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Abstract. First year students learn that the Taylor expansion ZT carries functions into
power series, and that it has some nice algebraic properties (e.g., ZT (fg) = ZT (f)ZT (g)).
It is less well known that the same game can be played within arbitrary groups: there is
a natural way to say “a Taylor expansion Z for elements of an arbitrary group G”, and a
natural way to carry the algebraic properties of the Taylor expansion to this more general
context. In the case of a general G “bi-multiplicative expansions” (expansions with the same
good properties as ZT ) may or may not exist, and a further good property which is hidden
in the case of ZT , “quadraticity”, may or may not hold.

The purpose of this expository note is to properly define all the notions in the above para-
graph, to enumerate some classes of groups for which we know whether bi-multiplicative ex-
pansions exists and/or for which we know whether they are quadratic, to briefly indicate the
relationship between these notions and the notions of “finite type invariants” and “unipo-
tent” and “Mal’cev” completions, and to point out (with references) that our generalization
of “expansions” to arbitrary groups is merely the tip of an iceberg, for almost everything
we say can be generalized further to “expansions for arbitrary algebraic structures”.
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1. Introduction

1.1. The Taylor Expansion. Before the
real thing, which commences in Section 1.2,
we start with a brief reminder on the Taylor
polynomial, which serves as a motivation for
Section 1.2.

Let R = C∞(Rk) the the algebra of smooth
real-valued functions on the k-dimensional
Euclidean space Rk, and let I be the ideal
within R of functions that vanish at 0: I :=
{f ∈ R : f(0) = 0}. Let I0 := R, I1 := I,
and for n > 1 let In be the nth power of I:
the set of all products of the form f1f2 . . . fn,
where fi ∈ I for every i. Then In is the space
of smooth functions that “vanish n times at
0”, and hence the quotient In/In+1 is “func-
tions vanishing n times, while regarding as
0 functions that vanish more than n times”,
which is precisely “homogeneous polynomials
of degree n”. Thus the space

A(R) :=
∏
n≥0

In/In+1 (0)
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can be identified as the space of power series
on Rk. The “Taylor expansion” is a linear lin-
ear map ZT : R → A(R), and one may show
that it is characterised by the following three
properties (see Proposition 1.8 below):

(1) ZT is an expansion: If f ∈ In then ZT (f)
begins with [f ], the class of f within
In/In+1. Namely,

ZT (f) = (0, . . . , 0, [f ]︸︷︷︸
in degree n

, ∗, ∗, . . .), (1)

where “∗” stands for “something arbi-
trary”.

(2) ZT is multiplicative:

ZT (fg) = ZT (f)ZT (g), (2)

where the product on the left is the point-
wise product of functions and the prod-
uct on the right is the product of power
series.

(3) ZT is co-multiplicative: If g is a smooth
functions of two variables x, y ∈ Rk then
its Taylor expansion ZT

x (g) with respect
to the variable x is a smooth function of
the variable y (namely, each coefficient
of each homogeneous polynomial appear-
ing in ZT

x (g) is a smooth function of y).
Thus there is an iterated Taylor expan-
sion ZT

x,y(g) := ZT
y (ZT

x (g)), and it can be
interpreted as taking values in the space
of power series in two variables x, y. With
all this and with f ∈ R, we have that

ZT
x,y(f(x+ y)) = (ZT (f))(x+ y).

Alternatively, with � denoting the oper-
ation f(x) 7→ f(x + y), defined on both
functions and power series (and doubling
the number of variables in each case), we
have that

ZT
x,y ◦� = � ◦ ZT . (3)

1.2. General Expansions. A space “of
power series” A(R) can be defined whenever
R is a ring and I is an ideal in R. Yet in
this paper we restrict to the case when the
ring R is the group ring of a group G.1 So let
G be an arbitrary discrete group whose iden-
tity element is denoted e.2 Let R := QG =
{
∑k

i=1 aigi : ai ∈ Q, gi ∈ G} be the group
ring of G over the rational numbers Q, and
let I = IG be the augmentation ideal of QG:

I =
{∑

aigi :
∑

ai = 0
}

= 〈g − e : g ∈ G〉 .

We declare that I0 is R = QG and also con-
sider all higher powers In of I.

Definition 1.1. The power series ring A(G)
of the group G is the direct product

A(G) :=
∏
n≥0

In/In+1. (4)

We note that the product Im ⊗ In →
Im+n induced by the product in R descends
to a product (Im/Im+1) ⊗ (In/In+1) →
Im+n/Im+n+1 and hence A(G) is in fact a
graded ring. We note also that A is a func-
tor: a group homomorphism φ : G → H in-
duces a morphism φ : QG → QH for which
φ(IG) ⊂ IH and hence φ(InG) ⊂ InH for all n.
Hence we get an induced map φ : A(G) →
A(H) which is easily seen to be a morphism
of graded rings.
A(G) sometimes remembers much of the

structure of G, and sometimes forgets much
of it, as we shall see below. Yet it always,
for any group G whatsoever, makes sense to
seek a “Taylor expansion for G” — a map
Z : G→ A(G) satisfying the three properties
that characterize the ordinary Taylor expan-
sion, as in the three definitions below.

1So in fact, our motivating example, the Taylor expansion, is strictly speaking not a special case for our
definitions but only a close associate which is obtained when our definitions are restated using arbitrary
rings.

2In practice, the groups we tend to consider are infinite and have little torsion. A good example to keep
in mind is the pure braid group PuBn on n strands. Many further example are in Table 1.
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Definition 1.2. A map Z : G → A(G)
is called “an expansion” if its homonymous
(uniquely defined) linear extension Z : QG→
A(G) has the property that whenever f ∈ In
then Z(f) begins with [f ], the class of f
within In/In+1. Namely,

Z(f) = (0, . . . , 0, [f ]︸︷︷︸
in degree n

, ∗, ∗, . . .), (5)

where “∗” stands for “something arbitrary”.

Somewhat more abstractly, note that QG
is filtered by (In)n and thatA(G) is the (com-
pleted) associated graded space of that filtra-
tion, A(G) = grQG. Note that graded spaces
are automatically also filtered, with the nth
filtration space being the product of the de-
gree m subspaces over all m ≥ n. Note also
that gr is a functor on the category of filtered
spaces and that gr ◦ gr is naturally equivalent
to gr. With all this in mind, the condition (5)
is equivalent to the following:

Z : QG→ grQG is a filtration preserv-
ing linear map so that grZ : grQG →
gr grQG = grQG is the identity map
of grQG = A(G).

Even before completing the definition of
a “Taylor” expansion for a general group,
we can already ponder whether a group has
“powerful” expansions.

Definition 1.3. We say that a group G has
a faithful expansion if it has an injective ex-
pansion Z : G→ A(G).

Proposition ?? in Section 2 implies that if
one expansion for a group G is injective, then
so is every other expansion for G.

A summary of what we know about the
faithfulness of expansions for specific groups
is in Table 1.

Next is the analogue of (2):

Definition 1.4. An expansion Z : G →
A(G) is said to be “multiplicative” if
Z(g1g2) = Z(g1)Z(g2) for every g1,2 ∈ G.

Before we can state Definition 1.6, the ana-
logue of (3), we need the following proposi-
tion:

Proposition 1.5 (Proof in MORE). If G
and H are groups, then A(G×H) ∼= A(G)⊗
A(H), where the ⊗ symbol is understood in
the completed graded sense:

A(G)⊗A(H) =
∏
n

⊕
n1+n2=n

A(G)n1⊗A(H)n2 .

(More precisely, A is a “monoidal functor”).

Now given a group G let � : G → G be
the “diagonal” map g 7→ (g, g) and let the
same symbol � also denote the functorially-
induced morphism � : A(G) → A(G × G) ∼=
A(G)⊗A(G). The analogue of (3) is:

Definition 1.6. An expansion Z : G →
A(G) is said to be “co-multiplicative” if the
following equality of maps G→ A(G)⊗A(G)
holds true:

� ◦ Z = (Z ⊗ Z) ◦�.

Finally, we come to our first main defini-
tion:

Definition 1.7. We say that a group G
is “Taylor” if it has a Taylor expansion
— an A(G)-valued multiplicative and co-
multiplicative expansion.

A summary of what we know about the
Taylor property for specific groups is in Ta-
ble 1.

1.3. Quadraticity. MORE.

1.4. Back to Taylor. For the sake of com-
pleteness, we conclude this introduction with
the following proposition:

Proposition 1.8. The three properties of the
Taylor expansion enumerated at the beginning
of the introduction characterize the Taylor ex-
pansion. In other words, if Z ′ : R→ A(R) is
linear and satisfies Equations (1), (2), and
(3), then Z ′ = ZT

3

DRAFT! See http://drorbn.net/AcademicPensieve/2015-01/ExQu/



Group(s) G Faithful Z? Taylor Z? Quadratic? See
Finite / torsion groups No (except G = {e}) Yes (trivially) Yes (trivially)
Knot and link groups No (except G = Zn) Yes (trivially) Yes (trivially)
Zn Yes Yes Yes
Free groups FGn Yes Yes Yes
Pure braid groups PuBn Yes Yes Yes
Reduced (homotopy) pure
braid groups RPuBn

Yes Yes Yes

Pure v-braid groups PvBn Unknown No Yes
Pure w-braid groups PwBn Yes Yes Yes
Elliptic pure braid groups
PuB1

n (braids on the torus)
Unknown Yes No

Higher genus pure braid
groups PuB>1

n (braids on
high genus surfaces)

Unknown Unknown No

Fundamental groups of sur-
faces

Yes Yes

Right-angled Artin groups Yes Yes
MORE: Sort in: Brochier’s arXiv:1209.0417, make sure that all statements are referenced.

Table 1. A summary of the groups considered in this paper.

Proof. The Taylor expansion is elementary
and well known and for us it is merely a mo-
tivating example. Hence we only indicate the
main steps of the proof and leave the details
for the reader. As Z ′ is an expansion (1),
it is enough to show that Z ′(p) = p when-
ever p is a polynomial. As it is multiplica-
tive (2), it is enough to show that Z ′(xi) = xi
for i = 1, . . . , k. Let fi := Z ′(xi). By (1),
fi = xi + (higher degrees). Also, xi satisfies
�(xi) = xi + yi and so by (3) and with fi :=
Z ′(xi) we have that fi(x+ y) = fi(x) + fi(y).
It is easy to check that the only power series
fi satisfying these two conditions is fi = xi. �

We note that all three conditions are
necessary for Proposition 1.8. Indeed if
Υ: A(R) → A(R) is an arbitrary degree-
increasing linear operator (no conditions at
all, so there are plenty of choices) then Z ′ :
= Υ ◦ZT is an expansion (satisfies (1)) while
generally breaking (2) and (3), and if fi are
of the form fi = xi + (higher degrees) then
setting Z ′(xi) := fi defines a multiplicative

expansion uniquely, and unless fi = xi, it will
not be co-multiplicative.

2. Some General Facts about Power
Series and Expansions

References

[BN1] D. Bar-Natan, On the Vassiliev knot invari-
ants, Topology 34 (1995) 423–472.

[BND1] D. Bar-Natan and Z. Dancso, Finite Type
Invariants of W-Knotted Objects I: Braids, Knots
and the Alexander Polynomial, http://www.

math.toronto.edu/drorbn/LOP.html#WKO1,
arXiv:1405.1956.

[En] B. Enriquez, Elliptic Associators, Sel. Math.
New Ser. 20 (2014) 491–584, arXiv:1003.1012.

[ExQu] D. Bar-Natan, Expansions and Quadraticity
for Groups (self-reference), paper and related files
at http://drorbn.net/AcademicPensieve/

2015-01/ExQu. The arXiv:????.???? edition
may be older.

[HL] N. Habegger and X-S. Lin, The Classification of
links up to link-homotopy, J. Amer. Math. Soc.
3 (1990) 389–419.
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