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Infe]:=

In[«]:=

In[#]:=

Pensieve header: A fresh implementation of baby DoPeGDO. Continues pensieve://2020-09/, pen-
sieve://2020-03/Testing123.nb, and pensieve://People/VanDerVeen/TimidHeisenbergRGeneralFor-
m@.nb.

E[w, Q, P_eSeries] represents we®**, where wis a scalar, Q is an e-free quadratic, and P = Zilio PIKT ¥ is

a perturbation (it is ill-advised to include w in P because then it will have log terms).

Scheme: E [ ]//E [ ] calls FZip or Zip, which are functionally the same. Zip works by handling the
quadratic part and calling PZip for the perturbation-only part. PZip works by iteratively solving the
synthesis equation. FZip works by encapsulating coefficients, calling Zip, and back-substituting.

Initialization, minor utilities, and “Define” Code

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\BabyDoPeGD0"] ;
Once[<< KnotTheory  ];
Once[Get@"../Profile/Profile.m"];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: April 2020. Original version: July 1994.

$k=1;

CCF[&_ ] := ExpandDenominator@ExpandNumerator@Together[&];
CF[& List] :=CF /e &;
CF[&_eSeries] :=CF /e &;
CF[& ] := PPcr@Module|
{vs =cases[s, (yIx|n| & _,o]UlyIx|n]é&r},
Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) = CCF[c] (Timeseevs™) ]
[E
(*CF[&_] := PPc;@CCF[&E];*)
CF[& E] :=CF /@ &;
CF[Es, _[&5___1] :=CF/@E,[&5];

eSeries /: S1_eSeries = S2_cSeries :=

Length[S1] == Length[S2] A Inner[CF[#1] == CF[#2] &, S1, S2, And];
eSeries[0@] := eSeries @@ Table[0, $k + 1];
eSeries /: S1_eSeries + S2_cSeries :=

eSeries @@ Table [S1[k] + S2[k], {k, Min[Length@S1, Length@S2]}];
eSeries /: S1_eSeries * S2_cSeries := eSeries ee

Table[Sum[SI[j + 1] * S2[k - j + 11, {j, 0, k}]1, {k, @, Min[LengtheS1, Length@sS2] -1}];

eSeries /: c_*S _eSeries := (c#) & /@ S;
eSeries /: 0,s S _eSeries := (S > OysS) /@S;

Define[lhs =rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each value of
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Sk. Fancy Mathematica not for the faint of heart. Most readers should ignore.

Inf+]:= SetAttributes [Define, HoldAll];
Define[def , defs__]1 := (Define[def]; Define[defs];);
Define[op_;; =6&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [
SD [0Pnisp, $k_tntegers BLOCK[ {1, 3, Kk}, OPsgy sk = &5 OPnis k] ] 5
SD[0Pisps OPyisy,sk]5 SD[OPsis_ s OP(sisy]s
] 7. {SD > SetDelayed,
isp > {is} /. {i»i , =73, kok_ 3},
nis - {is} /. {i » ii, j » 33, k -» kk},
nisp » {is} /. {i»ii_, j-» jj_, k> kk_}

3 1]

The Basic Tensors
Inf«]:= Define[mi,j_,k = IE{i,j}-)(k} [1, -&i n5 + (T]l + ﬂJ) Yk + (§1 + §J) Xk s eSeries [0] ] ]
Inf]= Define[

Ri,j = E{)sd,5) [1, (-1+T) x4 (Yi —Yj):

. 1 2 2 1 2
eSer‘les[O, —; (1-T) xjyi+xixjyiyj+; (1-3T) xjyiyj]],

— 1
Ri,i = E(3s(i,5) [1: (-1 + ;) x5 (Yi-Y;)s

(FL+T) xixyy? (A-T)XGy: xixjyiy; (-1-T)x}yiyj

eSeries[O, - - = = ]],
& 2713 i 2713
. XiYi
CCi = Ey, i) [ AT, 0, eSerles[O, - ”,
T
_ 1 . Xi Yi
CCi = Eyaqiy [—= @, eSeries|e, ]
= T
In[+]:= De-Fine[Kinki =CC3Ry,2 // My 355 // My a5, Kink; = CCs El)z // My 3, // m1,2_,i]

The Main Program

Variables and their duals:
In[«]:= {y*.v X*, 77*: §*} = {77: € Yy, X};

(vs_List)* := (v > V*) /@vVs;
(U_i_)* 1= (U”) g3
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E operations:

m- E/:E[wl_,Ql , Pl ]=E[w2 502 ,P2 ] :=CF[wl = w2] ACF[QI == Q2] A (P1 = P2);
E/:E[wl_, 0l , Pl ]xE[w2_, 02 , P2 ] :=E[wl w2, Q1 +Q2, P1+P2];
Eg1 ora [E1S___1 = Egp oy [E25___] “i= (d1=d2) A (rl=r2) A (E[&ls] = E[&25]) ;
Egr 5r1 [81s___1Egz 5r2 [825__ 1 "i= E (q1yd2)»riyr2) @@ (E[S1s] xE[&25])
Egr [&5___1gr = Egr@@E[S55] g5

ni-1=  Eag_sps [E1S___1// Eaz 4ry [E25___1 :=Module[{is = rid2, 1lvs},
lvs = Flatten@Table[ {Xg¢eis Ysei}s {1, iS}1;
E (d11Jcomplement [d2,is])~ (r2JComplement [r1,is]) @@ (Ziplvsulvs* [lvs*.1lvs, Times[
E[&1s] /. Table[ (Vv :X |Y); - Vgeir {1, iS}],
E[&2s] /. Table[(V: & | N)i > Vgeis {1, 1S}]
11)

]

I .
[F: Elp =22 Fi%%8 and (F: &)p = [F: Elpl,ym»
where & is a docile perturbed Gaussian. The following lemma
allows us to restrict to the case where & has no B-B quadratic

part:
Lemma 1. With convergences left to the reader,
<F: Eo? Lies G,-jz,-zj> = det(1 -GF)"'*(F(1 -GF)™': &) .
B
The next lemma dispatches the case where & has a B-linear part:
1
Lgmma 2. <F:78<1A32"€‘fm">& = e? Zi-jsé Fif}’f)‘j (FZ 8|ZB—>ZB+FyB>
Finally, we deal with the docile perturbation case:
Lemma 3. With an extra variable A, Z, := log[AF : ef]p satisfies
and is determined by the following PDE / IVP:

1
Zy=P and 0,7 =3 Z Fij (0,0-,Z0 + (0,22)(0:,Z)).

B

i,jeB
F/2 F/2 .y AF/2
® [ J G2 1G] [ ‘ ® { 3 o
part-glue
‘ ‘ log Zy= %
& 3 E connected
diagrams
Lemma 1 Lemma 2 Lemma 3

ni= Zipys [, 8.1 1= (F, &) // Zipl,, // Zip2,, // Zip3,,

Getting rid of the quadratic.
Lemma 1. With convergences left to the reader,

<F: Eel Zijes c,.,-z,-z,> = det(1 - GF)™1/2 (F(l -GF)™!: 8)3
B
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nep= Ziply,s @(F, E[w_, Q_, P_1) i= PPzy@Module[{r, F, G, u, v},
I = IdentityMatrixeLengthevs;
F = Table[d,,, 7, {u, vs*}, {V, vs*}];
G = Table[o,,,@, {u, vs}, {v, vs}];
CF /@ (vs*.F.Inverse[I -G.F].vs" /2,
E [PowerExpand@Factor [~ Det[I - G.F]™?], Q- vs.G.vs /2, P])

]

Getting rid of linear terms.
1 oy
Lemma 2. <F: 8@2"63”1')8 = @2 Zijes Fipyyj <F: 8|ZB—)ZB+F}'B>B'

Inf]:= Zipz‘,s_@(f_, E[@ , Q , P_]1) := PPz,@Module[{F, Y, u, v},
F = Table[d,,, 7, {u, vs*}, {V, vs*}];

Y = Table[8,Q, {Vv, vSs}];
CF/e(s, E[w, Q-Y.vs+Y.F.Y/2, P /. Thread[vs » vs +F.Y]])

1

Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z, := log[AF : e satisfies

and is determined by the following PDE / IVP:
1
Zy=P and 0.2,= 3 Z Fij (0,05, 21 + (0,20)0:,2,)) -
i,JeB
Note that the power mof Aisat most k-1 + 2’;—"2 =2k. We write Z, =3 Z[m] A™.

- Zip3,, @(F , E[w_, Q_, P_]1) := PPZip3@Module[{u, v, m, i},

For[m =0, m< 2%k, ++m,
1

Z[m+1] =CF[—

2 (m+1)

Sum[y-,v+ 7 (3u,vZ[M] +Sum[ (9,Z[31) (8.Z[m=-31), {3, @, m}1), {u, vs}, {V, vs}]]

s

E[v, Q, CF[Sum[Z[m], {m, ©, 2$k}] /. Table[v » @, {Vv, vs}]]]

]
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Some Knot Theory

w -  RVK[pd_PD] := Module[{n, xs, X, rots, front = {0}, k},

n = Lengthepd; rots = Table[@, {2n}];
Xp [x[4T, x[M11] PositiveQ@x]
Xm[x[2], x[11] True
For[k =0, k< 2n, ++k, If[k == @V FreeQ[front, -k],
front = Flatten[front /. k> (xs /. {
Xplk+1, L ] |Xm[L_, k+1] = {L, k+1,1-L},
Xp[L_, k+1] | Xm[k+1, L ] = (++rots[L]; {1-L, k+1, L})
i,
Cases[front, k | -k] /. {k, -k} > —--rots[k + 1];
115
RVK[xs, rots] ];

3

xs = Cases [pd, X X {

RVK[K_ ] := RVK[PD[K]];

Inf+]:= rot[i_, @] :=E(,(i;[1, 0, eSeriese@0];
rot[i_, n_] := Module[{j},
rot[i, n] = If[n > @, rot[i, n-1] CCj, rot[i, n+1]CC;] // m;,j,:];
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Inf+]:= Z[K_ ] := Z[RVK@K];
Z[rvR_RVK] := (*Z[rvk] ==%)
Module[{todo, n, rots, &, done, st, cx, ¢1, i, j, k, ki, k2, k3},
{todo, rots} = List @@ rvk;
AppendTo[rots, 0];
n = Length[todo] ;
£ =Eqy,0[1, 0, eSeriese0];

done = {0} ;
st = Range[@, 2n +1];
While[{} =1l= ($M = todo),

{cx} = MaximalBy[todo, Length[done () {#[11, #[20, #[@1] -1, #[2]-1}] &, 1];
{i, j} = Listeecx;
€1 = Switch[Head[cx],
Xp, (Ri,j Kinkk) // mj,k_,j,
Xm, (Ei,j Kinkk) // My, k-5
];

€1 = (rot[k, rots[i]]] £1) // m ;,;; rots[i] = 0;

€1 = (Zlrot[k, rots[i+1]]) // ms,i; rotsfi+ 1] = 0;
€1 = (rot[k, rots[jl] &£1) // my, j,5; rots[j] = ©;
€1 = (Elrot[k, rots[j+1]]) // m;, 45 rotsj+1] = O;

£ %= C1;
If [MemberQ[done, i], =8 // Msi 5,1,5 st =st /. st[i+2] » st[i+1]];
If[MemberQ[done, i-1], £ =22 // Msepig,isstpigs St =st /. st[i+1] -» st[il];
If [MemberQ[done, j1, & =& //mMj .55 st=st/.st[j+2]-»stlj+11];
If [MemberQ[done, j-1], & =8 //Mspip,jostpsgs St =st /. st[j+1] > st[il];
done =doneJ{i-1,1i, j-1, j};
todo = DeleteCases [todo, cXx]

];

CF/@ (L (*/. {XeoX,Yo-Y,ap>a}*))

]

inf-}= BeginProfile[];
PopupWindow [Button["Show Profile Monitor"],
Dynamic [PrintProfile[], UpdateInterval -» 3, TrackedSymbols - {}]]

Out[]= | Show Profile Monitor

in-1= NewBit[K_] := Module[{Alex = Alexander [K] [T]},

Alex?

T3 ZIK113, 21 // Factor‘]

T-1
nf-1= NewBit /@ Al11Knots[{3, 5}]

KnotTheory: Loading precomputed data in PD4Knots'.
4-3T+5T2-3T3+3T*-T°+T°

outf-J= {2—T+T2, (1+T) (1-3T7+T?), s 9—11T+7T27T3}

TZ
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m-1= (*Two knots with equal Alexander, new bit does not agreex)
Alexander [Knot[6, 1]] == Alexander [Knot[9, 46]]
Timing [NewBit [Knot[6, 1]] == NewBit [Knot[9, 46]]]

outf-]= True
our - {46.4531, 5-11T-T>+3T> =7-21T+9T*+ T?}

nf-1= PrintProfile[]

ouf-]= ProfileRoot is root. Profiled time: 79.031
( 24) ©0.032/ 0.032 above CF
( 237) 1.581/ 6.183 above Zipl
( 237) 0.799/ 38.897 above Zip2
( 237) 28.773/ 33.919 above Zip3
CF: called 3816 times, time in 47.878/47.878
( 24) 0.032/ 0.032 under ProfileRoot
( 1185) 4.602/ 4.602 under Zipl
( 1185) 38.098/ 38.098 under Zip2
( 1422) 5.146/ 5.146 under Zip3
Zip3: called 237 times, time in 28.773/33.919
( 237) 28.773/ 33.919 under ProfileRoot
( 1422) 5.146/ 5.146 above CF
Zipl: called 237 times, time in 1.581/6.183
( 237) 1.581/ 6.183 under ProfileRoot
( 1185) 4.602/ 4.602 above CF
p2: called 237 times, time in ©.799/38.897
( 237) 0.799/ 38.897 under ProfileRoot
( 1185) 38.098/ 38.098 above CF

Zi
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