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Pensieve header: Testing Zip 1,2,3 of BabyDoPeGDO. Continues pensieve://2020-03/.

Startup

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\BabyDoPeGDO"] ;
<< Engine.m

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.
Utilities
(AIY) In[» ]:= HL[& ] := Style[&, Background -» If[TrueQes, [ |, [111;

Generic Perturbations:

wyr-)=  GenericPerturbation[d_Integer, vars_List, gc_] := Total[Map|
ICsequenceee TiMes @@ (vars™) &,
Join @@ (Permutations /@ IntegerPartitions[d + Lengthe@evars, {Lengthevars}]) -1

115
GenericPerturbation[{m_}, vars List, gc_] :=
Prepend[@] [eSeries @@ Table [GenericPerturbation[2d + 2, vars, gc], {d, m}]]

n/-}= GenericPerturbation[2, {x, y}, c]

Outf]= y2 Co,2 + XYy Cq,1+ x? C2,0

nf-}= GenericPerturbation[ {2}, {x, y}, c]

our - eSeries[@, y* coa + Xy c1 3+ X2 y2 €0+ XCy €31+ X* Caje,

6 5 2 4 3.3 4 2 5 6
Y Coe * XY Ci5+X'Y Coua+X Yy C33+X Y Cq5+X YCs5.3+X Cs,e}

Preliminary Definitions

(Al) In[+ ]:= Unprotect [SeriesData] ;
Expand[sd_SeriesData] ~:= MapAt[Expand, sd, 3];
Protect[SeriesData];

Act and Contract:
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v - Eve @|F_, E[w_, Q_, P 1ls := Module[{s, d},
& = weQ+Sum[P|Id+1]] ed,{d,O,Length[P]—l}];
Expand [Total|
CoefficientRules[Normal@Series[eB*'F'B*’Z, {n, @, k}], B*] /.
(ps_>»c_) » cD[&, Sequence @@ Thread[{B, ps}]]
] +o[a1*?]
E
Ev, @(F_, & ) := Ev,@|F, &}z /. AlternativeseeB - 0;
Ev, [B_, (#_, & )] := EVk@<Tab1e[au,vf: {u, B}, {v, B*}1, &)5;

01
R Ev;@(ﬁ (1 0]’ E[1, 3xy, eSeries[O]]>

J

01
Inf+]:= {Ev2@|f1 (1 0)’ E[1, xy, eSeries[0]]

{x,y} {x,y}
1

outt-J- {exh (&Y +eYxy)n+ | +2e xy+ —exyxzyz) n2+0[h]3, 1+3h+9h2+27h3+0[h]4}
2

Testing Zipl
@om-p=  ZipL[(F_, & )g | :=2iplg[(B*.F.B* /2, &)]

np= {p =3, B={x}, F=h{{f}}; G={{g}};
& = GenericPerturbation[{4}, B, c]; Z = (F, E[1, B.G.B/ 2, &] )5}
lhs = Evyez
rhs = Ev,[B, ZipleZz];
HL[1lhs == rhs]

2
g X .
outf+J= {3, (X}, <{{-Fh}}, E{l, - eSeries [0, x* ¢4, x® cq, X° cg, X 0] H }
(x)

3 f2 g2
8

fgh
2

5f3g> 15
+3Feccy | Py | ——+ —Fgecy,+15F | B2 +0[n]*?
2

outf«]= 1 + +

16

out/-]= True
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fi, f . .
Inf = {p =2,B={x,y}, F=n ( n 12 ); G = (gn 812 ); & = GenericPerturbation[{2}, B, c];
f1o 812 822

Z =<(F, E[1, B.G.B/ 2, a])B}
Timing[1lhs = Ev,@Z]

rhs = Ev,[B, ZiplezZ];

HL[1lhs == rhs]

Out[~]=

1
{2; {X, ¥}, <{{ﬁ‘F11) hfpl, {hfp, hfpl), E|L, ; (X (X811 +Y 812) +Y (XB12+Y 822)),

eSeries [0, y* coa+ Xy  C1,3+ X Y2 € + X2y 3,1 + X Ca 0,

J

y6 Co,6 + X y5 Ci,5 + x> y4 Coa+ x> y3 C3,3 + x* yz Ca,2 + x° Yy Cs,1 + x® Ce,e} ] >
{X,y}
Outf+]= {1@9.25,
f11 811 f22 822 3 3 1 1
+ [2 +f10 810 + ] h+ (* 'Fil gil + E f11 F12 811 812 + 'Fiz giz + ; f11 2 giz + ; 'Fiz 811 822 +
1 3 3 s )
— F11 F22 811 822 + ; f12 25 812 820 + g 5,8, +3ef), Co,a+3€ f12 2 Ci1,3+

2¢ -F§2 Cr2+€ 'F11 'Fzz Cy2 + 3e 'F11 'F12 C3,1 + 3e -F%l C4’9] f’lz +0 [f’l] 3}

out/-]= True

Testing Zip2

@om-p=  Zip2[(F_, & )g | = Zip23[(B*.F.B* /2, &)]
n1= {n=2,p=2,B=Table[z;, {i, n}],
Y = Table[y;, {i, n}], F = A Table[f(10,1}.50rt 11,9315 (1> N}, {3, N}],
& = GenericPerturbation[{3}, B, c], Z = (F, E[1, Y.B, 8])3}

our = {25 2, {21, 22}, (Y15 Y2}s {{Bf11, hfn}, (Bf, Bfn}l,
. 4 3 2.2 3 4
eSeries [@, ZyCp,4+2125Cy1,3+272Z5Cy2+272Z5C3,1+2Z9Cq0,
6 5 2.4 3.3 4 2 5 6
Z, C0,6+Zl Z5 C1;5+Zl Z, C2)4+21 Z5 C3,3+21 Z, C4,2+21 Zy C5;1+Zl Ce,e:
8 7 2 6 3.5 4 _4 5.3 6 2 7 8
Z,Cop,8+212,Cq,7+212,Cp6+232Z,C3,5+2Z92Z)Cq,4+232Z5C53+2Z92Z,Cq,20+272ZC7,1+2Z4 CS,O] >
({{nfi, hfp), {(Afn, hfal),
E|1l Seri 9. z4 3 2.2 3 4
» Y121 +Y22Zy, €5€ri1es » £, Co,4+ 2125 C1,3+2Z72Z, C2,2+Zl Z;C3,1+2Z7Cya,0,
6 5 2 _4 3.3 4 2 5 6 8 7
22 Cg’6+21 22 C1,5 + Zl 22 C2,4+ 21 22 C3)3 +Zl 22 C4)2+21 Zy C5)1+Zl Cs)g, 22 C@)g + 27 ZZ C1)7+

2_6 3.5 4 _4 5_3 6 _2 7 8
212,Cp6+2725C3,5+27ZyCq,4+2725C53+2725C6,2+272ZpCy,1+2; Cs,o] } >{21,ZZ}}
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1= Timing[1lhs = Ev,e@Z]
rhs = Ev,[B, Zip2@Z];
HL[1lhs == rhs]

1 1
Outf[~]= {1@7.359, 1+ [_'Fll Y%+'F12 Yi1Yo+ —'Fzz y% h+
2 2
1 1 1 1 1 1
(—'Filyllhr —fufoyiyor —fLYiys+ —fufuyiys+ —fufoyiys+ —f,y;+3ef5, cou
8 2 2 4 2 8
3e 'F12 'F22 C1,3 +2¢€ 'Fiz C2,2 + € -Fll 'F22 C2,2 +3€ -Fll -F12 C3,1 +3e€ -Fil C4,e] f’lz + O[f’l] 3}

outf-]= True

Testing Zip3
woin-p=  Zip3[KF_, & g | i=Zip3z[(B*.F.B* /2, &)]

wonrr= {n=2,p=2, $k =2, B=Table[x;, {i, n}], F = ATable[fi0,1y.50rt((i,5315> {1» N}, {J> N}],
P = GenericPerturbation[{$k}, B, c], Z = (F, E[1, @, P]);}
wour= {25 2, 2, {X1, X2}, {{Bfu, hfi}, {hfi, hfyl),
eSeries [0, X3 Coa+ X1 X3 C1,3+ X3 X5 C2,2 + X3 X2 C3,1 + X7 a0,
X5 Co,6+ X1 X5 C1,5 + X3 X3 C2,4 + X3 X3 C3,3 + X1 X5 Ca,5 + X3 Xp Cs5,1 + X; Co,0] »
({{hfu, hf}, (hfa, hfy}}, E[1, 0, eSeries [0, X5 Co,q + X1 X3 C1,3+ X3 X5 C2,2 + X3 Xp C3,1 +

4 6 5 2 4 3.3 42 5 6
X1 Ca,05 X; Co,6 + X1 X5 C1,5 + X7 X5 € 4+ X3 X5 C3,3 + Xy X5 Cq,2 + X7 X2 C5,7 + Xy Ce,e} ] >{X1,X2}}
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@ inf-3= 22 = Zip3[Z] [3]
lhs = Normal[Normal[Ev,ez] + O[e]k"l]
rhs = Normal[Series[es""‘[zz[[d"l]] < (d.o,Length(z21-11] * e 9 p}, (e, O, $k}”
HL@Simplify[lhs == rhs]

(Alt) Out[+]= eSeries [0, 3 hz 'F%Z Co,4 + 3 flz 'F12 'F22 Cy,3 + 2 hz f%Z Ca,2 + hz -Fll 'Fzz Ca,2 + 3 hz -Fll 'F12 C3,1 + 3 hz -Fil Ca,0,

1
E (96 f]4 'ng C§,4 + 30 h3 'Fiz C0,6 +192 f]4 -F12 'ng Ce,4 C1,3 +81 h4 -F§2 'ng Ci,g +15 h4 -Fll 'ng ci,S +

301 f1, 3, C1,5 + 168 1* F3, 3, Co,a €0 + 24 1% F11 3, Co,0 Co,n + 108 1* 3, F2 €1 3 Con +

84 1% F11 F1o F2, C1y3 Copp + 200 £4, 2, + 68 1% £y £2, 2 €2, + 814 F2, F2, ¢2 4 +

24 1% f7, 25 Coa + 617 F11 5, Co 0 + 120 1% £, 55 Co,a €3, + 7207 £33 15 35, Coa €31 +

48 h* £, 1,3 C3,1 + 126 1* 13 F1, Fyp €1,3 C3,1 + 18 1 1, £3, €1,3 €31 + 108 1* F11 F3, Cp0 3,1 +

84 n* 1, F1p 22 Copn €3, + 810 £ F1, 5 + 15 0* 3, Fop 1 + 120 £, ¢35 +

18 1 f11 F15 F22 C3,3 + 48 1" 1, Co,4 Cay0 + 144 1" F13 F5, 35 Co,a Cajo + 120 1% £33 F3, C1 3 Cajo +

72 0% £2, 1,2 C1 3 Cao+ 168 1 F2, £2,Ch 0 Cao+ 28 W F3, F25 Coa Cao+ 192 0 F3, F15 €31 Cao +

96 h4 'F;l_l Ci)e + 24 hB -Fll -FiZ Cq,2 + 6 h3 -Fil 'Fzz Cq,2 + 30 h3 -Fil le Cs,1 + 30 fl3 -Fil C5J9> }
(Alt) Out[«]= 1+ ﬁz (3 S f%Z Ce)4 +3€ -F12 'F22 C1)3 +2¢€ 'Fiz CZ,Z + € 'Fll 'F22 C2,2 +3e 'F]_l 'F]_z C3,1 +3e -Fil C4,0)

2 2 2 2
(Alt) Out[~]= l+eh <3 .FZZ Ce,4 + 3 -F12 'F22 C1,3 + 2 -F12 C2’2 + 'F11 'F22 Cz)z + 3 .Fll 'F12 C3)1 + 3 -Fll C4,@)

A out-j= True

@ = {n=2,p=3, $k =3, B=Table[x;, {i, n}], F = ATable[f10,1).50rt((i,5}1> {1s N}, {J> N}],
P = GenericPerturbation[{$k}, B, c], Z = (F, E[1, @, P]);}
wour= {25 3, 3, {X1, X2}, {{Bfu, hfi}, {hf, hfyl),
. 4 3 2,2 3 4
eSeries [0, X; Co,a + X1 X5 C1,3 + X7 X5 Cp 2 +X] X3 C3,1 + X7 Cq,0,
6 5 2 4 3.3 4 2 5 6
XZ Cg)s + X1 X2 Cl,S + Xl X2 C2,4 + Xl X2 C3,3 + Xl X2 C412 + Xl X2 Cs)]_ + Xl CG,Q)
8 7 2,6 35 4 4 5.3 6 2 7 8
XZ C@)g + X1 X2 C1)7 + Xl X2 C2,6 + Xl X2 C3,5 + Xl X2 C4,4 + Xl X2 C5)3 + Xl XZ C6)2 + Xl X2 C7’1 + Xl Cg)e] N
. 4 3 2,2 3
< {{h -Flll h -FJ.Z}) {h -FIZ) h 'Fzz} }, E {1, 0, eSeries [@, XZ C9)4 + X1 X2 C1:3 + Xl X2 CZ,Z + Xl X2 C3,1 +
4 6 5 2,4 3.3 4 2 5 6 8
Xl C4)e, X2 Ce)ﬁ + X1 XZ C1)5 + Xl X2 C2,4 + Xl XZ C3,3 + X1 X2 C4,2 + X1 X2 C5,1 + Xl Cﬁ,g, XZ Ce,g +

7 2 6 3.5 4 4 5,3 6,2 7 8
X1 X5 C1,7 + X7 X5 Cp 6 + X7 X5 C3,5 + X X5 Cq,4 + X7 X5 C5,3+X7 X;Cg,0+ Xy X2C7,1+X; Cg,e] ] >{X1,Xz)}

o inf-1= ZZ = Zip3[Z] [3]
lhs = Normal [Normal[Ev,eZ] + O[e]k*l]
rhs = Nor‘mal[Ser‘ies[esum[zz[{d+1“ chido,length(2Z1-1}] | p @, p}, {e, O, $k}”
HL@Simplify[lhs == rhs]
iy our- = €Series [0, 3n°f3, Coa+30° F1aFonCa 3+ 20° 2, ¢h 0+ 0% F1y Fop Cpp + 30% F11 F1p €30+ 30° 2, Ca 0,

1
; (96 n* £3, ¢5 4 + 3010 3, Co,6 + 192 1* F15 3, Co,a €13 + 81 0% F3, F5, ¢f 5+ 15 0% 1y F3,¢5 5 +

30 fls 'F12 -F%Z C1)5 +168 f’l4 -FiZ ‘F%Z C@,4 Cz,z + 24 f’l4 'F11 'ng Ca,4 Cz,z + 108 h4 'Fiz 'F22 C1)3 C2)2 +
84 h4 -Fll -FIZ 'ng C1,3 C2,2 + 20 h4 'F;l_z C%,Z + 68 hA 'F]_]_ -F%Z 'Fzz Cg)z +8 h4 -Fil 'ng C%JZ +

24 h?, 'Fiz 'Fzz C2,4 +6 hB -Fll 'ng C2,4 +120 ﬁA 'Fiz 'Fzz C@)4 C311 +72 ﬁ4 -Fll 'F]_Z 'F%Z C9)4 C3)1 +
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48 n* £}, 1,3 C3,1 + 126 1* F13 F3, F22 €1 3 €31 + 18 1 £y F3, €1 3¢50 + 108 0% F1y F3, Co €31 +

84 1% 2, F1, F2y Co 0 €1 + 8L A F2 F2,C2 L + 150 F3, Fpp €2+ 120% F3, ¢35 +

18 1’ f13 F12 F2p C3,3 + 48 1* £, Co 4 Caj0 + 144 1 F1y 1, F22 Co,a Cajo + 1200 13 F3, €13 Ca0 +

72 0% £3, F15 22 C1,3 Ca,0 + 168 1* F2, 1, Co 0 Cao + 24 1 F3, F22 Co 0 Cao + 192 0 F3, F1a €31 Cavo +

96 h4 'F;l_l Ci,@ + 24 ﬁ?’ -Fll -F%Z Ca,2 + 6 h?’ -Fil 'Fzz Ca,2 + 30 h?, -Fil -F12 C5,1 + 30 ﬁ?, -Fil c6,0> >

(4752 1° £5, ¢5 , + 2700 1° £3, Co,4 Co,6 + 315 1" F3, Co,5 + 14256 1° F15 F3, €5 4 C1,3 +

w | =

2700 1’ f1, f3, Co,6 C1,3 + 12906 1° 1, 3, Co,4 €5 5 + 1350 1° f13 £3, Co 4 €] 5 + 3402 10° £3, F3, ¢35 5 +
1350 1°® £y 1, £3, € 3 + 2700 1° 1, F3, Co,a C1,5 + 2385 1° £, 3, €1 3 €1 5+ 315 8% 13 F3, €1 3¢y 5 +
315 1 f1, F3, €1,7 + 13104 1° £3, £5, €5 4 o5 + 1152 1° 1y 3, €5 4 Co,0 + 2430 0° £, 3, Co 6 Copp +
270 1° f15 3, Co,6 C2,2 + 20808 1® f3, 3, Co,4 C1,3 Co,5 + 7704 1 F1 15 3, Co,4 C1,3 Co,0 +

6804 1° 1, 3, €1 5 Cp,0 + 7002 1° f11 £, F3, 1 5 ¢, +4501° 1 3, ] 3¢ 0+

1800 1 f3, f3, C1,5 Co,5 + 900 11° F11 1, 3, €15 Cp,5 + 6948 1 F1, F3, Co,a €5, +

6912 1° 11 1, 3, Co,a €3, + 396 h° F1; 3, Co,a €3, + 3348 1° f, fonCi 3¢5 5 +

8712 1° f1; 1, 5, €1,3 €5, + 2196 1° £3) £, F3, 1,3 €5, + 296 1° £, 3 , + 2460 1° F1y F1, Fo ¢35 +
1896 n°® £, 1, 3, €3 , + 100 1° £, £3, €3 , + 2412 1° 3, 3, Co,4 Co,4 + 288 11° 15 3, Co,a Coya +
1782 h° £3, 3, C1,3Co,q + 918 1° F15 F15 3, C1,3 Co,0 + 1008 1° 1, £33 €2, Co g +

1566 1 11 F2, F3, C2,2 Co,4 + 126 1° 2, 3, 5,5 Co,a + 270 0 £1, 3, 5 6 + 45 0% F11 F5, Coj6 +

10800 1° 3, 3, €5 4 C3,1 + 3456 1° 15 F1, 3, €5 4 C3,1 + 1890 1° 3, F3, Co 6 €31 +

810 h° F1q 15 F3, Co,6 C3,1 + 14364 1® £, 3, Co,4 C1,3 C3,1 + 13284 1® £33 F2, 3, Co,4 C1,3 C3,1 +

864 h® -Fil F‘Z‘Z Co,4 C1,3 C3,1 + 3564 n® 'Fiz 27 ci,3 C3,1 + 8478 n® £, Fiz -F%Z c§)3 C3,1+

2214 1° £3) 1, 3, ¢] 3 C3,1 + 1080 1° 1, F2p C1,5 C3,1 + 1485 1° F11 1, 35, €1 5 €31 +

135 1> £3, 3, C1,5 C3,1 + 7200 1 £3, 25 Co,4 C2,5 C3,1 + 17208 1® F11 3, £3, Co,4 C2,2 C3,1 +

4104 n® £7, F1, 3, Co,4Cp,2C3,1 + 2016 B® F5, €1 3Cy 5 C3,1 + 1472418 F15 F1, 50 C1,3Ch 5 Ca,1 +
11124 1® £3) £, 3, €1,3 €2 C3,1 + 648 1° £ £3, C1,3Co 5 €30 + 3348 1% F1y F3, €5 5 €30+

8712 1° 1, 1, F3 €5, 3,1 + 2196 1° £3, F1, £, €5 , €31 +3600° 1, Co 4 Cay1 +

1692 1° f11 f3, 22 Co,0 C3,1 + 648 1° 1) F1, 5, €2 0 3,1 + 1080 1 £5, Co a €5 1 +

7560 1° 11 1, 35 Co,a €3 4 + 5346 1° £, £3, 3, Co,a 5 1 +2700° £, 3, Coa 5 1 +

3564 1° f11 f3, 1,351 + 8478 n° F2, 3, Fop cq,3¢5 1 +2214 0% £ Fip 5, i 3¢5 1 +

6804 1n° 1, 1, C5,5 €3, + 7002 1° £3, £, 22 o €5 +4500° F], 5, €0, ¢5 1 +

3402 1° f1; f1, €3 1 + 1350 1° £1; F1p Fpp €3 + 1836 1° 3, 3, Co,a C3,3 + 864 1° f13 15 3, Coa €33 +
1026 h° £, T2, C1,3 C3,3 + 1539 1° f13 2, 3, C1,3 C3,3 + 135 0> F2, 3, C1,3 C3,3 +

3247° ], Cy,5C3,3+1728 1 11 3, F22 Cp,5 C3,3 + 648 1° F5, 1,3, Cy0C3,3 +

1026 1’ 11 1, C3,1 C3,3 + 1539 A° 2, 2, 55 €31 C3,3 + 135 1° F3; F3, C3,1 C3,3 +

180 1" 3, F22 3,5 + 135 1* 1y F1p F3, €3,5 + 7344 1° £, £3, 5 , Ca 0 + 6912 1° 1y 1, F3, €3 4 Cajo +
1080 1’ 1, F2, Co,6 Ca,0 + 1620 1° f1; 1, T3, Co,6 Ca,0 + 7344 1® 3, F25 Co,4 C1,3 Ca0 +

17712 1® £ F3, 3, Co,a C1,3 Ca 0 + 3456 1° F1; F15 F3, Co,a C1,3 Ca,0 + 1080 1° £, ¢] 5 Cajo +

7560 1° 11 1, F25 €] 5 Ca,0 + 5346 1° £3) £3, 5, ] 5 Ca 0+ 2700° £, F3,¢1 5 Cap+

360 h° 3, C1,5 Ca,0 + 1800 1 11 3, F25 C1 5 Ca,0 + 540 1° 2, 1, 3, C1 5 Ca 0 +

2016 1° 3, Cg,4 C2,2 Ca,0 + 15696 1® F15 F1, F22 Co,4 C2,2 Ca,0 + 10368 1® F2, 2, F3, Co,4 C2,2 Cajo +
432 1° 3, 3, Co,4 Ca,2 Ca,0 + 7200 1°® 13 F3, C1,3 Co,p Cao + 17208 1 1, F3, F22 C1,3 €20 Cavo +

4104 T’l6 -Fil -FIZ 'ng C1,3 Cz,z C4,0 + 6948 f]s -Fil 'F;_lz c%,Z C4,0 + 6912 f]s -Fil -FiZ 'FZZ C%)Z Ca,0 +
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396 1° 4, F3, €5 5 Ca,0 + 1080 11° F11 F1, Co 4 Cajo + 1512 0° F5; F3, F22 2,0 Cao +

108 1° 3, 35, Co,4 Ca,0 + 7344 1° 11 7, Co,4 C3,1 Ca,0 + 17712 1° 2, 3, 22 Co,4 C3,1 Ca,0 +

3456 1° 3, F1, T3, Co,4 C3,1 Ca,0 + 14364 1® £, 1, C1,3 C3,1 Cq,0 + 13284 1® 3, F3, F25C1,3C3,1 Ca0 +
864 n°® 1, 3, C1,3C3,1 Ca,0 + 20808 1® 3, 1, Co 5 C3,1 Ca,o + 7704 1 £, F15 F22 2,2 C3,1 Cayo +
12906 1° £, 1, ¢ | Ca 0+ 1350 1° 3, 55 €3 5 Cay0 + 1836 1° £, 3, C3,3 a0 +

864 1 £, f12 22 C3,3 Cajo + 7344 1° F5; 1, Co,a €5 o + 6912 1° £ 1, 22 Coa Ch o +

10800 1° 3, 3, C1,3 € o + 3456 1° F1; F1p F35 C1,3 €4 o + 13104 1° F] F3, €0 CG o +

1152 1° £3; 25 €5 €4 o + 14256 1° 31 15 3,1 €4 o + 4752 1° £5) €5 o + 1080 1° 1, 55 Co,4 Cay2 +
1512 1° f1; 2, 3, Co,4 Ca,2 + 108 1° F3, 3, Co,4 Ca,2 + 360 B° 3, C1,3Cq,5 +

1692 1 13 3, F25 C1,3 Ca,2 + 648 1> 1, 15 5, C1,3Cq,5 + 1008 B° F15 F1, €52 Cap +

1566 1> 3, 2, F25 C2,5 Ca,2 + 126 1> 3, 3, Cp,5 Ca 2 + 1782 0° 1, F1, €31 Ca 0 +

918 1> 3, 12 F2y C3,1 Cq,p + 2412 1° £, 3, Ca,0 Ca, o + 288 1° T, F25 a0 Ca,n +

72 0% £, Ca,0 + 216 0 F15 F3, F2p a0 + 27 0 2, F35, €4 0+ 360 1° £3, Co 4 Cs,1 +

1800 h° f1; 3, F22 Co,4 Cs,1 + 540 1° F3, 1, 3, Co,4 Cs,1 + 1080 h° f15 F1, C1,3C5,1 +

1485 1> £, 2, F2, C1,3 Cs5,1 + 1357° 3, £3, C1,3 Cs,1 + 1800 1° 1, F3, €50 C5,1 +

900 1’ 3, 12 F2y C2,5 Cs,1 + 2385 1° f3, F2, 3,1 C5,1 + 315 7° 1, F25C3,1 C5,1 +

2700 h° £, f15 Ca,0 Cs,1 + 180 1 F15 3, €53 + 135 A* £1, F1, F22 Cs5,3 + 1080 1° 15 1, Co,4 Co,0 +
1620 1° £3, 2, 22 Co,4 Co,0 + 1890 1> 2, 3, €13 Co,0 + 810 1> 3, 15 T2, C1,3 Co,0 +

2430 1° 3, 2, €25 Co,0 + 270 1° 1, F22 2,5 Co,0 + 2700 B° £, F15 C3,1 Cg,0 + 2700 1 3, C40 Co,0 +

270 1* £2, €2, g5 + 45 1" €3, £y Co5 + 315 1% £, F1p €71 + 315 1* £ Cg,0) ]

A out-}= 1 + hz (3 € 'F%Z Co,4 + 3e 'F]_z 'Fzz Ci1,3 + 2¢ 'Fiz Cr2+E€ 'Flj_ 'Fzz Cy,2 + 3¢ 'F]_l 'F]_z C3,1 + 3e -Fil C4,@) +
h?, (15 €2 'ng Co,6 15 62 -F12 'ng Ci,5 + 12 €2 -F%Z 'Fzz Co,a + 3 €2 -Fll F%Z Co,4 + 6 €2 'Fiz C3,3 +

9 62 -Fll '{:12 'F22 C3)3 +12 62 -Fll 'Fiz C4,2 +3 62 .Fil 'F22 C4)2 + 15 62 'Fil 'F12 C5,1 + 15 62 'Fil Cs)e)

(Alt) Out[»]= 1+e hz <3 f%Z Ce)4 +3 -F12 'F22 C1,3 +2 -F§2 Cz,z + 'F]_]_ 'F22 Cz)z +3 -Fll -F12 C311 +3 -Fil C4,0> +
3e’n’ (53, Co6+5F12F3 Crs+4F, FarCoa+Ffrafr Cou+2F], ¢35+

2 2 2 3
3 'F]_]_ 'F12 'F22 C3,3 +4 'F11 -F12 C4)2 + -Fll 'Fzz C4)2 +5 fll 'F]_z C5)1 +5 -Fll CG,G)

(Al out-j= TrUe

(AIf) In[+ ]:= {n =2,p=4, $k = 3, B = Table[x;, {i, n}], F = hTable[f{le,l)_SO,.t[{i,j”, {i, n}, {3, n}],
P = GenericPerturbation[{$k}, B, c], Z = (F, E[1, @, P]);}
7z = zip3[Z][3]
1hs = Normal|[Normal[Ev,eZ] +0[e]*"*]

rhs = Nor‘mal[Ser‘ies[esum[zz[{d+1“ e’ d.0,length(221-1}] 15 @, p3, (e, O, $k}”

HL@Simplify[lhs == rhs]
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(Alt) Out[«]= {2; 4, 3, {X1, X2}, {{h -Fll.v hflz}) {h 'F12; h":22}}4
eSeries [0, X3 Coa+ X1 X3 C1,3+ X3 X3 C2,2 + X3 X2 C3,1 + X7 Ca,05
X5 Co,6 + X1 X3 C1,5 + X3 X3 Ca,4 + X3 X3 C3,3 + X1 X5 Ca,2 + X3 X2 Cs5,1 + X5 Co,05
X3 Co,g + X1 X5 C1,7 + X3 X5 Ca,6 + X3 X3 C3,5 + X§ X5 Ca,a + X3 X3 Cs5,3 + X; X5 Cg,2 + X1 X2 C7,1 + X} Cg,0] 5
< {{Af1, hfp}, {(Af, Afn}}, E [1, 0, €Series [0, x;‘ Co,a + X1 xi C1,3 + xi x% Co,2+ xi Xz C3,1 +
X3 Ca,05 X5 Ca,6+ X1 X3 C1,5 + X3 X3 C2,4+ X3 X5 C3,3 + X7 X3 Cq,2 + X3 X2 Cs,1 + X5 Cg,05 X5 Co,g +
X1 XJ C1,7 + X3 X5 Ca 6+ X3 X5 C3,5 + X1 X3 Ca,a + X3 X3 Cs,3 + X3 X5 C 2 + X] Xp C7,1 + X; Ca0] | >{X1)Xz)}
anour - eSeries [0, 312 2, Co,u+ 30 Fiy Fap €3 + 212 F3, Copp + 12 Fu Fa o 4 3 0% g Fp €30 + 302 £y Cao,

1
" (96 1* £3, c5 4 + 301 3, Co,6 + 192 1* F15 3, Co,a €13 + 81 0% F3, F3, ¢f 5+ 150 F1y F3,¢5 5 +

30h° f1, F5, €y 5 + 168 1 2, 3, Co,4 Co,2 + 24 1% F11 3, Co,0 Co,2 + 108 1 F3, Fra Cy 3 Co 0 +

84 1* 11 F1p 3, €1,3 Co0 + 2007 £, €5, + 681 Fiy F1, Fo €3, + 81  F2 F2, ¢35 +

24103 2, F55 Coq + 617 F15 F35, Coq + 120 0% £3, F) Co 4 C3,1 + 72 0% F13 F15 F3, Co,a C3,1 +

48 n* 1, cq,3C3,0 +126 0% 19 F2, Fp ¢y 3¢50 + 18 0% 5, 3, ¢y 3C3,1 + 108 1% F15 F1, ch 0030 +
841 3 F1, F23 Cp,0 C3,0 + 810 F1 1, ¢5 1 +150* F Fo  p +12R% F1, ¢35+

18 1® 11 15 T55 C3,3 + 48 1* 1, o4 Ca0 + 144 1 F15 F3, F22 Co,4 Ca,0 + 120 1* F11 3, C1 3 Cayp +
720" 3, F1o Faa €y 3Ca,0+ 168 A 1 1, ChnCa0+ 24 0% 1, 10 Ch 0 Ca0+ 192 0% £, F15 €31 Ca0 +
96 1 £y €5 o+ 2417 F11 F1, Cap + 6107 1) F22Cap +300° F5, 15 €50 + 3007 F3; C0)

(4752 1° £5, c5 , + 2700 1° £3, Co,4 Co,6 + 315 h* £3, Co,5 + 14256 1° F1, 5, €5 4 C1,3 +

w |

2700 1’ f1, f3, Co,6 C1,3 + 12906 h° 1, 3, Co,4 €1 3 + 1350 1°® f13 £3, Co a €] 5 + 3402 1° F3, F3, ¢35 +
1350 hs 'F11 -F12 'ng Ci)_a’ + 2700 hs -F12 'ng Cg,4 C1,5 + 2385 hs fiZ 'ng C1,3 C1,5 + 315 hs .Fll 'F‘zlz C1)3 C1)5 +
315 1 F1, F3, €1,7 + 13104 1° £3, £3, €5 4 Co,5 + 1152 1° F15 3, €5 4 Co,0 + 2430 1° £1, 3, Co,6 Coyn +
270 hs -Fll 'ng Co,6 C2,2 + 20808 fls 'Fiz 'ng Co,4C1,3C 2+ 7704 fls -Fll 'F]_z _F4212 Co,4C1,3Cy,2 +

6804 1° ], 3, c] 5 Cp,0 + 7002 1° £ £3, 3, <1 5 ¢, +4500° 1) £, ¢] 5o n +

1800 1 f3, f3, C1,5 Co,5 + 900 11° F11 1, 3, C1 5 o p + 6948 1 F1, F3, Co,a €5 5 +

6912 1° 11 1, 3, Co,a €3, + 396 1° 1, 3, Co,a €5 5 + 3348 1° F, Fon €1 3¢5 5 +

8712 1° f11 1, 5, €1,3 €5 5 + 2196 1°® £y f1, F3, €13 ¢5 , + 296 1° £5, 3 , + 2460 h° iy F1, Fr €5 5 +
1896 n° f3, 3, 3, ¢3 , + 180 1° £, £3, <3 , + 2412 1° 1, 3, Co,4 C2,4 + 288 1° F13 F3, Co,a Coa +
1782 71> 3, 5, C1,3 Co,4 + 918 1 13 F15 3, C1,3 Co 4 + 1008 1° £, F55 €50 Coa +

1566 h° f15 T2, F3, C2,2 Co,4 + 126 1° F3, 3, 5,2 Co,0 + 270 1* £, F3, Cp,6 + 45 0 11 F3, Co 6 +
10800 1° 3, 3, €5 4 C3,1 + 3456 1° 11 F1, 5, €5 4 C3,1 + 1890 1° 3, F3, Co 6 C3,1 +

810 h° f15 F1, F3, Co,6 C3,1 + 14364 1° £, 5, Co,4 C1,3C3,1 + 13284 1° F1; F1, 3, Co,4C1,3C3,1 +
864 h® £33, Co,a C1,3 C3,1 + 3564 h° 3, Fp €3 5 c3,1 + 8478 1% f11 F1, 5, ¢d 5 ¢3,0 +

2214 1° £]; 1, 3, ¢] 5 C3,1 + 1080 1° F1, F2p €1 .5 €31 + 1485 1° F11 £, 3, €1 5 €31 +

1357° 2, f3, C1,5 C3,1 + 7200 h® £3, F25 Co,4 C2,5 C3,1 + 17208 1° F13 3, 3, Co,4 C2,2 C3,1 +
4104 1® 2, f1, 3, Co,4 C2,5 C3,1 + 2016 N® 5, €1 32,5 C3,1 + 14724 1® F15 F1, F22 C1,3Cy,2 C3,1 +
11124 1° £, £, 3, €1,3 €25 C3,1 + 648 1° £} £3, €13 Co 5 3,1 + 3348 2% F1y F3, €5 5 €30 +

8712 1n° 1, 1, F2 €5, 3,1 + 2196 1°® £3) F15 £3, €5 , €31 +3601° 3, Co 0 Ca1 +

1692 1° f11 f3, 22 Co,0 3,1 + 648 1° £, F1, 5, €20 3,1 + 1080 1° 5, € a €5 4 +

7560 1° 11 1, 25 Co,a €3 4 + 5346 1° £, £2, 3, Coa €5 1 +2700° f1 F3, Co a5 1 +
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3564 1° f11 f3, 1,35, + 8478 n° 3, 3, Fao €q,3 ¢34 + 2214 0° £, F1p 5, 13¢5 5 +

6804 n° 2, 1, C2,2 cg’l +7002 1% £3, 2, f,, C2,2 c%)l + 450 n® 4, 3, C2,2 cg)l +

3402 1° £3, £, ¢3 ; + 1350 1° £, F1 Fpp €3 ; + 1836 1° 3, £3, Co,a C3,3 + 864 1° F13 15 3, Co,a €33 +
1026 1> 1, F2; €1,3 C3,3 + 1539 h° f15 1, 3, 1,3 C3,3 + 135 8° 1, F3, €13 €33 +

32410° ], Cy,5C3,3+1728 7 F11 F3, F22 Cp,5 C3,3 + 648 1° 2, 1, 3, €y 5 C3,3 +

1026 h° f1; 1, C3,1 C3,3 + 1539 1° £, 2, 55 C3,1 C3,3 + 135 1> 3, 3, C3,1 C3,3 +

180 n* 3, F22 3,5 + 135 1* F1y F1p F3, €3,5 + 7344 1° £, £3, 5 4 Caj0 + 6912 1° F1y 1, F3, €5 4 Cajo +
1080 1° 1, F2, Co,6 Ca,0 + 1620 1° F1; 1, 3, Co,6 Ca,0 + 7344 1® 3, F25 Co,4 C1,3 Ca0 +

17712 1® f11 3, 3, Co,a C1,3 Ca,0 + 3456 1° F1; F15 F3, Co,a C1,3 Ca,0 + 1080 1° £, ¢] 5 Cajo +

7560 1° 11 1, F25 €1 5 Ca,0 + 5346 1° £, £3, 3, 1 5 Ca0+2700° F1) F3, 1 5 Cap+

360 1’ f1, C1,5 Ca,0 + 1800 1 F15 F3, T2y C1,5 Ca,0 + 540 1° F1; F15 T2, C1,5 Cayo +

2016 1® 3, Co,4 C2,2 Ca,0 + 15696 h® F15 F1, F22 Co,4 C2,2 Ca 0 + 10368 1® F2, 2, 3, C,4 C2,2 Ca0 +
432 1° 3, 3, Co,4 Ca,2 Cao + 7200 1® 13 F3, C1,3 Co,p Cap + 17208 1 1, F3, F22C1,3Co0 Cavo +
4104 1° 3, 15 F3, C1,3 C2,2 Ca,0 + 6948 1° 1, 1, €5 , Caj0 + 6912 1° F3) F1, F22 3 5 Capo +

396 1° 1) F3, €5 5 Ca,0 + 1080 11° F11 F, Co 4 Caj0 + 1512 0° F3; F3, F22 2,0 Cao +

108 1° 3, 35, C,4 Ca,0 + 7344 1° 11 7, Co,4 C3,1 Ca,0 + 17712 1% 2, 3, F22 Co,4 C3,1 Ca,0 +

3456 n° £}, f1, T3, Co,4 C3,1 Ca,0 + 14364 1® 2, 1, C1,3 C3,1 Ca,0 + 13284 1 £3, 1, F22C1,3C3,1Cayo +
864 n°® 1, 3, C1,3 C3,1 Ca,0 + 20808 1® 3, 1, C2 5 C3,1 Ca,p + 7704 1 £1; F15 F22 5,2 C3,1 Cayo +
12906 1° £, 1, 3 | Ca,0 + 1350 1° 3, 55 €3 5 Ca0 + 1836 1° £, 3, €33 Cap +

864 1 £, f12 22 C3,3 Cajo + 7344 h° 5, 1, Co,a €5 o + 6912 1° f3) 1, 22 Coa Ch o +

10800 1° 3, 1, C1,3 € o + 3456 1° F1; F1p F35 C1,3 €4 o + 13104 1° F1 F3, €0 G o +

1152 1° £3; 25 €5 €4 o + 14256 1° 31 15 3,1 €4 o + 4752 1° £5) €5 o + 1080 1° £, 55 Co,a Cay2 +
1512 1° f1; 2, 3, Co,4 Ca,2 + 108 1° F3, 3, Co,4 Ca,2 + 360 B° 3, C1,3Cq,5 +

1692 1° 13 3, F25 C1,3 Ca,2 + 648 1> 2, 15 5, C1,3Cq,5 + 1008 1° F15 F1, €52 Cap +

1566 1> 3, 2, F25 C2,5 Ca,2 + 126 1> 3, 3, Cp,5 Ca 2 + 1782 1° 1, F1, €31 Ca 0 +

918 1> 3, 12 F2y C3,1 Cq,p + 2412 1° £, 3, Ca0 Ca, o + 288 1° T, F25 a0 Ca,z +

72 0% £, Cq,0 + 216 0 F15 F3, F23 a0+ 27 0 2, F5, Cq 0+ 360 1° £3, Co 4 Cs,1 +

1800 1’ 13 3, T2, Co,4 Cs,1 + 540 1> 1, 15 5, Co,4 C5,1 + 1080 h° F15 F], €13 C5,1 +

1485 1> 3, 2, F2, 1,3 Cs5,1 + 1357° 3, £3, C1,3 Cs,1 + 1800 1° 1, F, €50 C5,1 +

900 1’ f3, 12 F2y C2,5 Cs,1 + 2385 h° F3, 3, 3,1 C5,1 + 315 7° 1, F25 C3,1 C5,1 +

2700 h° £, f15 Ca,0 Cs,1 + 180 1 F1; 3, 5,3 + 135 1 £3, 1, F25 Cs,3 + 1080 1° F15 T, Co,4 Co,0 +
1620 1° £3, 2, 1, Co,4 Co,0 + 1890 1> 2, 3, €13 Co,0 + 810 1> 3, 15 F25 C1,3 Co,0 +

2430 71° 3, 2, €25 Co,0 + 270 1° 1, F22 Cy,5 Co,0 + 2700 B° £, F15 C3,1 Cg,0 + 2700 1 3, C4.0 Co,0 +

270 1" £, £, C,2 + 45 1® £3; F22 oz + 315 1® £y F1 €71+ 315 0° £ Ca o) |

(A Inf+ J-= {n =1, p=4, $k = 3, B = Table[x;, {i, n}], F = hTable[f{le,l}_s,,rt[{i,j}], {i, n}, {3, n}],
P = GenericPerturbation[{$k}, B, c], Z = (F, E[1, 0, P])s}
7z = Zip3[Z][3]
1hs = Normal|[Normal[Ev,@Z] +0[e]*"*]

rhs = Normal[Ser‘ies[es‘"“[zz[[d*l“ e’ (.0, Length(221-11] | p g p3, {e, O, $k}”

HL@Simplify[lhs == rhs]
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wour= {1, 4, 3, {x1}, {{hfn}}, eSeries[0, cu X}, cex], cs x|,

({{afu}}, E[1, @, eSeries [0, c; X7, C6 X7, Cs X} | | >{X1}}

wour-- €Series [0, 37 cq F1,, 157° ¢ F3; + 48 0% ¢ £, 105 1* cg ], + 900 1° ¢4 ¢ 3, + 1584 1° ¢ 5, |

105
anour = 1+3€h?cy fi +15€? h cg F3, + B (— e?c2fi, +105€° cg 'F‘lll)
2

105
anour - 1+ 3 € h®cqfiy+15€e® h’ cg f3, + 0 (— e?cifl, +105¢€ cg f‘l‘l)
2

A ou-j= True

worrp= {n=1, p=5, $k = 4, B = Table[x;, {i, n}], F = ATable[fi0,1y.50rt((i,5}1> (1> N}, {J> N}],
P = GenericPerturbation[ {$k}, B, c], Z = (F, E[1, O, P])B}
ZZ = Zip3[Z][3]
1hs = Normal|[Normal[Ev,@Z] +0[e]*""]

rhs = Normal[Series[es‘"“[zz[[d*ln e’ (d.0,length(221-11] | p g p3, {e, O, $k}]]
HL@Simplify[lhs == rhs]
wour= {1, 5, 4, {1}, {{hf1}}, eSeries[0, c4Xi, C6 X3, Cs X3, Cio X' |,
< {({af11}}, E [1: 0, eSeries [9: CaXi, C6 X5, Cg X3, Cio Xie] ] >

{Xl}}

wour-- €Series [0, 3% ¢y Fiy, 157° co F3; + 48 1% ¢ F1;, 105 h* cg ], + 900 1° ¢4 ¢ F7, + 1584 1° ¢ 5,
945 1° ¢y f3, + 5085 1° ¢ £, + 10080 1° ¢4 cg F5, + 64080 1 ¢} c6 F1; + 78336 1° 1, |

105
wnour - 1+3en?cy iy +15e* ¢ 3, + 1* (T e’ f] +105¢€° cg 'F‘lll) +n° (945 e®chcefy +945€* cpp 'Fi1>

105
anour - 1+3€h? cy iy +15€? h’ cg f3, + 0 (— e?cifl, +105¢€ cg f‘l‘l) +1° (945 €® ¢4 6 F3y + 945 €* C1p 14 )
2

A out-j= True
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