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Pensieve header: The Engine, with Zip3 encapsulation.

Canonical Forms:

CCF[&_] := PPccr@ExpandDenominator@ExpandNumerator@Together[£]; (+«Coefficient Canonical Form =)
CF[& ] := PPc@Module|

{VS =Cases[5, (Yla|x|n|B|z[¢&)_, °°] uly,a,x,n, B, t, 5}})

Total[ (CCF[#[2]] (Times eevs“['1)) & /@ CoefficientRules[s, vs]]

|E

CF[& E] :=CF /e &;
CF[& List] :=CF /e &;
CF[Esp, [&5___1] :=CF/@E,[&5];

Variables and their duals:
In[»]:= {t*: b*.’ y*: a*.’ X*: Z*J t*: /3*: 77*: a*) §*J g*}

(vs_List)* := (Vv > V*) /@Vs;

(Ui )" = s

{t, B, n,a, §, 8, t, b, y, a, x, z};

Weights:

Clear [Wt];
Evaluate[Wt /e {y, b, t, a, x, n, B, T, a, §}]
Wt[u_; | :=Wt[u];

{1, 0,0, 2,1, 1, 2,20, 1};

The maximal weight $n, i.e. the n of gl(n). Initially and for a long while this will not be tested beyond $n==2.
Inf]= $n = 2;

Upper to lower and lower to Upper:

p_. - i o - P_- ; 0 p_- i .
U2l[s ] := & /. {Bi_ s @ pﬁbl’ BP-' @ phb, T o epﬁtl, TP~ o epht’ A o %, A epa};
12U[5_] =5//. {ec_. b; +d_. a2y BEC/ﬁ ed’ ec_. b+d . oy B—c/b ed, er:_. ty +d_. a2y Tg/h ed, er:_. t+d_. a2y Tc/b ed,
e a; +d_. oo ‘ﬂi ed, e a+d_. > A ed, e/\/_ ooy eExpand@/l/};

12U[r_Rule] := Module[{U=r[1] /. {b>B, t>T, a>» A}}, U-> 12U[U21[U] /. r]ll;
AlsoUpper[rs List] := rs{ (12U /@rs);

Derivatives in the presence of exponentiated variables:

nep= Dp[f_ ] :=08pf-hBOf; Dp, [f ] :=0y f-0B;dg f;
De[f 1 :=0tf +ATO:f; D, [f. ] :=0¢, f+AT;i01f;
Doul[f_ ] :=0af +RAOaf; Do [f_.] :=04 f+Ai0af;
D, [f_1:=0uf;

E operations:
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& E[$] :=Llength[s] -1; E_[&s___1([$] :=E[ss] [$];

&_E[R_Integer] := S[R+1]; E [&s___1[R_Integer] := {&s}[R+1];

E/: &_FE = &2 FE :=Inner[CFe#l == CFe#2 &, &1, &2, And];

Eg1 »r1 [61S___]1 = Egp 42 [825___] ~i= (d1=d2) A (rl=r2) A (E[&1s] = E[&25]);
E/: &1 E+&2 FE :=E@@Table[CF[&1[kk] + s2[kk]1], {kk, @, Min[&51[$], £2[$1]131;

Egr or1 [E1S___1Egz o2 [825__ 1 "= E (q1ydzy-(riurz) @@ (E[&S1s] E[&25]) ;

ni-1=  Edg sps [E1S___1// Eaz 4r2 [625___] :=Module[{is = riNd2, 1lvs},
lvs = Flatten@Table[{yseis bgeis tseis Ageis Xgeilt, {i, 1S}1];
E (d11)Complement [d2,is] ) (r2UComplement [r1,is]) @@ (ZiP1ysjivs+ [{1VS*.1vs, Times|[
E[&1s] /. Table[(v:b |B|t|T|a|x|y)i > Vgeir {1, is}],
E[&2s] /. Table[(v:B|T|a|RA| E|N)i~ Vseir {1, i5}]
]}])

A2E; - [4 ] :=Module[{k}, E,, @@ l2UeTable[SeriesCoefficient[4, {e, 0, k}], {k, 0, $k}]1;

Zipping! Lemmas 2 and 3 are combined, yet they must be applied first to the middle weight variables and then to the heavy

and light variables.

> 19 ) > 19
(Df/_ —) (D,ll-/_

F/2
part-glue
log Zi= %
3 E 3 E connected

diagrams
Lemma 1 Lemma 2 Lemma 3
Inf<]:= Z:i-pvs_ [{7/_, &.}] :={7, &} // Ziplvs // ZipzSelect[VS, (o<Wt [#]<3$n)&] // EZip3Se1ect[v5, (o<Wt[#]<3$n)&] //

ZipzSelect[vs, (Wt [#]==0VWt [#] =$n)&] // Zip35e1ect[vs, (Wt [#]==0VWt [#] =$n)&] // Last;

Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,

<F: Ee? 2f~feBGfﬂfo>B = det(1 - GF) "2 (F(1-GF)™': &)
In[e]:= Zipl{} = Identity;
zipl,. @{7 , E[Q_, P___1} := PPy @Module[{r, F, G, u, v},
I = IdentityMatrixeLengthevs;
F = Table[If[Wt[u] +Wt[v] = $n, 8,-,,» 7, 8], {u, vs}, {v, vs}];
G = Table [If [Wt[u] +Wt[v] == $n, 8,,,0, @], {u, vs}, {v, vs}];
{CF[vs*. (F.Inverse[I -G.F]).vs* /2], E[CF[Q-Log[Det[l - G.F]] /2-vs.G.vs /2], P]}

]

Getting rid of linear terms.

1
i X iZi s S Fiviyi X
Lemma 2. <F. & eLienYi ’>B = @2 Zijen Fiyivj <F. 8|ZB—>ZB+FyB>B-
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ner= Zip2gy = Identity;
Zip2,, @{7 , E[Q , P___1} := PPzp@Module[{F, Y, u, v},
F = Table[If[Wt[u] +Wt[v] = $n, 8,-,,» 7, @], {u, vs}, {v, vs}];
Y = Table[8,0, {v, vs}] /. AlsoUpper@Table[v -» 0, {v, vs}];

]

Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z, := log[AF : el satisfies
and is determined by the following PDE / IVP:

1
Zy=P and 0.2)= Z Fij (950,23 + (9,20)0:,2)).
i.jeB

CF/e ({¥, E[Q-Y.vs+Y.F.Y/2, P]} /. AlsoUpper@Thread[vs -» vs + F.Y])

2 k+2

Note that the power m of Aisat most k-1 + =2k. We write Z, =3 Z[m] A™.
nep= 2ip3,s @{¥F_, & E} := PPzip3@Modu1e[{F, u, v, Z, $k, kk, jj, $m =90, m, n},
$k = Length[&] - 1;
Do[Z[0, kk] = &[[kk + 1], {kk, @, $k}1;
Flu_, v_] :=F[u, v] = CFIf[Wt[u] +Wt[v] = $n, .-, ,-7, O] ;;
Z[m_, RR_, u_] :=Z[m, RR, u] =D,[Z[m, RR]];
Z[m_,RR_,u ,v_] :=2[m, RR, u, v] =D,[Z[m, RR, ul];
For-[m =0, ms<2$m, ++m, For[kk = 0, kk < $k, ++kk,
Z[m+1, kk] = CF@Sum[
Fu, v]

I-F[F[u, v] ===, 0,
2 (m+1)
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(Z[m, kk, u, v] +Sum[Z[n, jj, u] *Z[m-n, kk-3jj, v], {n, @, m}, {jj, O, kk}])]:

{u, vs}, {v, VS}]S
If[Z[m+1, kk] =1=0, $m=m+1]
CF/e ({
#F -Sum[F[u, v] u*v* /2, {u, vs}, {v, vs}],
Ee@eeTable[Sum[Z[m, kk], {m, @, $m}], {kk, @, $k}]
} /. AlsoUpper@Table[v » @, {v, vs}])

]

Encapsulation.
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no1=  EZip3,, @{7_ , & E} i= PPgzjpz@Module|

{n&, nF, rc, ps, rr = { (xrelease rulesx)}},

rc = @; né = Total|
CoefficientRules[#, vs] /. (ps_-c_) » (AppendTo[rr, c&[++rc] - c]; c&[rc] (Timeseevs™))
| & /e s;

rc=0; nF = Total[Coe-F-FicientRules[7‘, vs*] /.
(ps_ »c_) = (AppendTo[rr, cF[++rc] » c]; cF[rc] (Timesee (vs*)™))];

CF[Expand[{nF, n&} // Zip3,.] /. rr]

]
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