Dror Bar-Natan: Academic Pensieve: Projects: FullDoPeGDO: Exp-210813-1.nb

Inf+]:=

out[]=

Inf]:=

Out[«]=

Inf[«]:=

Out[«]=

Inf[«]:=

out[]=

out[+]=

Inf]:=

out[+]=

Pensieve header: Exponentiation in ybax algebras.

Startup

Date[]
SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\FullDoPeGDO"] ;
Once[<< KnotTheory™ ];

Once[Gete@"../Profile/Profile.m"];

BeginProfile[];

$k=1;

<< Engine.m

<< Objects.m

<< KT.m

HL[& ] := Style[&, Background -» If[TrueQes, [, H11;

(2021, 8, 13, 10, 52, 53.4911172)

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.

Exponentials

Task. Define Exp, [U_(U;_j.]) to compute €Y to order g-ens@Ui-1

where U is an e-dependent near-docile element, giving the answer in E-form.

2021-08-14 17:53:29

using the m; ;,; multiplication,

Example: Expy,,, 1 [Ugolb2 a2 + y7 X,, 0]] is the exponential of the arrow on strand 2, computed to

degree 1.
2
m=cm; U= U,y [a:bi+ X Vis X+ Yis X3 Yi]
2
Ugysiiy [ai bi +Xi Yi, Xi +¥i, X Yi]

k = Lengthe {U} -1
0

Fa = E(y,¢iy [fa[A] a;1;
Fa
Fa/. {A->pu, i-3j}

E,qy [falA] a;]
E().q) [falu] ay]

Fa (Fa /. {x>u, i-3}) // mi .

Eoqap [(Fa[A] + faful) aj)
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la = (o First[Fa (Fa /. {A>u, i>3}) //mij,:]) /. u>0/. {fa[@] >0, fa'[@] - &, U[1]}

aj by

ra= (0 ,First[Fa /. A>2A+ul]) /. u->0

a; fa’' [A]

Sa = DSolve[la == raAfa[@] == 0, fa, A][1, 1]
fa - Function[ {1}, A b;i]

FO = E{y,iy [F[A] + fa[A] a; + FX[A] X3 + Fy[A] y; + FXy[A] X3 3] /. Sa;
Fo
FO /. (A - u, i-3j}

Eqoey [FIA] + @i by + FX[A] X3 + fy [A] yi + XY [A] X3 yi]
Ens ['F[ll] +pagby+ X [u] x5+ fy[ul ys+ fxy[ul x5 Yj]

FO (FO /. {A>pu, i-3}) // M i

E(yoqay [FIA] + Flu] + X[ Fy[u] by + (A +p) as by +
(Fx[u] +FX[A] - Fxy (] by + FX[A] BY™) xi + (Fy[A] + Fxy[A] - Fy[u] bs + Fy (1] BY") ys +
(fxy [A] - Fxy[u] by +Fxy (] BY" + Fxy [A] B") Xy y4 |

1

10 = (8,First[Fe (FO /. {A—>u, i 3}) //mi,i]) /. u>0 /. {(f]|fx|fy|fxy)[0] » @} /.
Thread [ {f'[@], fx'[@], fy'[@], fXy'[@]} -
({11, 6, UI1l, 8y, UI1l, Oy,,y, UMD} /. (@ | X |y); » 0)]
fx[A] - Log[Bi]

aj bi* +‘FX[)\] bi
h

fxy[A] - Log[Bi]
y g% + fxy [A] bi+Bg\/h Xi Vi

Xi +

h

ro = (6,First[FO /. A > A +ul) /. u->0
a; by + F A + %3 FX[A] + X3 y: FXY' [A] +y; Fy' [A]

UnDot[& , vs_] := Thread[{Times eevs”I"l, #[2]} & /@ CoefficientRules[&, vs]];
UnDOt[U[[l]]) {ai, Xi, yi}]
{{ais Xiyi}, {bi, 1}}

UnDOt[le' ro, {ai, Xi, yi}]
fxy[A] - Log[B;]

{0y, xa yi, 13, { + Fxy [A] by + BY/" - fxy’ (2],

h
fx[A] -~ Log[Bi]

+FX[2] by - X (A0, ~Fy (4], -F (] }}
h
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1= {S@} = DSolve[ (# == @) & /@UnDot[10 - r0, {a;, Xi, yi}1[21 U
{'F[O] =0, fX[Q] = 0, 'FY[Q] =0, 'ny[e] = 0}, {'FJ 'FXJ 'FY) 'ny}.v A]

outl-- {{f = Function[ {1}, @], fx - Function[{)}, @],
(-1+e*P) B/"

fxy - Function[{/\}, )
i

|, fy - Function( {3}, @1} }

1= (FO /e {X>»u, i-»>3}) /. S0
(—1+e“bi> B‘{/hxjyj

o ]

ouf-J= E 353 [H aj by +

nf-]= Kk = 13
F1 = Append [F@ /. SO, TotaleFlattene
Table[fyp,q[A] @] X} yi, {m, @, 2x+2, 2}, {p, @, 2x+2-2m}, {q, 0, 2x+2-2m-p}]]
(—1 + (E)\bi> Bi\/h XiVYi
Out[=]= E{}ﬁ(l} |:)\aj_ bi+ 5
b;
fo,0,0[A] + Vi fo,0,1[A] + y: fo,0,2[A] + yi fo,0,3[A] + yi fo,0,4[A] + X5 fo,1,0[A] +
Xi ¥i fo,1,1 [A] + X3 )@ fo,1,2[A] + X3 Y? fo,1,3[A] + X% fo,2,0[A] + X% Yife,2,1[A] +

X3 y: fo,2,2[A] +X; fo,3,0[A] + X; Vi fo,3,1[A] + X} fo,a,0[A] +a} 'Fz,e,e[k]}

nf-}= {mons, fs} = UnDot[Last@F1, {aj, Xi, Yi}]

Out[«]= {{a%) X‘il.v Xi Yis Xi) X% Yf; X% Yis X%) Xi yi: Xi Yf, Xi Yis Xi, yi: Yi, Yf, Yis 1}:
{f2,0,6[A]s fo,a,0[A], To,3,1[A], fo,3,06[A], Fo,2,2[A]5 Fo,2,1[A]s fo,2,6[A], fo,1,3[ 2],
fo,1,2[ 2] Fo,1,1[A]5 fo,1,0[A]5 fo,0,4[A], Fo,0,3[1], Fo,0,2[ 2], fo,e,1[1]5 fo,0,0[A]}}

n-1= Alternatives @@ (fs /. A » 0)
ouf-J= F2,6,0[@] | fo,4,0[0] | fo,3,1[0] | To,3,6[0] | fo,2,2[0] | fo,2,1[0] | fo,2,06(0] | fo,1,3[0] |
fo,1,2[0] | fo,1,1[0] | fo,1,0[0] | To,0,4[0] | To,0,3[@] | fo,0,2[0] | To,0,1[0] | fo,0,0[0]
n-}= mis = Flatten@Table [MI[m, p, q], {m, ©, 2x+2, 2}, {p, 8, 2x+2-2m}, {q, @, 2x+2-2m-p}]

our- {MI[@, @, @], MI[@, @, 1], MI[0, 8, 2], MI[0, @, 3], MI[0, 0, 4],
MI[®, 1, 0], MI[0, 1, 1], MI[0, 1, 2], MI[0, 1, 3], MI[0, 2, O],
MIfe, 2, 1], MI[e, 2, 2], MI[@, 3, O], MI[O, 3, 1], MI[0, 4, 0], MI[2, 0, O]}

mn-1= MI /: Coefficient[& , MI[m_, p_, q_]] :=
Coefficient [Coefficient [Coefficient[&, ai, m], Xi, P1, Vis G]

o= axy /3 axy"ImePod ] o gl x? gl

1= Table[fsequenceeeni ' [@] - Coefficient [Ulx + 1], mi], {mi, mis}]

ouf-}= {fe,0,0" [@] = 0@, To,0,1"[0] -1, Tg,,'[0] >0, fp,6,3[0] -0, f5,,4'[0] >0,
fo,1,6'[0] = 1, fo,1,1"[0] - 0, f5,1,,'[0] -0, fq,1,3°[0] -0, fg,2,6'[0] =0, fg,5,1"[0] -0,
fo,2,2[0] -0, fg,3,0'[0] >0, fg,3,1"[0] >0, fg,4,6'[0] >0, f15,0'[0] > 0}
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o= 11 =
(6uLast[F1 (F1 /. {X > u, i-3}) //ms,5,5]) /. u>0 /. Alternativesee (fs /. 1> 0) >0 /.

Table[fsequenceeeni ' [@] - Coefficient [U[x +1], mi], {mi, mis}]

Log[Bi] fo,1,0[A]
1+ +bi 'Fe)ljg[)k}
h

Ab; pA/h
B;

Out[-]= € Yi +Xj +

Log[Bi] fe,1,3[A]
h

R 2Log[B;] fo,2,1[A]
+XiYi 5

+bj fo,1,2[A]

+ Xi Yi +

Log[Bi] fe,1,2[A]
: ( L +bj fo,1,3[A]

Xi Yi h

2Log([B;] fe,2,6[ ]
h

2
X

+2bjs fo,2,0[ 2]

+2b; fg,2,1[A] ] +

2 2 2 s
X2 y2 [2 byBy' +2e*bby B ~22b2B; + BNl g8 fe,mm]

1

+

2 b3

3 Log[B;] fo,3,0[ 2]
h

+

Hew

+3b; fo,3,0[A] | +Xi Vi . +3b; fo,3,1[A]

3 (3L08[Bi] fo,3,1[A]

a;i Bi/" x3y; (Ab}+2b%F50,6[1])
+4bi 'Fe,4,e[k} - b2 +

1

41L0g[B;i] fe,4,6[A]
h

Log[B;] b; fg,1,1[ ] A/h
% +b?fg,1,1[A] +bi B{" F1,0,0[ 1] )

b;

XiVYi (— Bi\/h + (E)\ by Bi\/h + A bi Bi/h +

mn-j= rl= (,Last[F1 /. A>A+u]) /. u—->0

our-- Fo,6,0 [A] +Yi fo,0,1" [A] + Y3 Fo,0,2 [A] + Y3 fo,6,3" [A] + Y] Fo,0,a" [A] +Xi Fo,1,0" [A] +
Xi Yi To,1,1  [A] + X3 )@ fo,1,2 [A] + X3 Yi fo,1,3 [A] +X§ fo,2,0 [A] +X§ Vi fo,2,1 [A] +

X Y3 fo,2,2" [A] + %] Fo,3,6" [A] + X Vi Fo,3,1" [A] + X} Fo,a,0’ [A] + ] F2,0,6" [A]
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m-1= 11 -r1 // CF

our = -3 By/" Xi yi (A+2F,0,0[1]) —Fo,0,0' [A] +i (‘E)bj Bi/" - fo,0,1" [A] ) - v fo,0,2" [A] -
3 , 4 , X; (h+Log[B;i] fo,1,0[A] +11b; Fo,1,0[A] —~N1Fe,1,6" [A]) 1
Yi fo,0,3 [A] - ¥i fo,0,4" [A] + +
h hby

xiyi (-nB{"+ e’ nB}" + AnbyB}'" + Log[Bi] bs o 1,1 [A] + bl Fo 1,1 [A] +71bs B 30,02 -

, X; ¥i (Log[Bs] fo,1,2[A] +hbsfo,1,2[A] ~hfe 1,2 [A])
nb;fo,1,1 [A]) + +
h
Xi Y3 (Log[B;] fo,1,3[A] +hbsfo,1,3[A] ~hfe,1,3"[1])
h

x? (2 Log[Bi] fe,2,0[A] +2hb;i fo2,0[ 1] -1 Fa 2,6 [A])

+

+

h
X} Yi (2Log[Bi] fe,2,1[A] +2 7 b; fo,,1[A] -1 Fp,5,1 [A])

h
22 22 22

x2y? |nB;y -e'PhB; +Ahb;B; -2Log[B;i] b2 Fp02[A] —2hb3 e[ A] +hb2Fp o [A]

nb?

X; (3Log[Bi] fe,3,0[A] +3hb;ifo30[1] -hfe 30 [A])

+

Jal
X3 yi (3Log[Bi] fo,3,1[A] +37b;fe,3,1[A] -Afe,3,1" [A])

+

h

Xi (4 Log[Bi] fo,a,6[A] +411b; Foa,6[A] ~Nfea0 [A]) ,
- a3 f2,0,0" [A]

h

1= {S1} = DSolve[Table[Coefficient[11l-rl, mi] = @ A fsequenceeeni [@] = @, {mi, mis}],

Table [fSequence@@mi: {mi, mis} ] > A]
-1+ e) (Logi:ﬂﬁji)) Jal

Log[B;] + A b; ]’

outf+J= er,e,e - Function[ {2}, @], fg,e,1 » Function [ {2},

teo,0,2 » Function[ {1}, @], fg,e,3 » Function[ {1}, @], fg,6,4 » Function[{A}, 0],

b A (Log(By]+hby) 2 (Log[By]+hby)

e n (—1+<e )hsﬁ/h

Fejl)eeFunction[{A}, P ]
og|bi] + i

~1+e?) aBy”

fo,1,1 > Function[{k}, ], f2,0,0 - Function[ {1}, 0],

b;
fo,1,2 » Function[ {1}, @], fg,1,3 > Function[ {1}, @], fg,,,¢ » Function[{2A}, @],

22
s

(3-4e'b+e2 b+ 22b;) By
fo.3,0 > Function[ {1}, @], fo,3,1 - Function[ {1}, @], fo,4,0 » Function[ {1}, @] }}

fo,2,1 » Function[ {1}, @], fo,2,2 > Function[{x\}, .
4 b3

http://drorbn.net/AcademicPensieve/Projects/FullDoPeGDO/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: FullDoPeGDO: Exp-210813-1.nb 2021-08-14 17:53:29

nf-]= K = 2}
F2 = Append [12U[F1 /. S1], Total@eFlattene

Table[fy 5 q[2A] @] X yi, {m, @, 2x+2, 2}, {p, @, 2x+2-2m}, {q, 0, 2x+2-2m-p}]]

B}/™ [-1 + B

A

X;y; ABE (—1 + B,

22 21 A

Xiy; By [3+2Abi+Bi*-4Bi” x2 y?

1

outf«J= E{}e(i}[)\ aj b; + b > b ; 5
i i 4 b3
fo,0,0[A] +Yi Fo,0,1[A] + Y3 Fo,0,2[A] +Yi Fo,0,3[ 1] + Y] fo,0,4[2] + Y5 Fo,0,5[A] + Y5 Fo,0,6[A] +
i fo,1,0 (1] + X1 Y1 fo,1,1[A] + X1 Y3 fo,1,2[A] + X1 Y3 Fo,1,3[A] + X1 y§ Fo,1,a[A] +
X1 Y; fo,1,5 [A] +X; fo,2,0 [A] + X} Vi fo,2,1[A] + X} ¥i Fo,2,2[A] + X} Y3 Fo,0,3[ 2] +
X2 yi fo,2,a[ 1] +X; fo,3,0[A] + X3 Vi fo,3,1[A] + X3 Y5 Fo,3,2[A] + X3 Y3 Fo,3,3[A] + X} fo,a,0[A] +
X§ Y1 Fo,a,1[A] + X§ Y5 Fo,a,2[A] + X} Fo,5,0[A] + X5 yi Fo,5,1[1] + XS fo,6,0[A] + a5 F2,0,0[A] +

atyi fa,e,1[ 1] +alyifae,2[A] +al xi Fa0,0[ 0] +af X1 Y1 Fa,1,1 (1] + a5 X f2,2,0[ 2]

n-}= mis = Flatten@Table [MI[m, p, q], {m, ©, 2x+2, 2}, {p, 8, 2x+2-2m}, {q, @, 2x+2-2m-p}]

ou/-j= {MIf[e, @, @], MI [0, 0, 1], MI [0, 0, 2], MI[0, 0, 3], MI[0, 0, 4], MI[0, 0, 5], MI[0, 0, 6],
MI[o, 1, 0], MI[0, 1, 1], MI[0, 1, 2], MI[0, 1, 3], MI[0, 1, 4], MI[0, 1, 5], MI[e, 2, @],
MI[e, 2,1), MI[eo, 2, 2], MI[0, 2, 3], MI[0, 2, 4], MI[0, 3,0],MI[0, 3,1],MI[0, 3, 2],
MI[e, 3, 3], MI[o, 4,0],MI[0, 4, 1], MI[0, 4, 2], MI[0, 5, 0], MI[0,5,1],MI[0, 6, @],
MI[2, 0,0],MI[2,0,1],MI[2,0, 2],MI[2,1,0],MI[2,1,1],MI[2, 2,0]}

= 12 = U21[
(6uLast[F2 (F2 /. {A>u, i->3}) // mij,:]) /. u—>@ /. Alternativesee (fs /. 1~ 0) >0 /.

Table[fsequenceeeni ' [@] — Coefficient [U[x + 1], mi], {mi, mis}]]

(—1+e’xbi) Xi Yi e’}biALog[e’hbi] Xi Yi

outfe]= — - +
b; hb;
Log[ePi] b Log[e ] _b. e A Log[e™P] b;
ai |- + -bj+e by + —————————— | Xi Vi
1 ( n n 1 i n iYi
+
b2
i
2Llogle b 8e 2% Log[e b 8e % Log[e - . . 467220 ) Log[eb:] b;
( [h }+ h[ }— h[ ]+2bi+4e2)blbi—4e)‘b1bi+ h[ I X%y%

4b3

1= r2 = (8,Last[F2 /. A > A+u]) /. u->0

our - fo,0,0’ [A] + Vi To,0,1" [A] +¥: Fo,0,2" [A] + V3 Fo,0,3" [A] + Y] fo,6,a [A] + Y5 Fe,0,5" [A] + Y5 fo,6,6 [A] +
xi fo,1,0" [A] + Xi yi To,1,1" [A] + X1 ¥i Fo,1,2" [A] + X1 Y] fo,1,3" [A] +Xi Yi Fo,1,4" [A] +

]

Xi Y5 fo,1,5 ] +x3y: fo 2,3 [A] +
]
]

’ ’ ’

2 , 2 2.2
Al + x5 fa,2,0  [A] + X7 ¥i Fo,2,2" [A] + Xi Yi Te,2,2

(2] ]
X yi fo,2,4" [A] J + X3 Y3 Fo,3,3" [A] + Xi fo,a,0 [A] +
X$ yi Fo,a,1" (A] +Xi yi fo,a,2"[

[A] [

2
aiyifioen

(2] [A
3 7 3 ’ 3.2 7
AT + X5 Fo,3,0" [A] + X7 Yi fo,3,1" [A] + X3 ¥i fo,3,2" [A
] +x3 fo,5,0" [A] + X3 Yi fo,5,1" [A +x§ fo,6,0 [A] +a} f2,6,0" [A] +

] +afxi 1,0  [A] + @3 X5 yi Fa,1,1" [A] + a3 x} Fp,0,6  [A]

’ ’

A
Al + a% yi 'Fz)@)z A
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1= {S2} = DSolve[Table[Coefficient[12-r2, mi] = @ A fsequenceeeni [@] == @, {mi, mis}],
Table [ fsequenceeomis {Mi, mis}], A]

out[]= er,e,e - Function[{A}, @], fg,6,1 » Function[{A}, @], fg,s,» » Function[ {21}, @],
teo,0,3 » Function[ {1}, @], fe,0,4 » Function[ {1}, @], fp,6,5 » Function[{A}, 0],
fo,0,6 > Function[ {1}, @], fg,1,6 » Function[{A}, O], fg,1,1 = Function[{k},

e P (Log[e ] - e’ Log[e | +nb; - e P nb; + ALog[e "] b; + " X nbF)

I

hb3
feo,1,2 » Function[ {1}, @], fg,1,35 » Function[{A}, @], fg,1,4 » Function[{2A}, @],
-FO,].,S e FUnCtiOn[{A}, 0} > 'Fe,z)@ e FUnCtiOn[{A}, 0} > f@,Z,l e FUnCtiOn[{A}, 0} > 'Fg,z)z e

1
Function| {1}, — e 2P (-5Log[e ™| +8e" ™ Log[e "] -3 > * Log[e "] ~2nb; +
4n b

4e’®hnb;-2e** P nb; -2 Log[e ] by +2e* " ALog[e ] by +2e " an bi)],

{2},
{2}, » fo,3,2 » Function[{A},

]
fo,2,3 » Function 0] [ 0]
0] [ 0]

{1}, @], fo,4,6 » Function[{A}, O],

0] [ 9]
0] [ 0]
0] [ 9]

[

» fo,2,4 » Function[ {1}, » fo,3,0 » Function[ {2}, @],

fo,3,1 — Function ,
fe,3,3 » Function
, fo,a,2 > Function[ {21}, @], fg,5,¢ » Function[ {1}, @],
fo,5,1 > Function[ {1},
{2},

f2,1,1 » Function[ {1}, @], f;,2,e » Function[ {1}, @] }}

» fo,6,0 » Function[ {1}, » f2,0,0 » Function[ {2}, @],

f2,0,1 - Function f,,1,6 » Function[ {1}, @],

[

[

[
fo,s,1 » Function[ {1},

[

[ » T2,6,2 » Function[ {1},

[

orp= 12U[F2 /. S2 /. A » 1]

1

1

Bf (-1+By"")xsys B (-1+B;"")xsy; BI'" (3+2b;+B;¥"-48Y") Xy}

outf-]= Ey51iy [ai b; + > + B
b; b; 4b3

1
By (Log([Bi] +hbs+Log[B;] by - Log[B;] Bi*'" - nby B;Y" + nbIB™") xsy;

+

hb3

—— B}/" (-5 Log(B;] -2nhb; - 2Log[B;] by -3 Log([B;] B;*" - 2nb; B;*" +
4 nbf

2Log[Bs] by B +2nb] B> + 8 Log[Bs] By + 4 nb; B;Y") X y2|

Previous attempt

= mons[1_] := Flattene
Table[e*al x}y], {x, @, k}, {m, @, 2x+2, 2}, {p, @, 2x+2-2m}, {q, 0, 2x+2-2m-p}];
mons [
1]

2 2
Out[«]= {1: Y15 Y15 X1 X1 Y1, Xl}
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1= fs[A_] := Flattene
Table[f.,n,p,q[2], {x, @, k}, {m, @, 2x+2, 2}, {p, @, 2x+2-2m}, {q, @, 2x+2-2m-p}];
fs[
ul

ou-1= {fe,0,0,6 [11]5 To,0,0,2 (1], To,0,0,2[1], fo,0,1,6 (1] To,0,1,1 (1], To,6,2,0 1]}
= FL[A_, 1_1 t= A2E(3,¢i3 [FsS[A].mons[1]];

FLA, i]

Flu, J]

ouf-J]= E 3502y [fe,e,e,a[l] + Y2 fo,6,0,1[A] +Y3 To,0,6,2[A] + X2 fo,6,1,6 [A] +X2¥2 Fo,0,1,1[A] + X5 Fo,0,2,0 [A] 5 0]

ouf = B354y [fe,e,e,e[u] +Y5 fo,0,0,1 (1] +Y§ fo,0,0,2[11] + X5 fa,6,1,0 (1] +Xj¥5 Fo,0,1,1[1] +X§ fo,0,2,0 (1] 9]

npg= F[A, 1] < Flpy 31 /77 My 551

Out[~]=

large output show less show more show all set size limit...

nop= 11 = (@ Listee (F[A, i] «Fu, 1 // My 555)) /- u>0 /. f__[0] >0

fo,0,0,0 [A] (-4 Fo,0,2,0 (1] fo,0,0,2'[0] + 8B, fo,0,2,0[ 1] fo,0,0,2' [0] ~4B5fo,0,2,0[1] fo,0,0,2 [0])

out[+J= {— -

hZ

Y2 fo,0,0,1[A] (-4 Fo,0,2,0[ 1] fo,0,0,2' [0] +8B2Fe,0,2,0[ 1] fo,0,0,2" [8] —4 B3 fo,0,2,6[1] fo,0,0,2"[@])

hZ

Y3 fo,0,0,2[ 1] (-4 Fo,0,2,0[ 1] fo,0,0,2" [0] +8B2Fe,0,2,0[ 1] fo,0,0,2" [8] —4 B3 fo,0,2,6 (1] fo,0,0,2"[@])

hZ

X2 fo,0,1,0 [A] (-4 Fo,0,2,0[ 1] fo,0,0,2"[@] +8BaFo,0,2,0[ 1] fo,0,0,2" [8] —~4 B3 fo,0,2,6[1] fo,0,0,2[0])

712

1
- —X2¥2 fo,0,1,1[ 2]
72
(-4 0,0,2,0[1] fo,0,0,2 [@] +8B2 Fo,0,2,0[ 1] fo,0,0,2" [@] ~4B5 fo,0,2,0[A] fo,0,0,2'[0]) -
X3 fo,0,2,0 [ 1] (-4 Fo,0,2,0[1] fo,0,0,2"[@] +8BsFo,0,2,0[ 1] fo,0,0,2" [8] ~4B3fo,0,2,0[1] fo,0,0,2[0])

hz

1
Y2 (ﬁz fo,e,0,1'[0] + 11 fa,0,1,1[A] To,0,0,1 [0] ~11B3 fo,0,1,1[A] fe,0,0,1" [0] +
h
2hte,6,1,0[A] To,6,0,2"[0] —~21 B, g 0,1,0[A] To,0,0,2"[0] +
2fo,0,1,6[A] To,0,1,1[ ] To,0,0,2"[0] ~4B2fe,0,1,0[A] fo,0,1,1[A] fo,0,0,2" [0] +
2B5 fo,0,1,0 (1] fo,0,1,1[ 1] fo,0,0,2 [0] ~4Fa,0,0,1[ 1] fo,0,2,0( 1] fo,0,0,2" [0] +
8 B3 fo,0,0,1 (1] fo,0,2,0[A] fo,0,0,2" [8] ~ 4 B3 fo,0,0,1[1] Fo,6,2,0[A] fo,0,0,2' [@]) +
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1
- y5 (h* fo,0,0,2" (0] + 21 fo,0,1,1[ ] fo,0,0,2 [0] ~2711By Fo,0,1,1[ ] fo,0,0,2"[0] +
h
fo,0,1,1[A]1° fo,0,0,2" [0] ~ 2B; fo,0,1,1[1]° fo,0,0,2' [0] +
B3 fo,0,1,1[A]1° fo,0,0,2" [0] — 4 fo,0,0,2[A] fo,0,2,0[A] Te,0,6,2 [0] +
8B fo,0,0,2 (1] fo,0,2,0[A] fo,0,0,2" [8] ~ 4 B3 fo,0,0,2[1] fo,6,2,0[A] fo,0,0,2'[@]) +
1
i n* fo,0,0,0' (0] + 1 fe,0,1,0(A] To,0,0,1 [0] ~11B; fo0,1,0[A] fo,0,0,1 [0] +
h

fo,0,1,0 [(A]? fo,0,0,2'[0] -2B;fo,0,1,0 [(A]? fo,0,0,2 [0] +
B3 'Fa,e,1,e[ﬁ]2f0,e,e,2’[9] -4 f9,0,0,0[A] To,0,2,0[A] To,0,0,2 [0] +
8B, fo,0,6,0 [ 1] To,0,2,0 [ 1] To,0,0,2 (0] ~ 4 B3 fo,0,0,0[A] fo,6,2,0[A] fo,6,0,2" [0] +

1
B (4 Fo,0,2,0[1] fo,0,0,2 [0] —~ 8B Fo,0,2,0[A] Fo,0,0,2' [@] +4 B3 fo,0,2,0[ ] fo,0,0,2"[O] )] +

1
=X (27 Fo,0,2,0[A] fo,0,0,1' (0] ~2711B; fo,0,2,0[A] fo,0,0,1" [0] +1* Fo,0,1,0'[0] +
h
, , 1
nfo,0,1,0 (1] fo,0,1,1[@) - 11B; fo,0,1,0[ 1] fo,e,1,1"[0]) +g

X2 Y2 (4F0,0,2,0[A] To,0,0,2" (0] —4 By Fo,0,2,06[A] fo,0,0,2"[0] + 1 Tg,0,1,1"[0] +
fo,0,1,1[A] fo,0,1,1"[@] - B2 fa,0,1,1[A] fo,0,1,1"[0]) +
X3 (25 F0,0,2,0 [ 1] Fo,0,1,1'[@] 21 By Fo,0,2,0[ 1] Fo,0,1,1"[0] +1” Fo,0,2,0'[0])

h? ’
(-1+3By) y2Tfo,e,1,0[A] (B +Tp,0,1,1[A] -~B2Te,0,1,1[A]) To,0,0,2"[©]
- +
h
2a;B,y5 fo,0,1,1[A] (B +Fo,0,1,1[A] —~ByFe,6,1,1[A]) Fo,0,0,2" [0]

h

+

1
=X ys (A + fo,0,1,1[A] — B2 fa,0,1,1[A])
h

(21° fo,0,1,1[A] + h* Fo,0,1,1[A]? - 31" By fo,0,1,1[1]°) Fo,0,0,2" [0] +

1
- By ya (7’12 fo,0,1,1 (1] fo,0,0,1 (@] + 2 1% fo,0,1,0[ 1] Fo,6,0,2" [0] +411F0,0,1,0 (]
h

1
fo,0,1,1[ 1] fo,0,0,2'[8] -4 1By Fo,0,1,0[ 1] fo,0,1,1[ 1] fo,0,0,2[0]) - — (-1+3B,) y3
4n

(41° fo,0,1,1[A] fo,0,0,2' [0] +21* Fo,0,1,1[1]1% Fo,0,0,2' [8] - 21* By fo,0,1,1[1]% fo,0,0,2 [0 ) +
1 2 6 , 5 2 , 5 2 ,

XY (21° fo,0,1,1[A] Fo,0,0,1 [@] +1” Fo,0,1,1[1]° fo,0,0,1' [8] ~31° By fo,0,1,1[1]° fo,0,0,1"[0] +
2h

41° fo,0,1,0 (1] Fo,0,0,2" [8] +121° fo,0,1,6[1] Fo,6,1,1[ ] fo,0,0,2' [0] -

20 11° B2 Fo,0,1,0 [A] fo,0,1,1[1] Fo,0,0,2' [0] + 6 1 Fo,0,1,0 [A] Fo,0,1,1[ 117 Fo,0,0,2"[0] -

24 1* B, fo,0,1,0 (1] Fo,0,1,1[1]% fo,0,0,2" [0] + 18 1* B3 fo,0,1,0 [A] Fo,0,1,1[1]° Fo,0,0,2' [@]) +
(-1+B3) < (-1+3By) <2 1 fo,0,1,0 [A]1° fo,0,0,2" [0] + 4 1° Fo0,2,0[ 1] Fo,0,0,2’ [01)

N
4n’

1
S & B2 (1’ fo,0,1,0 [A] fo,0,0,1" (@] +2 1% Fo,0,1,6[1]% Fo,0,0,2' (0] -
h

21 B, fo,0,1,0[A]% Fo,0,0,2" [0] +4 1% Fo,0,2,6[1] Fo,0,0,2 [0] -4 1% B, o 0,2,0 (1] fo,0,0,2'[0]) -
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1
—— (-1+3B2) X (1” Fo,0,1,0[A]7 Fo,0,0,1" (0] + 217" Fo,0,2,0 [ 1] Fo,0,0,1 (0] +
2h

21" fo,0,1,0 [1]° Fo,0,0,2" [8] — 21" By Fo,0,1,0[1]> fo,0,0,2" (0] +
16 1" fo,0,1,0 [ 1] Fo,0,2,0 [1] fo,0,0,2' (@] — 16 1* By fo,0,1,0[1] Fo,0,2,0 (1] fo,0,0,2'[@]) +

1
— Y2 (1" fo,0,1,0 [A] fo,0,0,1 [8] + 1° fo,0,1,0 (1] Fo,0,1,1[ 1] Fo,0,0,1" (0] - 31°B; fo,0,1,0 (1]
h

fo,0,1,1[ 1] Fo,0,0,1"[0] +31° fo,0,1,0[A]° Fo,0,0,2" [8] ~ 51° B, fo,0,1,6 [1]° Fo,0,0,2 [0 +
31° fo,0,1,0 (117 Fo,0,1,1[ 1] Fo,0,0,2" [8] ~ 12 1° B, Fo,0,1,0 [1]° fo,0,1,1[A] Fo,0,0,2" [0] +
91° B3 fo,0,1,6 [A]1° Fo,0,1,1[A] fo,0,0,2" [0] + 81° fo,0,2,0 (] Fo,0,0,2" [0] -

16 1° B, fo,0,2,0 [A] fo,0,0,2 [@] +81° Fo,0,1,1[A] fo,0,2,6 [1] fo,0,0,2" [0] -
321° B, fo,0,1,1 (1] fo,0,2,0 (1] Fo,0,0,2' [@] +24 1° BS Fo,0,1,1[1] Fo,0,2,0[1] fo,0,0,2 [0]) +

2a;B, X5 fo,0,2,0[ 1] (4Fa,0,2,0[A] fo,0,0,2" [@] ~ 4By fo,0,2,0[ 1] fo,0,0,2 (0] + 1 f0,0,1,1"[0])

h
2 (-1+3By) X3 fo,0,2,6[A]° (4F0,0,2,0[ 1] Fo,0,0,2"[0] ~4 B3 Fo,0,2,0[A] Fo,0,0,2"[0] +11Fo0,1,1[0])
h
1 , , ,
A By Xy (21 fo,0,2,0[ 1] fo,0,0,1' [0] +871F0,0,1,0[ 1] fo,0,2,0[2] fo,0,0,2"[0] -
h
81 B;fo,0,1,0[ 1] Fo,0,2,0 [ 1] fo,0,0,2' [@] +1° Fo,0,1,0[ ] Fo,0,1,1" [O] ) -
1
" (-1+3By) X fo,0,2,0[ 1] (21" Fo,0,2,0[ 1] fo,0,0,1'[@] +121° Fo,0,1,0 (] fo,0,2,0[1] Fo,0,0,2" [0] -
h
12 1° B, fo,0,1,0 [A] fo,0,2,0 [ 1] Fo,0,0,2" [0] + 212" Fo,0,1,0 [A] Fo,0,1,1" [O] ) +
1
- B2 Xz Y2 (4 1% Fo,0,2,0[ 1] Fo,0,0,2 [0] + 81 Fa,0,1,1[1] Fo,0,2,0 (1] Fo,0,0,2"[0] -
h
81 B;fo,0,1,1[1] Fo,0,2,0[ ] fo,0,0,2' [@] +1° Fo,0,1,1[ 1] Fo,0,1,1" [O] ) +
" X3 Y2 Fo,0,2,0[1] (121* Fo,0,2,0[1] Fo,0,0,2 [0] - 201" B; fo,0,2,0 (1] fo,0,0,2" [0] +
h
12 1° Fo,0,1,1[ 1] Fo,0,2,0 [A] fo,0,0,2 [8] —~ 48 1’ By fo,0,1,1 [ 1] Fo,0,2,0 [1] Fo,0,0,2' [0] +
36 1° BS fo,0,1,1[A] fo,0,2,0[A] Fo,0,0,2 [0] + 211" fo,0,1,1 [0] +
2 1* fo,0,1,1[ ] fo,0,1,1' (@] - 61" By fo,0,1,1[ 1] Fo,0,1,1'[0]) +
1

— X5y, (4 n® fo,0,2,0 [A] fo,0,0,1"[0] + 41° fo0,1,1 (] Fo,0,2,0 [ 1] fo,0,0,1 [0] -

12 1° B, fo,0,1,1[A] Fo,0,2,0 [1] Fo,0,0,1' (@] + 24 1° Fo,0,1,0[ 1] Fo,0,2,6[A] fo,0,0,2" [0] -
40 1° B, fo,0,1,0 [ 1] fo,0,2,6 (1] fo,0,0,2" [0] + 24 1" fo 0,16 [1] fo,0,1,1 (1]

fo,0,2,0 [ 1] fo,0,0,2" [8] — 96 1* B, Fo,0,1,0 [ 1] Fo,0,1,1[A] fo,0,2,0[A] Fo,0,0,2" [0] +
72 1* B3 fo,0,1,0 (1] Fo,0,1,1[A] fo,0,2,0 [1] Fo,0,0,2" [@] +21° Fo,0,1,0[1] Fo,0,1,1"[0] +
2 1° fo,0,1,0 [A] fo,0,1,1[ 1] Fo,0,1,1[8] - 6 1° B Fo,0,1,0[ 1] fo,0,1,1[1] Fo,0,1,1[0]) +

—— X5 Y5 (16 1° fo,0,2,0 [ 1] Fo,0,0,2 [0] + 48 1° Fo,0,1,1[ 1] Fo,0,2,0[1] Fo,0,0,2 [0] -

80 1° B, fo,0,1,1[A] To,0,2,0 [ 1] To,6,0,2" [@] + 24 1" fo 0,1,1[1]° fo,0,2,0[A] Te,0,6,2 [0] -
96 1* B, fo,0,1,1[A] 2 fo,0,2,0 [A] To,0,0,2"[0] +72 n* B3 fo,0,1,1[A] 2 fo,0,2,0[A] To,0,0,2"[0] +
41° fo,0,1,1[1] Fo,0,1,1° [0] +21° Fo,0,1,1[A]° Fo,6,1,1 [0] - 6 12° B Fo,0,1,1[1]% Fo,0,1,1'[0]) -
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1
— (-1+3B3) X} (81" fo,0,1,0[1] Fo,0,2,0[1] Fo,0,0,1 (0] +24 11" Fo,0,1,0[1]° Fo,0,2,0 [A]
4n
fo,0,0,2 (0] ~24 1" B, fo,6,1,6[1]% Fo,0,2,0 [X] To,0,0,2" [0] + 56 1* fe 0,2,0[1]° fo,6,0,2" [0] -

56 1 B, Fo,0,2,0 [ 1] o,0,0,2 0] +21° Fo,0,1,0 (A1 Fo,0,1,1' (8] +41° Fo,0,5,0 (1] Fo,0,1,1[0] ) |

1= rl = (8,List@@F[A+pu, i]) /. u >0
ou-j= {F1 [AT +ax F2 [A) + X F3" [A) +ya Fa' [A] + X2y, F5' [A] )

)= eqsl = Andee ((# = @) & /@Flatten@CoefficientList[11-rl, {a;, x;, yi}]) /. f [0] » O
hfi'[0] + f3[A] £4°[0] - B, f3[A] f4'[0]

Out[+]= —'Fll[)k] + = 0&&
h
effz[)\] (h _F4/ [e] +(E‘F2[)\] -FS [)k} _f:4/ [0] *@‘FZU\] BZ _FS[A} _F4/[0])
-4 [A] = 08&&
h
-hf3'[0] -F3[A] f5'[@] +B, f3[A] F5'[©
CE 0 0] - fy ] - 3/ [0] -f3[A] 5" [@] + By F3[A] 5[1:0&&
h
e R (—nfs (0] - eR £ () £5'[0] + RV B, F5 (1] f5 (0]
-fs(a] f[e] - “f/[0] - 08&

h
f[e] -f'[a] =0

m-3= 12 = Take [ {U}, 1]

Outf]= {az bz + Xo yz}

1= r2 = (8,Liste@F[u, i]) /. u >0
our-= {f17[0] +a 5" [0] + X £3'[0] +y, F4'[0] + Xy, f5 [0] )
n-1= eqs2 = Andee ( (# == 9) & /@ Flatten@CoefficientList[12 -r2, {ai, Xi, Yi}])

Out[+]= —'Fl'[G] == @&&—'F4,[@] == 0&&—'F3'[0] == 0&&1—'F5’[0] == 0&&b2—f2'[0} =0

n-1- eqs3 = eqsl /. {fs'[@0] » 1, f,"[0] » by, f_'[0] - 0}
-f3[A] + By f3[A]

ouf-j= =1 [A] = O&& -f, [A] == 0&& -by f3[A] - -f) = e
h
e 2l (777, ef2M £ 2] + T2 B, £ [N)
-by fs[A] - -fs'[A] = 0&&b, -/ [1] =0
h

nf-1= DSolve[f,[@] == @ AFf,[0] ==0OAf3[0] ==0OAF,[0] ==0Af5[0O] == O Aeqs3,
{f1[A1, F2[A], f3[A], f4[A], fs[A1}, A]

Solve: Inconsistent or redundant transcendental equation. After reduction, the bad equation is -Log[e®] == 0.

Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

A (-1+hb,+B;)

A
n h

e —e)/hwe%)ﬁ
Outfe= {{ﬂ[/\] 50, fi[A] 50, f5[A] -0, f5[A] = Aby, fs[A] = }}
—1+B2
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In[«]:= DSOlVe['Fz [0] == a/\bz—le [A] == 0, {‘Fz [A]}, A]
Out[«]= {{‘Fz[k] QAbZ}}

In[-]= ANS = Fullsimplify[-Fs[A] /.

e (-h-e* f5[A] +e* ™ B, f5[1])

DSolve|[-b, f5[A] - -5’ [A] =@ Afs[0] =0, f5[A], 2]]

h

A (~1+nby+B,)

A (~14B,)
e n (—1+<e n )h

outf]= { }
-1+ Bz

inf-}= FullSimplify[ans /. b, » @]

A-ABy
l-e »n )h

outf]= {7}
—1+Bz
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