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Pensieve header: The PG version of the DoPeGDO programs.
tex

Here’s how the notebook \verb$TraditionalHopfStructure@.nb$ works. | started from a copy of the
notebook you sent me, the notebook \verb$TraditionalHopfStructure.nb$. In the Mathematica {\it
Cell$\toSCell Tags} | enabled {\em Show Cell Tags}, | selected the whole notebook, removed all the tags
that were already there, and added a {\tt pdf} tag to all cells. This tells \verb$SMake.nb$ to create PDF
files for all the cells and put the instructions to input them into the latex file
\verbS$TraditionalHopfStructure.texs.

tex

But then | removed the {\tt pdf} tag from the "~ Pensieve header" cell because there is no need to
include it in the resulting document, and I've inserted a text cells with tag {\tt tex} containing the
paragraphs you are reading now. \verb$Make.nb$ simply copies cells with tag {\tt tex} into
\verb$TraditionalHopfStructure.tex$, so it is easy to interlace latex with Mathematica. There's more
information at \url{http://drorbn.net/AP/Projects/nb2tex/nb2tex.pdf}.

pdf

1= Once[<< KnotTheory™ ];

ParentDirectory: Argument File should be a positive machine-size integer, a nonempty string, or a File specification.

pdf
ParentDirectory: Argument File should be a positive machine-size integer, a nonempty string, or a File specification.

pdf
ToFileName: String or list of strings expected at position 1 in ToFileName[{File, WikiLink, mathematica}].

pdf
ToFileName: String or list of strings expected at position 1 in ToFileName[{File, QuantumGroups}].

pdf
Loading KnotTheory™ version of September 6, 2014, 13:37:37.2841.

Read more at http://katlas.org/wiki/KnotTheory.
pdf

Inf+]= PP = Identity; $k =1; y = 1; a;

pdf

1= tKinkq
pdf
1 ha; ha? nixiy? 5
ouf-]= Eqy,q1y |harty, AXyyi, + + - €+0[€] ]
Y PR O £ U & S AN

pdf
Infe]:= QZip{Xl;§1;Y1;711;X2,§2;y21712) [E ee (le,Z kmz’l"S) 1

pdf
1 hajae
ouf-]= E thaz+350(1+350(2, 0, — + — +0[€]
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pdf
Inf[«]:= R1,2 R3,4 dm1’3_,5
pdf

ouf-J= E{(1,3}5(1,2,3,4,5) | 1 @2 by + hag bz + as oq + as oz + bs B1 + bs B3,

Yysns Xs&1 (1-Bs) n3és

AXay1+hXgy3+Ysn+ + + + X5 &3,
A A3 h
1 o, 5,1 5 5, YsbBins XsB3& AXsysn3 &
1+ |-=—h"Xy1-— A" X3y3- - +as B3+ ——m +
4 4 HAa A3 A1 A3

(1-3Bs) ysn2&  (1-3Bs) xsn3 &5 (1-4Bs+3B2) n3 &7
+ +
2 A 2 A 4hn

€+0[€]2}

pdf
Inf-]= QZip{xl)fl:yl)TIl)XS)§3)y3)773} [E ee (le,Z kR3’4 kRS’G km1’3_)5) ]

pdf

1
Outf«]= ]E[tha2+tha4+tha6+a5oc1+a5a3, ﬁXsys, 1+ ha132+ﬁa3a4+hasas—*ﬁ3Xéy§
4

e+0[<—:}2]

pdf

The “Speedy” Engine

pdf
Internal Utilities
pdf
Canonical Form:
pdf

Inf+]:= CCF[& ] := ExpandDenominator@ExpandNumerator@Together[
Expand[5] //. e’ » e /. & M ];
CF[& List] :=CF /e &;
CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[&_] := Module|
{vs:Cases[&, (YIbItIaIXIYIIBIt|a|§)_,°°]U{y, b, t, a, x, n, B, T, a, §}}J

Total[CoefficientRules [Expand[&£], Vvs] /. (ps_ - c_) = CCF[c] (Timese@evs™)]

15
CF[& E] :=CF/@&; CF[Ey, [&s___]] := CF/@E,[&5];

pdf

The Kronecker 6:

pdf

Inf]:= Ké /: Ké; ,5 := If[l===7,1, 0];

Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands for e**? P:
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pdf

= E/:E[LL ,Q1 ,P1 ]=E[L2 ,Q2 ,P2 ] :=
CF[L1 = L2] ACF[QI == Q2] A CF [Normal[P1 - P2] == 0] ;
E/:E[L1 ,Q1 ,P1 ]E[L2 ,Q2 ,P2 ] :=E[L1+L2, Q1+Q2, P1%P2];
E[L_,Q ,P lg :=EI[L, 0, Series[NormalePr, {e, O, $R}11;

pdf

Zip and Bind
pdf

Variables and their duals:
pdf

Inf]:= {t*, b*, y*, a*, x*, z*} = {t, B, n, a, &, &};
{c*, B*, n*, a*, £, &} = {t, b, y, a, X, z}; (u_i_)* ‘= (U*)i.;

pdf
Upper to lower and lower to Upper:
pdf
Inf+ = U2l = {B';—' a5 e'pﬁYbi, BP-* = e—PﬁYb’ TI;_- an e—phti, TP-- o e—Pht’ \,ﬂ?_- » PV, P o epvra};
12U = {ec_. by +d_. . p=¢/(BY) d c_.bid .  p-c/(hY) od
- M 1 3 M 3
ec_. ty +d_. o5 T;C/h ed’ ec_. t+d_. oy T—c/ﬁ ed,
et a; +d_. 35y \ﬂg/y ed, e+ a+d_. g5 ‘ﬂc/y ed’
e’ eExpand@é‘};
pdf
Derivatives in the presence of exponentiated variables:
pdf

nep=  Dp[f_ ] =8 f-hyBOsf; Dy, [f ] :=08p, f-hyB;ids f;

De[f_ ] :=08cf-hTOrf; Dy, [f ] =0 f-0T;0rf;

Do[f_] :=0af +¥ABnf;3 Do, [f_] :=0q f+¥AiBaf;

Dy [f_1:=0yf;5 Dy ,ey[f_1 := 35 Dy [f_1 2= F5 Dy ,n tntegery [f_1 ¢=Dy[Dyy,n-13 [F115
y[F_1 :=Dusy [DL[F1]5

Dit rist,ts

pdf
Finite Zips:

pdf

Inf+]:= collect[sd_SeriesData, & ] := MapAt[collect[#, ¢&] &, sd, 3];
collect[& , £ ] := Collect[s, £1;
Zip,[P_] :=P;
Zips [Ps_List] := Zip, /@Ps;
Zipy s H[P_] :=
(collect[P // Zip py, &) /4 fo &% o (Dyer,ay[F])) /. &% >0 /.
((&* /7. {b>B, t>T, a»A}) »1)
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pdf
QZip implements the “Q-level zips” on E(L, Q, P) = €"*? P(€). Such zips regard the L variables as scalars.

pdf
(Plas et TG~ g <P<zi, {)es 1
zi— 3k (zk+yi)

~ i~k . N . C
e (P (s + 0.8+ 7))

pdf
In[+J:= QZip;,s_List@]E[L_, Q ,P_] := Module[{g, z, zs, ¢, ys, ns, qt, zrule, grule, out},
zs = Table[Z*, {&, &5}1;
c =CF[Q /. Alternativesee ({s|Jzs) » 0];
ys = CF@Table[d: (Q /. Alternativese@ezs » @), {&, Z5}];
ns = CF@Table[d, (Q /. Alternativesee s -» 0), {z, zs}];
qt = CFeInverse@Table[KS,, - - 0,,:0, {&, &5}, {z, 25}];
zrule = Thread[zs -» CF[qt. (zs+ys)]11];
Zrule = Thread[¢s » &s +ns.qt];
CF /@ E[L, c+ns.qt.ys, Det[qt] Zip, [P /. (zruleUgrule)l] |;

pdf

LZip implements the “L-level zips” on E(L, Q, P) = Pe**?. Such zips regard all of Pe? as a single”P”. Here
the Z’s are b and a and the {’s are Band a.
pdf

Inf+ ]:= LZip. ,i5+@E[L_, Q_, P_] :=
Module[{&, z, zs, Zs, c, ys, ns, 1t, zrule, Zrule, grule, Q1, EEQ, EQ},
zs = Table[Z*, {&, £5}1;
Zs=2s/.{b>B, t>T, a > A};
c=L /. Alternativesee (¢s|Jzs) » @ /. Alternatives @@ Zs - 1;
ys = Table[d, (L /. Alternatives @@ zs -» 0), {&, 5115
ns = Table[d, (L /. Alternatives ee s » 0), {z, zs}];
1t = Inverse@Table [KS, o - 0,,-L, {&, &S}, {z, 25}];
zrule = Thread[zs » 1t. (zs +ys)];
Zrule = Join[zrule,
zrule /. r Rules ((U=r[i1] /. {b>B, t>T,a>&}) » (U/.U21 /. r //.120))];
Zrule = Thread[¢s » &s +ns.1t];
Q1 =Q /. (Zrule&rule) ;
EEQ[ps___] := EEQ[ps] =
(CF [ Drhreadiizs, (ps1y1 [€¥'] ] /- {Alternatives @@zs » @, Alternatives @@Zs - 1});
CFeE [c +ns.lt.ys, Q1 /. {Alternatives @@ zs » @, AlternativeseeZs -» 1},
Det[1t] (Zip.[(EQeezs) (P /. (Zrulegrule))] /.

1[EQI[___]1 » EEQ[ps] /. _EQ-1) ]];

Derivative[ps_
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pdf
Inf]:= By [L_, R_]1 :=LR;
Biis y[L_E, R_E] := Module[{n},
Times [

L/.Table[(v:b|B|t|T|a|X]|y)i— Vieis {i, {i15}}],
R/.Table[(v:B |z |a|A|E|N)i~> Vieis {1, {is}}]
1 // LZiPigineerable( (Boess trotsanests (i (is1}] 7/ QZ1PoineeTable[(&rersyresds (1, (i5)3] |3

Bis [L_, R_] :=Byis; [L, R];

E morphisms with domain and range.

nip= Bis_ist [Edr_ora_ [L1_5 Q1_s P1_1, Eap 4rz [L2_, Q2_, P2_1] :=
E (d11Jcomplement [d2,1s] )~ (r2UComplement [r1,is]) @@ Bis [E[L1, Q1, P1], E[L2, Q2, P2]];
Eg; srz [L1_,Q1_, P1_] // Eax 5r2 [L2_, Q2_, P2_]
Bringz [Eq1sr1 [L1, @1, P1], Egz,r2[L2, Q2, P2]];
Eg1 or1 [L1_, Q1_, P1_ ] =Eqg 42 [L2_,Q2_, P2 ] ~:
(d1 = d2) A (rl1=r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
Eg1_ sr1 [L1_, Q1_, P1_]1Eg ,r2 [L2_, Q2_, P2_] ":=
E (g1d2y-(r1yr2) @@ (E[L1, Q1, PI] E[L2, Q2, P2]);
Egr [L_5Q 5P lgx :=Ey @E[L, Q, Plgs
E [&__1[i_] :={&}I1];

E[A]
pdf
n-p=  Egr [4 ] i= CF@
Module[{L, 20 = Limit[4, € » @]}, Eq [L =40 /. (n|y|E[X) -©, rO-L, eA'A°]$k /. 12U]

“Define” Code

Define[lhs =rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each value of
Sk. Fancy Mathematica not for the faint of heart. Most readers should ignore.
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pdf
Inf+]:= SetAttributes [Define, HoldAll];
Define[def , defs__]1 := (Define[def]; Define[defs];);
Define[op_;; =&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [
SD[Opnisp,$k_Integer'1 BlOCk[{i, i, k}, OPisp,sk = &5 oPnis,$k] ]3
SD[0Pisps OP(isy,sc]5 SP[OPsis s OP(sisy]3
] 7. {sSD - setDelayed,
isp> {is} /. {i»i_,j-»>Jj_, k-k_},
nis » {is} /. {i-»1ii, j - jj, k » kk},
nisp » {is} /. {i-»ii_, j-» jj_, k> kk_}

3 1]

pdf

The Objects

pdf
Symmetric Algebra Objects
pdf
b= SMi_Lj k. t= B, gyagey [Pe (Bi+ By) + te (Ti+ T) +ak (o +aj) +Ye (ni+15) +Xe (i + €5)]5
SAi 5j k= Egiyags,ky [Bi (Bj+be) +Ti (ti+te) +ai (a5 +ak) +n: (V5 +Ve) + & (X5+ %) |5
$Si = Egiyagip[-Bibi-Titi-aiai-niyi - §i %]
sei_ = E(5¢i)[0];
sn; = Egiysqy [0]5
paf
)= 807 55 =By, [/31' bj+titj+aia;+niy;+&; Xj] 5
SYi aj ,k_yt_om 2= Efiyagsk,Lmy [Bibr+ Tite+as @i +niYj+ i X 5
pdf
Booting Up QU
pdf

In[+]:= Define[aoi_,j = E(i)s{5) [aj aj + Xj §1] N bdi_,j = E(i}s(5y [bJ Bi + Yj T]i]]

pdf
In[«]:= Define[ami,jﬁk = E(i,j}—»{k) [ (ai + aj) ay + (.‘7(51 §i + §J) Xk] >
bm, ok = Eqi,g1-00 [ (B +B3) b+ (ni+ e *Piny) vi]]
pdf

Three types of inverses appear below!
Risthe inverse of Rin the algebra BQ A.
Pis the inverse of R as a quadratic form, like how an element of V*®V/* can be the inverse of an element

http://drorbn.net/AcademicPensieve/People/VanDerVeen/PG/#MathematicaNotebooks
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of V@V.AsamapP: A®B - Q.
aSis the inverse of a$ as an operator form, like how an element of V*®V can be the inverse of another
elementof V*@V.

$kel (1 - exeﬁ)k (By; Xj)k
inf]:= Deflne[Ri,j = E)o(4,3) [ﬁ ajb;is ; k (1-ekven) ]’

Ri,j = CF@Ey,(i,5)[-Bajbi, ~-AXjy; /Bi, 1+ If[$k =0, 0, (Ryi,j),s-1)sc[3] -
(((Rei,51,0) sk Ra,2 (Ryz,ay,8k-1) gk) /7 (bMi,ams@my,2,5) /7 (bmg,s,; amj,ass)) [31]]5
Pi,j = E(i,j)-0) [Bjo /B, Ny &/ B, 1+ If[$k =0, @, (P{i,j),$k—1)$k[3] =

(R1,z // ((P{i,l},0)$k (P{z,j),$k-1)$k)) [3] ] ]]

pdf
m-}= Ra,2 // Pa,3
pdf

ouf-]= E(3y5¢13 [b1 B3s Y113, 1+0[€]3]

pdf
Inf«]:= (R1,2 // ((P(i,l),e)z (P(Z,j},l)z)) [3]
pdf
1 nj €1 77? &t

oufe}= 1+ |- — 77%@‘%—
8

e? +O[e]3
4n  16n°
pdf
n-1=  Define[aS; = (aoi,2 Ry,s) // P2,1,
aS; = Eiy.,¢4) [‘ai i, -X; A; i, 1+ I'F[$k =0, 0, (aS(iy,sk-1)sk[3] -
((@Siiy,0) sk /7 @Sy // (@Sgay,sk-1) s) [31]] ]

pdf
n-1=  Define[bS; = boi,y Ri,2 // @Sy // Py,
bS; = boj,1Ri,2 // 3Sy // Pa1s
AliL5,k = (R1,j Rz,k) //bmy o3 // Pi 3,
bA;j 5,k = (Rj,l Rk,z) // amg 5,3 // P3,i]

pdf
Infe]:= De-Fine[
dm; o = ((SYia,4,1,1 // @B141,2 // @Basa,3 // @S3) (SY45-1,-1,-4,-4 // DAy, 1,2 // bA, 5, 3)) //
(P1,-3P3,_1amy, 4 b, _5.) |
paf

NB. We use the co-algebra structure B tensor A°P. This has the benefit of making our algebra quasi-
triangular in the traditional sense of the word.
Watch out: A, means j is to the RIGHT of strand k and dS looks like an S.

http://drorbn.net/AcademicPensieve/People/VanDerVeen/PG/#MathematicaNotebooks
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pdf
Inf«]:= Define[doi_,j = A0j,j bOi_,j,
de; = se;i, dn; = sn;,
dS; = SYi,1,1,2,2 // (bS13S;) // dmy,1 5,
ds; = SYisi,1,2,2 // (El a52) [/ dmy 4,5,
daj, .k = (bAj,1,3a05,4,2) // (dm3,4—>k dm1,2—>j) ]
pdf
- Define[C; = Eqy, [0, 0, Bi/?e™°H/2]
Ci = Eqai [0, 0, B2 %2,

0
[l
|

= Eyoqiy [0, 0, 31/4 e-ﬁeaim]sk’
= Eqy54) [9, o, B;l/“ eheaim]sk,

Kink; = (Ry,3C) // dmy oy /7 dmyss,
Kink; = (R,3C2) /7 dmy 5,1 /7 dmg 3.,

Pi = (c1 Cs dSi) //dmy 5,5 // dmi,3_,i] (xp reverses a strandx)

0
i
|

Note.t=-€a+ybandb=t/y+ealy

Inf[«]= Define[bzti = ]E{i}-r{i} [ai aj + Bj_ (G aj + tj_) /¥ + §i Xi +Ni Y1] >
t2b; = Eqiyoqip[@i @3+ T3 (-€a3+yb;) +&i X3 +n3Yi]]

pdf
mnJ= Egyq1y [0 0, X1 // dAg,a,
E5713 [0, 0, X1] // dS;
E(571; [0, 0, y1] // dS;
E (.13 [0, 0, X1] // dS;
pdf

1
Outf]= E{}%{I,Z} {0, 0, (X1 + X3) 7h32X1€+£h2 a§X1€2+0[613

pdf
1 2 2 1 2 .2 2 3
Out[«]= E{}Q{l} [@, 0, —Xq + (hXy-hayjX1) e+ |-—h"Xy+h"a;Xy-—h a; Xy | € +O[€]
2 2
pdf
Y1
Out[+]= E{}ﬁ(l} [@, 6, - +0[6}3}
B;
pdf

(n*alx1) e +0[e]’

N R

Out[«]= E{}%{l} [6, 0, —Xl—hal X1 € -
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pdf
In[«]:=

pdf

Out[=]=

pdf
In[«]:=

out[]=

pdf

out[+]=

pdf

out[+]=

Inf]:=

pdf
Out[=]=

pdf

out[]=

pdf

pdf

out[]=

pdf
In[«]:=
pdf

Out[~]=

pdf
In[«]:=

Out[«]=

E(5{13[0, 0, (1+€agh) X3] // dS;

n%x, 1
E{}%{l} 6, @, -X1 + —h2a1X1+7h2aiX1 €2+O[€]3
2 2
((-1+8) X + (1-h) a; X;) // Expand
—X1+le1+a]_X1—ha1X1
t2by t2b, // Pa,s
2 o2
a2t Mmé né; Tt )
E(1,2)-0) s > 1+ - e-rO[e}]
h 4n h

E(}5(1; [0, 0, y1] // bAg,1,>
E(3513 [0, 0, Y11 // dAg,1,2

E()o1,2) [0, 8, (Boyi+yy) +0[e]?]

E()51,2) |05 0, (Bays+Yy2) +0[e]?]

(Ry,2 // bS1) =Ry
(R1,2 // aS;) =Ry,
True
True

E(5(13 [0, 0, X1] // dAg,1,>

E{1}5(1,2) [9; 0, (Xp1+X2) ~hayX;€ +0[€]2]
E(y,013 [0, 0, X1] // alA1,1,2

E{}A{I,Z} {9, 0, (Xl +X2) —ﬁal Xy € +O[€]2]

E(}.(1, [0, 8, X411 // (aS),
E {5013 [9, 0, X131 // @S,

E{}%{l} [G, 0, -X1+ (hXy-hai;Xy) € +0[€]2]

E{)%{l} [G, 0, 7X17ha1 X1 € +O[€]2]
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pdf
= Egysq1,23 [05 05 b1ya] /7 bmy 5,
pdf

outf-]= Ey51y [9; 0, b1y -yi€ +O[€}2]

pdf
inf-]= abjs,1,2 // @Sy // amg z,
aAj_,]_,z // aSz // aml)z_,]_

pdf
2
Out[+]= E{i}—){l} [0, 0, 1+0[€] }

pdf
Out[+]= E{i}é{l} [0, 0, 1+0[€]2}

Inf-]= @lg,1,2

2 2
ouf-J= Eq1y5(1,2) {al O +ay0n, X1 §1+X281, 1+ |[-hayp Xy &1+ E hxi1X; 1| €+0[€] }

pdf
Testing
pdf
co-associativity
pdf

)= (dA1s1,2 // dBgy,o3) = (dAg,o,3 // dAgsg,))

pdf
out/-]= True
pdf
algebra morphism
pdf

Infe]:= (dAi->1,2 dajL3,4 /7 dmyg 3,5 // dm2,4->j) = (dmi,j—>k // dAk—»i,j)

pdf
out/-]= True
pdf
associativity
pdf

inf-J= (dmy oy // dmy 34 ) = (dmy 34 /7 dmg i)

out/-]= True

pdf
antipode
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pdf
Inf[«]:=

pdf

Out[~]=

pdf
outf+]=

pdf

Out[«]=

pdf
In[#]:=

out[+]=

pdf
In[«]:=

pdf
Out[=]=

pdf
out[-]=

Inf]:=

pdf
In[#]:=
pdf

out[]=

dAi_,l’z //dSy // dm1,2-»1
dAi_,]_,Z //dS; // dm1,2—>1

E{i}e{l}[e.v 0, 1+0[€]2}
E{i}ﬁ{l} [0, 0, 1+0[€]2}

quasi-triangular axioms
(R1,3 // db1,1,2) = (Ry,3Rz,4 // dm3 4,3)

(Ry,3 // dA3,5,3) = (Ry,3Re,2 // dmy g,1)
(dAiak,j Ri,2 /7 dmg, 1,1 // dmk,Z—»Z) = (R1,2 dA; 5,k /7 dmyg 551 /7 dmZ,k—>2)

True
True

True

(R1,2 // @S;) = (Ry,2)
True
(Ry,2 // dS1) = (Ry,2)
(Re,2 /7 dS3) = (Ry,2)
True
True

QQ; ,- :=Ru1,22Raz,aq // dMyy aq,s // dmpp 33,

@s_,r_ = Ry,11 Raa,33 // diyq ag,s // dmyp 33,

QQ;,,QQ3,, /7 dmy 3,1 // dmz 4,2

Ey501,2) [9: 9, 1+0[€}2]

Drinfeld element u
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inf-J= Ui t=Ryg 22 // dSzp // dMya 11,;

u; := Ri1,22 // dsy, // dmy; 11,4
Uu; :=Ryg,0 // dSy, // dmy, o,
U2; :=Ry1,p // dSyq // dmyg pp,s
u3; =Ry // dSyy /7 dSyy /7 dmyp a1,

in[-]= Ui uj // dmg 5,5
u; uuy // dmy 4,5
uj u25 // dmg j,5
u; u3y // dmg 5.5
pdf
our = Eyoii) [0, 0, 1+0[e]?]
pdf
our - Eyi1) [0, @, By ~ha;Bie+0[e]?]
pdf
our - Eyi1) [0, @, By ~ha;Bie+0[e]?]

pdf
ourl= Eyoii) [0, 8, 1+0[€]?]

pdf
1= (ug // dSq)
Ri1,22 // dSy; // dmyg 25,5

pdf
hAX1y1
outf-]= Ey513 [*h a; by, - s
By
n’x1ys h*aixiy: 3mn*x3y? nxiy: hlaixiyr haixgy, 5ha*xiy?
1+ - - e+ |- + - + -
By By 4B} 2By By 2By 283
sn*a;x?y? n*taixiy: e67n°xiy} 3marxiy; 9n°x}yi 5 R
+ - + + e“+0[€]
2 2 3 3 4
2 B2 282 36 B3 483 32 B
pdf
hXiyi
outfJ= E{)e(i}[_h aj by, - s
B
n’x;y; h*aixiy; 3mn*xiy? mx;y; hlaixiy; hlaixgy; 5h*xiy?
1+ - - €+ |- + - + -
B B 4B2 2B; B; 2B; 2B?
sn*a;x?y? n*aixiy? e7n°xiy} 3mlaixiy; 9n°xiyi , s
+ - + + e +0[€e]
2 2 3 3 4
282 28?2 36 B3 482 32 B4
pdf
2
-1 € 2.2
Inf]:= ]E{}—>(1) [0, 0, B, l+ea;h+ ? a;" h ] u // dml’z_,l = (ug // dS]_)
pdf
outf-]= True
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pdf
In[~]= Ujq
pdf
hX1y1
outf-]= By [—7’1 apby, ~———,
By
3n3x?y? 1 1 1
By + —halBl—h2X1y1—h2a1X1y1—711 €+ | — ﬁzaiBl—* ﬁ3X1y1+* Z"f'aixlyl—
4B, 2 2 2
n*xiy? ntaixiyi ntalxiyi 13n°x3y; 3nPaixiyi 9n°xiyi) , 3
+ + - + + e“+0[€e]
2B, 4B, 2B, 36 B3 4 B2 3283
pdf
q
pdf
= (ug // dSg) U3y // ding a1
pdf
1 h aj € 2
Outf]= E{)%{l} [9, 0, — + +O[€}
By By
pdf
= (Ug // dAg,5,1) = (QQ1,2 UsUg // dmg 3,5 // dmz,4->2)
pdf
outf-]= True
pdf
In[«]:= ]E“_,{j_} [0, 0, x3] // ds;
pdf

our 1= E(j5(i) [0, 8, -X3 + (W X3 -hagX;) € +0[e]?]

pdf
nf-1= Kinkq
pdf
1 ha, h3x?y?
Out[+]= E{}ﬁ(l} flalbl, f’zlel, + - €+0[€]2]
VB, 248, 44+/B;
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pdf
Inf[«]:=

pdf

Out[~]=

pdf

Out[=]=

In[«]:=

pdf

Out[=]=

pdf

out[]=

pdf
In[«]:=

pdf

out[+]=

Out[=]=

pdf
Inf[e]:=
pdf

Out[=]=

(ug /7 dSq) uy // dmg o,
(ug 7/ dSl) u // dm2,1—»1

E{yo1 [—Zﬁ a; by,

(-h-hB1) X1y1

)

B
al(—z:hz—thl)xlyl (—72‘73—81’733173?138%) X2 y? ,
B+ |-ha; By + + e+0[€e] }
B1 483
(-h-hB1) X1y1
E{H(l}[‘ZT’l ay by, ,
B2
1
B (2B xeys (788 E - 35 E) 2 ,
B, +|-ha; By + + e+0[€e] }
B 483
(ug 7/ dSy)
uz
hxiy1 h2X1y1 hzalxlyl 3h3xiyi 5
E{)ﬁu}[*hal by, - s - - € +0[€] }
B By B1 482
A%,y 3n’x5y3
E{H{z}[_haz b2, - »Ba+ [—hayB-hiXoy, Bl ayXpy, - ———— €+0[€}2}
B, 4B,
Ri,2
E1,2
1
E(}-(1,2) {ﬁ ay by, Xy y1, 17; (2 x5 y3) e+0[e}2]
hxyy1 htayxpy: 3R x3y?
E{)%(I,Z}{_ﬁaZblx - > 1+ |- - e+0[e]2]
By By 482
Ci
1 2
E{Hm[e, 0, \/BffE (nas \/By) e +0[e] }
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pdf

Infe]:=

Inf]:=

pdf

The Knot Tensors

Define[kRi,j =Ri,y// (bZti b2tj) /. ti|j - t,
ﬁi:j = Ei:j // (bztl bth) /. {t1|3 g t, T1|J - T},

kms, s = ((t2bs t2bs) // dms 55 // b2t ) /. {ti>t, T > T, T35 > 0},

kC; = (C3 // b2ty ) /. Ty » T,
kCi = (Ci//b2ty) /. Ty T,
kKink; = Kink; // b2t; /. {ti»>t, Ti > T},
kKink; = Kink; // b2t; /. {ti»>t, Ti-T}]

Define [BSi, jok =

2021-07-15 12:21:00

C3 Ca dAs11,r1 dAjL12,02 /7 ASpa // dSpy /7 dMyg 3.k /7 Ay, ok /7 Ay, gk /7 Ay o /7 dmy, 12, |

Define [tBS;, . = (t2bs t2bs) // C3CqdAs,11,r1 dA5o12,m2 // ASeq // dSpa /7 diyy 3y /7 Ao //

dmy rask /7 dmyg gy /7 dmy o /7 bZtk]
Define [tm;, ;. = t2b; // t2bj // dmj, ;. // b2ty]
Define [tA;,j,k = t2b;s // dA;,5,« // b2t; // b2t,]
Define[tS; = t2b; // dS; // b2t;]
Define[tS; = t2b; // dS; // b2t;]
Define[tR; j = Ry,j // b2t; // b2tj, TR; j = Ry 5 // b2t; // b2t,]
Define[tC; = C; // b2t; , ¥C; = C; // b2t; |
Define[tKink; = Kink; // b2t; , tKink; = Kink; // b2t;]

inf-1= Ra1,3Ra,6 // di3 6,3

pdf

out[+]=

pdf

Out[+]=

R1,3 // dAg,z,1

1 3Rp2,2,,2 1 3.,2,,2
E{}%{I,Z,?:} [ha3b1+ﬁa3b2, thX3y1+hX3y2, 1+ *Zh B2X3y1*2ﬁ X3Y>

1 550, 1 5,5,
Ey501,2,33 [ha3b1+ha3b2, hByX3yi1+hX3yp, 1+ —Zh 32X3Y1‘£h X3Y;

http://drorbn.net/AcademicPensieve/People/VanDerVeen/PG/#MathematicaNotebooks

e+0[e]2}

6+0[6]2}



Dror Bar-Natan: Academic Pensieve: People: VanDerVeen: PG: TraditionalHopfStructure@.nb

pdf

pdf

pdf

pdf

pdf

pdf

pdf

pdf

2021-07-15 12:21:00

€ +

imnr-j= TRy, 1/ E1 // E1 /7 tmg 5,
(tRl,Z // Sy /7 %Sy /7 tmy,o, // t51) E(502;[0, 0, T, (1-2€ha;)] // tmg,z,
(tRl,Z /71 %Sy /7 %51 // t""z,1->1) E,2)[0,0, T, (1-2€eha;)] // tmy o,
2 2 1 3.,2,,2 2
Out[+]= E{}%{l} [haltl, hxlyl, 1+ ha1+h X1Y1 - Z h X1Y1 €+0[€} ]
2 2 1 3.,2,,2 2
Out[«]= E{}Q{l} [hal‘tl, hXq1Y1, 1+ hal—h lel—zh X1 Y1 €+O[€1 ]
2 2 1 3.,2,,2 2
Out[=]= E{)%(l} |:fla1't1, hxlyl, 1+ f]al—fl lel—zh X1Y1 €+O[€} ]
7= Egysg2y [05 @5 X2] // dS;
Outf]= E{}ﬁ{z} [0, 0, -Xp—haz;Xxye +0[€]2]
0= Eya2y [05 @5 Y2l /7 dS;
y2 2
Out[+]= IEHQ{Z} @, 0, - +O[€1
B,
= Egyag2y [0 @, y21 // dS; // dS;
o= E(y52) (@, @, Yo +hyse+0[e]?]
In[«]:= tmi,j_,k
tRi’j
TRy, 3
tC;
tc;
tKinki
tKinki
tAiLg,k
tS;
Ye3 xe & (-Tw) njés
Outf]= E{i,j}a{k} akozi+ako¢j+tk Ty + Ty Ty, Yk i+ + + + X §j)
A Ay h
& (1-3T i & - (2 (1-4T +3T2) n2&d
A XeYknj i ( k)ykr]] i (1-3Tk) Xk ny €5 k+ k) 75 <1
1+ 2aka77j§i+ + + +
Ay A4 2 A 2 Ay 4h

0fel?
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pdf

1
outf-]= E(y5¢4,4) {fl aj ty, ﬁXj Vi, 1+ |ha; aj—sz X?yi

pdf

I’lXj Yi

2
h®a; XjYi

e+0[e]2}

ntajxjy;  30°x5yi ,

ouf-= E(y5(4,5) {7?’1 aj ti, - , 1+ |-haj aj -

T Ty

E{H{i}[@: 0, \VTi -ha; \/T716+0[€12}

1 haje

E{}—){i) [@, @, - +
Vi

T

Outf«]= +0[€]2]

pdf

1 ha; ha?

3.2
h” x§

Ti

e+0[€e]
4712

1

y?

outf-]= E 3514y [ﬁ a; ti, A XiVYi, +

AT

hXiyi

Outf«]= E{)ﬁ(i}[*h aj ti) - B VTi +

i

pdf

Out[«]=

1 1
1+ (*hajTiji’]i+£thYijﬁ%*ﬁank§i+£ﬁXijﬁi

pdf

Yi Ai N4

N AN

-h aj 'VTj_ —ha%

e+0[e]2]

2h%a;x;y; 3R3x2y?

e

e+0[e]2]
4T1y?

E{i15¢5,k) {aj oy +ak oy +t5 T+t T, Y3+ Ty YN + X5 1+ Xk Eis

e+0[e}2]

(A1 -Ti A1) ni &3

Outf+J= E{i}—wi}[—ai ai —ti Ty, - - Xi Ay &5+

Ti

hajyi Aini  hyl#ini

Ti

hy; Aini
Ti

1+
2
2TS

2 2 2
2a;Ain1 & hAXiyiAni & (A +TiA) ni & Vi <3?‘1—Ti5qi> ni€i
- + +

hT;

-ha;X; A &5 +

Ti Ts Ti

Xi (3AF-TiA) N1 &8 (-3A+4T A -TiA) nf &3

212

1
fhxﬁﬂﬁgb +
2 2Ty

pdf

2 2

2
1 aj aj Xi Vi

outf 1= Ey5¢i} [ai tis Xi Vi,

+ +
N ORI

XiYi

pdf

R N

outf-]= E(y51iy [*ai ti, -
i

6+0[6]2]

4nT?

e+0[e]2]

2aix1y;  3xiy}

e+0[e}2]

-

4T1y?
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pdf
Inf+]:= RVK[pd PD] := PPRVK@Module[{n, Xs, X, rots, front = {0}, k},

n = Length@pd; rots = Table[0@, {2n}];
Xp[x[41, x[1]] PositiveQ@x]
Xm[x[2], xI111 True
For[k =@, k < 2n, ++k, If[k == @V FreeQ[front, -k],
front = Flatten[front /. k> (xs /. {
Xp[k+1, L] |Xm[L_, k+1] =» {L, k+1,1-L},
Xp[L_, k+1] | Xm[k+1, L ] = (++rots[L]; {1-L, k+1, L})
Hl,
Cases[front, k | -k] /. {k, -k} > --rots[k +1];
115
RVK[xs, rots] ];

]

XS = Cases[pd, X X {

RVK[K ] := RVK[PD[K]];

pdf

Infe]:= I‘Ot[i_, 0] e = IE{}_){i) [0, 0, 1];
rot[i_, n_] := Module[{j},
rot[i, n] = If[n > @, rot[i, n-1] kC;, rot[i, n+1] Ej] /7 kmg5si]5
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pdf

m-1=  Z[K 1 := Z[RVK@K];
Z[rvR_RVK] := (*Z[rvk] ==)
Module[{todo, n, rots, ¢, done, st, cx, %1, i, j, k, ki1, k2, k3},
{todo, rots} = List @@ rvk;
AppendTo[rots, 0] ;
n = Length[todo];
£ =E\,e [0, 0, 1];

done = {0} ;
st = Range[0, 2n +1];
While[{} =!= ($M = todo),

{cx} = MaximalBy[todo, Length[done( {#[1], #[I20, #[1] -1, #[2] -1}] &, 1];
{i, j} = Listeecx;
€1 = Switch[Head[cx],
Xp, (kRi)j kK1nkk) // kmj’k_,j,
Xm, (ﬁi,j kKinkk) // kmj,k_,j
];

€1 = (rot[k, rots[ill] £1) // kmy,i,;; rots[i]] = @;

€1 = (Zlrot[k, rots[i+1]]) // km; ,;; rots[i+1] = 0;
€1l = (rot[k, rots[jl] £1) // km 4,55 rots[jl = @;
€l = (Elrot[k, rots[j+1]]1) // kmj 55 rots[j+1] = 0;

€ x=C1;

If[MemberQ[done, i], £=2C8 // km; j,3,5 st =st /. st[i+2] »st[i+1]];
If[MemberQ[done, i-1], & =28 // KMspig,isstpigs St =st /. st[i+1] » st[i]];
If[MemberQ[done, j], & =& //kmj j,a,5; st=st/.st[j+2] > st[j+11];
If[MemberQ[done, j-1], &= // KMsipjp,jostepips St =st /. st[j+1] - st[il];
done =doneJ{i-1,1i, j-1, j};

todo = DeleteCases [todo, cx]
];

CF/@ (£ /. {Xoe> X, Yo VY, @g > a})

]

pdf
1= Z@Knot[3, 1]
pdf
KnotTheory: Loading precomputed data in PD4Knots'.

pdf
T
Out[+]= E{}ﬁ{e} [0, 9, - +
1-T+T2
a<—2Th+2T3h) 2TA+3T2A-2T3h+T*A xy(—ZThz—ZTzhz)

. + e+0[eﬂ
1-2T+3T?-2T3+T* 1-3T+6T?-7T>+6T4-3T°+T®% 1-2T+3T2-2T73+T4
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pdf
inf-1= R1,2 Rs,a // diny 3,5
pdf

1
2.2 2.2
ouf-l= Ery12,4,5) |32 05 + @3 b5, Xa Y5 +Xa Y5, 1+ | -2y Xq Y5 — ;l X2 Ys - Zl X4 Ys

e+0[e]2]

pdf
inf-1= KR1,2 KR3 4 // tMy 4,5

pdf
XsY3 Xa2Ys
out]-J= E{}e(2,3,5}|:_t a,-tas, - - s
T T
2,2 2,2
a3Xsy3 asXsyYs3 3XgY3 @ XoYs asXpYs 3X3Ys )
1+ |-aas-aszas - - - - - - €+0[€] ]
T T 4712 T T 472
pdf
kR1,2 kR3,4 // tmy 4,5
pdf
Infe]:= (xWorking Casimir, not unique! )
ee (a+l) + e—ea T
De-Fine[aufL = E{y54) [0, 0, Series [y e X+ ———— - (T+1) €}, {e, 0, 3}] /.

e -1

{a->aj, T>Ti, X X, Y->Yi}]

]

wSq = wy wy // tmy 5,13

wcub = wsqw, // tmy 5,15

w4 = wcubw, // tmy 5,5

(xCleaned versionsx)

wC =w[3] /. {T1>T, a; »a, X3 > X, y; >y} // Normal;

wsqc = wsq3] /. {T1 » T, a; »a, X3 » X, y1 » y} // Normal;
wcubc = wcub[3] /. {T1 > T, a; » a, X3 » X, Y1 » Yy} // Normal;
wlc = w4[3] /. {T1 > T, a; » a, X3 » X, Y1 » y} // Normal;
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