y E+BYyE-05E+e p-Be p+50 pracy-yO U |’
Ss -
-y+By-ad -y+By-ad
2 L Os
Oa Op

Clear

¥0 =T [0, haoa+hs o5, (ta, ts). (S 2 ) (ha, s3]

[aJ 9) ¢J EJ w];

, True}

{t1=v0 // qA[a, b, c] // dA[b] // dA[c],
t2=y0 //dA[a] // qA[a, b, c], Simplify[tl == t2]}
e Sb Sc Ss
Oa
S —a+a Te-Tc 0a+Tp Tc Oa ~ (=1+Tp) Te (0=0a) 6 (-1+Tp) Tc
b o (-1+Tp T¢) Oa a (-1+Tp Te) oa a (-1+Tp T¢)
{ s ~ (=1+4T¢) (a-0, —aTc+a Ty Tc-0a+Tc 05 6 (-1+T¢
¢ a (-1+Tp Te) 0a a (-1+Tp Te) oa a (-1+Tp Te)
s _ 2 _ 9 aE-0¢
S
o o8 o4
5 i i os
Oa Oa
aw Sh Sc Ss
Oa
S o+ Te-Tc 0a+Tp Te g (=14Ty) Te (a-03) 6 (~1+Tp) T
b a (-1+Tp T¢) oa a (-1+Tp Te) oa a (-1+Tp T¢)
s e 3 a-0, —aTc+a Ty Tc-0a+Tc O3 6 (14T
¢ o (~1+Tp Te) Oa o (~1+Tp Te) Oa o (~1+Tp Te)
S ¢ & aE-6¢
S
(o4 o (04
2 1 L Og
Oa Oa
n n n
n=24; 70=I‘[w, Zha Oas Zzta hba10a+b]
a=0 a=1b=1
w S1 So S3 Sa
S1 Q11 O12 013 Qg
S2 01 Q22 O3 024
S3 031 Q32 033 O34
Sq Q41 Qa2 043 Qagq
2% O1 O O3 O4
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¥0 // dA[1] // dA[2] // dA[3] // dA[4]

W (14 03 (X33 0lg1 —0(13 Qo4 (X3 a1 — Q14 X2 33 (g7 +Aq2 04 (X33 (41 + 13 (o (X34 Qa1 —Q12 (X3 (34 Qg1 —Aq4 X3 31 (42 +X13 04 (X37 (42 +014 01 (33 Qg2 —011 O

(e // dA[1] // dA[2] // dA[3] // dA[4]) %% ¥@

2
W” (O14 03 032 Qlaq ~033 Olpg O3 Olag =04 Ol 033 Olay +01p Olpg 033 Olag +0L13 Olp Ol3q Ola1 —Ol1p O3 O34 Olag —Ol14 O3 031 Olap +0113 Olog Ol31 Olap +Ql14 Ol21 0133 Olap—0l1g

(014 23 a33 041 - A13 Qg4 O3 Qg1 = Q14 Oz 033 Olag + Ol1 Olaq Ol33 Qg1 + Ol13 Olpp Alzq Olgy — Ol12 A3 Ol3g Qg =
Q14 23 31 Ag2 + (13 Q24 K31 Q42 + X34 A3 (33 A2 — A1y 024 K33 Qg2 — 13 A1 A3q Ag2 +
Q11 A3 O34 Ag2 + O34 A2 K33 043 — 12 Apq 031 A3 — A1g 01 A32 Qg3 + 11 Aq 32 Ag3 +
Q12 O3 O34 A3 — 11 A2 A34 Q43 — X33 A 31 Agq + A1 23 A31 Qgq + A13 Ay A32 Agq —

11 12 13 Qg

Q21 Q22 (23 Q24 ]

Q31 Q32 033 Q34

Qg1 Qg2 Qg3 Qg4

Q11 Op3 O3 Ogq — Ol1p Olz1 O33 Qag + Q11 O A33 Oag) == Det [

True

O tests

aSimplify[expr ] := expr // FullSimplify;

e[1,2] // A
1 hi1] hi2]
53 a2 53 a2
—Ci+e2 Cj-e2 2 Cr+€e2 Cp -lte2 >
t[1] ;
ci+C1 C2 C1+Ca
9 92 = . 2 =8
-l+te2 2 €2 Cj-e2 2 C1-Cr+e2 Cy
t[2] - .
C1+Cy C1 C2+C5
2 =
A e:2 e:?
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(V//A) »x (0[1, 2] // A)

c1 (=]

sinh[ 1]\ 1/4 (sinn[2]\1/4
21/A 2 L2

h[l
[Sinhﬁ(c;-cﬂj ]1//4 [ ]

c1+C2

a,a Sinh[ %] Sinh 4] 51nh[ (c1+C2) Sinh| Sinh| C1+Cz)] =3 Sin
“AZe: 2 2 -2 2 +2ez +2e? —
t [11 c2 c1+C2 C1+C2
sinh| sinh[~ (ca+c2) sinh| sinh| cwcz):
C1C2
C1+C2 C1+C2
Q. Sinh[ Sinh| Sinh| chcz>J
V2 e
t [2} c1+ca
sinh[ sinh[~ (c1+c2) | sinh| sinh[~ (c1+c2) |
2 2 ¢y
C1 C1+C2 C1+C2

(Xp[1, 2] 7/ A) #% (V//A//do[1-2,2-1])

c1 c2

sinh[ 1] \1/4 [ sinn[ 2] 1/4
21/4 2 L2

, hil
[Sinh[i(c;-cz)] ]1/4 [ ]

c1+C2

Sinh[=F] @2 Sinh[ Sinh[ 3 Sinh[ Sinh| <
2 _ c1+C2 Ca+ c1+
ci-e2 ci-€ ci+e 2 C1— ez Cr+e
t 1 C1
[ J Sinh| Sinh| 51nh{
2 +ec;+cz le
C1 C1

Sinh| [J‘] Slnh[l [
1+ \T et
etiec LI N 2
t[2]
Slnh Slnh
L cprefrie '

(V//A) *x ([1,2] // A) = (Xp[1,2] // A)#+ (V//A//do[1-2,2~1]) //Simplify

~L
2
@
g
ol 2

~

n
A
El
Ea

~

»
o
5l e

True

{(tl=e[1,2] // A // T,t2=0i[1,2] // A // T, tl+xt2}

1 S1 S>
s, Log[T1]+Log[T,] T1 ~/T;  Log(Ti] (14T NT2)
Log[T1] +Log[T2] Log[T1] +Log [Ta]
{ s, - Loglhl (-1+ 4Ty VT3)  Log[T,]+log[Ty] V11 VT3 |’
Log[T1] +Log[T2] Log[T1] +Log[T2]
by T2 Nar
1 S1 Sy
s, LoglTzlilog(Ti] T AT Log[Ta] (-1++T1 T3 ) 1 s; s
(Log[T1]+Log[T2]) T1 ATz (Log[Ti]+Log[T2]) VT1 T2 s;1 1 o
Log(Ty] (- +«/ﬁ«/T_z) Log(Ta]+Log[Tl VL N2 |2 | oo o 1 }
(Log(T1] +Log[T2]) vTi VT2  (Log[Til+Log(T2]) 11 Tz 22 11
1 1

VT2

3

(V//A) *x (6i[1, 2] // A) =
(xm[2, 11 // A) #% (V//A//do[1-2,2-1]) // FullSimplify

True
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(611, 2] // A) = (Vi //A) »* (Xp[1,2] // A) +* (V//A//do[1~2,2>1]) // Simplify
: Time spent on a transformation exceeded 300." seconds, and the transformation was aborted. Increasing the

value of TimeConstraint option may improve the result of simplification. >
: Time spent on a transformation exceeded 300." seconds, and the transformation was aborted. Increasing the

value of TimeConstraint option may improve the result of simplification. >

: Time spent on a transformation exceeded 300." seconds, and the transformation was aborted. Increasing the

value of TimeConstraint option may improve the result of simplification. >
: Further output of will be suppressed during this calculation. >

$Aborted
(Xp[2, 1] // A) = (V//A//do[1>2,2-1]) %% (€[1, 2] // A) »x (Vi //A) // Simplify

True

e[1,2] // A// T

1 S S)
g, Log(Milrlog[Tp] vTi vTp _ Log(Ty] (-1+vTy vTs)
! Log[T1]+Log[T,] Log[T1]+Log[T,]
s, - oglTa] (-1++/T1 VT2) Log(T,]+Log[T1] T1 VT3
Log[T1]+Log([T2] Log[T1]+Log[T,]
T T, T
Unitarity

MatrixForm|
M= Simplify[(e[1, 2] // A // T)@A /. {Log[T: ] » 2b;, T; = e}]

]

byae® b b, (“14ebb2) by
by+bs by +b,
[1eetrt) by 10 b b,
by+b, by +b;

Limit [Limit[M, b; -» @], b, - 0]
{{1, @}, {0, 1}}

MatrixExp[( ba _ab )] // Simplify // MatrixForm

a+be?® b-be??®

a+b a+b
a-ae®® biae®
a+b a+b

DD = DiagonalMatrix[{bi, by}];
Inverse[DD] .M.DD.Transpose[M /. b; :» -b;] // FullSimplify // MatrixForm

o 1)
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["b-Calculus

Clear[a, B, ¥, 6, 6, €, &, ¥, B, U, w];

a 3 6
{79 = rb[“): hyoa +hp op + hs o5, {ta, tp, ts}. [‘( & € [+{ha, hy, hs}]:
¢ Yy E

¥0 // T // dm[a, b, c] // I‘b}

W Sz Sp Ss -B+w Sc Ss
S, o /3 6 S -By+ad+yw -BE+SO+ewW
C
{ Sy ¥ O € > v - Y - }
_ s -Bo+ay+dw -BE+OY+E W
Ss 0] /G s w w
2. O3 Op Os 2 Oa Op Og

V //A// Tb // TbCollect[FullSimplify[PowerExpand[#]] &]

(Log[Ty1+Log [T, 1N Y4 (~14T) /4 (~14T,) V4
Log[T1]Y/* Log[T2]%/4 (14T, To)Y/*

2020-06-21 12:43:59

Log[T1]Y/* (VLOE[H] VLog[T1]+Log[T2] +/-1+To - +/Log[T1] +Log[Ti]+Log[T2] T1 /-

S1

S2

2

V //A// Tb // TbCollect[FullSimplify[PowerExpand[#]] &] // I‘bCollect[

Assuming[c; > © & c; > @, FullSimplify[# /. Log[x_] = Log[x /. T, » e“]]] &]

((€1+Ca) (~1+T3)) Y4 (~1+T) ¥4

V//A// T // TCollect[FullSimplify[PowerExpand[#]] &] //

(C1¢y (-1+Ty Ty)) ¥4
s1 A/€1 (C17C2) (—1+4T,) -T1 4/C1 (€17Ca) (—1+T5) -T1 4/C1 (€C17Ca) (-1+T5) Tr+T2 4/C1 (C14Gy) (-1+15) T;
(-1+4Tq) 3
s, Y (1T VA (A
(€1 ¢
2

rCollect [Assuming[c; > © && c; > @, FullSimplify[# /. Log[x_] = Log[x /. T, =» e“]]] &]

((C1+Ca) (~1+T3)) ¥4 (~1+T) ¥4
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; S1 S;
(c1ca (-1+Ty T2)) V4
€1 NI G (FT9T2) +C NG G (TiTa) +¢q 4 (@ 1T oo,
s, T -C1 G (Ci+Cy) (-1+T1) T
(C1+C2) (C1+C2?T(*1+T1> s o oy (C1+Cz) A/[-1I+T
1
(ca+c2) (-1+T1)
-C C1C, (-1+T,) -c C1 G (-1+Ty) +c eV I P
s 1Vac( 2) ~C2 Va1 ¢ ( 2) +C2 o 1 T2 GG ) CLTT VN
(C1+C2) M NIiTL TS (c1+Cz) /=141
1
by 1 NT



Dror Bar-Natan: Academic Pensieve: Projects: MetaCalculi: MetaCalculi-Testing.nb

2020-06-21 12:43:59

V//A// T // TCollect[FullSimplify[PowerExpand[#]] &] // I‘Collect[
Assuming[d; > @ && d, > @, FullSimplify[# /. Log[x_] = Log[x /. T, =» e*']]] &]

((d2+d2) (-14T) )Y (c14Ty) V2

(d2d3 (-1+T1 Tp) )Y

/4

S1

dx (dg dp VT +d3 VT vy [ 20 \[Td ) (1oTaT2) )
1

2
o
S2

di (~dp y/[dE+d3] (-T+T1) NTi-

S1
(d3+dd) o/ = A{dFd3] (-1+T1T2) (d3+d3) vT7T7
< dy (di A~I+T; +d1 d3 A/~1+T, -dy /*1:1 d2+d3) (-1+T1 T2) ) d; (dl Nd+dg) (-1+Ta) VT T
) _
(df+d}) \lilT;Tl di+d3) (-1+T1T2) (d}+d3) V-I+T,
2 1 /—Tl
Clear([a, B, ¥, 6, 6, €, ¢, ¥, B, u, wl;
a 3 6
{70 = I‘l[w, hyoa+hyop +hsos, {ta, to, ts}.|y 6 € |-{has hp, hs}]: ¥0 // dm[a, b, C]}
¢ ¥ E
W Sa Sp Ss -(-1+8)w Sc S
Sa a B 6 Sc —y+By-a5 -—e+Be-56
{ Sp ¥ 6 € |, -1+8 1B }
- se “9+Bd-ay -E+fE-0Y
Sss ¢ ¥ = _148 “148
'l o, oOp Os Tl O3 Op Os

Clear[a, 6, ¢, E, w];

Tl

a 6
{70=I‘1[w, ha 0a + hs 0s, {ta, ts}-(¢ ,a,)-{ha: hs}]: ¥9 // qala, b, c],
a 6
I‘[“’: hy 0a + hs o5, {ta, tS}-(¢ w)-{ha: hS]’] // qala, b, C]}
w Sp Sc
—aTc+0Tp Tc-0a+Tc Oa (=1+Tc) Tc (a-0a)
Sa Ss Sb 14T Te 14Ty Te
a 6 S (-1+Tp) (0—0a) —0+a Tc-Tc 0a+Tp Tc Oa
o = |’ ¢ ~1+Tp Te ~1+Tp Te
¢ (-1+Tp) ¢ (~1+T¢)
Oa Os Ss “14Tp Te “14Tp Te
Tl Oa Oa
Spb Sc Ss
o Tc+a Tp Tc-0a+Tc Oa (-1+Tp) Tc (x-0a) O (-1+Tp) T¢
-1+Tp Tc -1+Tp Tec -1+Tp T¢
(-1+T¢) (a-0a) -+ Tc-Tc 0a+Tp Tc Oa O (-1+T¢) }
-1+Tp Tc -1+Tp Tc -1+Tp Tc
¢ ¢ =
Oa Oa Os

6T,

[1]

Os
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R3

R3

{Xp[1, 2] // T, Xp[1, 2] // T1}

1 s; Sy 1 s, S,

{ s 1 1-T4 s; 1 1-T, }
S, © T, ? S, © T,
r 1 T, 1 1 T,

{Xmsy Xme, Xp3s // T1 // dm[1, 4, 1] // dm[2, 5, 2] // dm[3, 6, 3],
Xpe1 XMag Xmzs // T1 // dm[1, 4, 1] // dm[2, 5, 2] // dm[3, 6, 3]}

1 S1 So S3 1 S1 S> S3
s = o o s1 B o 0
T2 T2
S, -1+Ty 1 ) S, -1+Ty 1 9
{ T, T s T, T }
s3 - -1+T -1+T, 1 S - -1+T, -1+T, 1
T2 T3 T2 T3
rn b L rn =& L
T2 T3 T2 T3

V //A// T1 // T1Collect[FullSimplify[PowerExpand[#]] &]

(Log[Ty1+Log[To 1N Y% (~14T) /4 (~14T,) V4

S1
Log[T1]Y/4 Log [To]Y/* (-1+T, To) V4
Tog(T1] (Log[Ti] ~IOg[T2] ~~T+Ts +Log[T2]%2 ~/~I+T; + v Tog[T1] ~Iog[T:]-Log]
S1
(Log[Ta] +Log[T2])¥/2 \[ = v=TiTi Ty
s _ ~/Tog[T>] (+/IOoB[Ti] VIog[T1]+L0g[Ta] v=1+T1 11 +~1:T; +Iog[To] ~-I+TiT,
(Log[T1]+Log[Ta]) (~14Tp) v I+T1 T2
b3 1

V //A// T1 // TiCollect[FullSimplify[PowerExpand[#]] &] // TlCollect|
Assuming[c; > @ && c; > @, FullSimplify[# /. Log[x_] = Log[x /. T, = e“]]] &]

((C1+Cp) (“14Ti))Y* (L1247 VA sy
(C1Cy (-1+T1 Ty)) /4
(c1+c2) (-1+4T1) /
. €1 VGl Ca (“I4T3) +Cy C1 Ca (—15T5) +Cq ‘“zill VI TS NG TITST (53/2 1T
1 _
(crvey) o DL CTTT,
sy —/C1 G (C1+Ca) (—1+T1) AT1 A[-L1+T5 -Co A[-T+T1 T +Cp Tq A/[-1+T1 1, Aci G
(C1+4C2) (-14+Ty) N ~I+T1 T2

hy 1
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