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Pensieve header: The “Speedy” engine.

Inf+]:= Once[<< KnotTheory™ ];

ParentDirectory: Argument File should be a positive machine-size integer, a nonempty string, or a File specification.
ParentDirectory: Argument File should be a positive machine-size integer, a nonempty string, or a File specification.
ToFileName: String or list of strings expected at position 1 in ToFileName[{File, WikiLink, mathematica}].
ToFileName: String or list of strings expected at position 1 in ToFileName[{File, QuantumGroups}].

Loading KnotTheory™ version of September 6, 2014, 13:37:37.2841.
Read more at http://katlas.org/wiki/KnotTheory.

Inf+]:= PP = Identity; $k =1; y = 1; a;

nf-1= tKinkq

1 ha; ha? nixiy? ,
Out[+]= E{}%{l} [ﬁaltl, thyl, + + - €+0[€] ]
VT VT AT aqm

Inf<]-= QZip{Xb§1;)’1;?71;X2:§2;y2;772) [E ee (kR1,2 kmz’l"S) 1
1 h a1 az € 2
outf+]= E[tha2+a5a1+a5a2, 0, —+—— +0[€] ]
TZ T2
inf-1= Ry,2 R3,4 dMy 3,5
ouf-]= E(1,315(1,2,3,4,5) |2 @2 by + hag by + as oy + as o3 + bs B1 + bs B3,

Ysns Xs&1 (1-Bs) n3éy

DXay1+hXgys+Ysn+ + + +Xs €3,
A A3 h
3 200 1 o, 5, ¥sBins XsB3é hXsys5 N3 &1
1+ |-— B> x5yi-—n’Xjy;5 - - +asBsn3 S+ ———— ¢
4 A1 A3 A A3

(1-3Bs) ysn2&  (1-3Bs) xsnm3 &2 (1-4Bs+3B2) nj&l
+ +

€+0[6]2}
2HA 2 A3 4h

Infe]:= QZip{Xn§1:Y1:771:X3:§3:y3;f73) [Eee (le,Z kR3)4 kRs:G km1)3"5) 1

1
outf-J= E[thaz+tha4+tha6+a5a1+a5a3,hx6y5, 1+ [ha1a2+haga4+ha5a6—fh3x§y§ 6+O[€]2]
4

The “Speedy” Engine

Internal Utilities

Canonical Form:
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In[+]:= CCF[& ] := ExpandDenominator@ExpandNumerator@Together[
Expand[5] //. e’ » & /. & » FM];

CF[& List] :=CF /e &;

CF[sd_SeriesData] := MapAt[CF, sd, 3];

CF[& ] := Module[
{vs:Cases[&, (y|b|t|a|x|n|/3|t|a|§)_,oo]U{y, b, t, a, x, n, B, T, a, §}},
Total[CoefficientRules [Expand[&£], vs] /. (ps_ - c_) = CCF[c] x (Times eevs™)]
E

CF[& F] :=CF/@&; CF[Es, [&5___1] := CF/@E,,[&5];
The Kronecker 6:
Inf+]:= K& /: Ké; 5 :=If[i===7,1,0];
Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands for e**? P:

mep= E/:E[LI_, Q1 ,P1 ]=E[L2 ,Q2 ,P2 ] :=
CF[L1 ==L2] ACF[Q1 == Q2] ACF[Normal[P1 - P2] == @];
E/:E[L1 ,Q1 ,P1 1xE[L2 ,Q2 ,P2 ] :=E[L1+L2,Q1+Q2, P1*P2];
E[L_,Q_, P_lg. :=EI[L, Q, Series [NormaleP, {e, O, $R}]11];

Zip and Bind

Variables and their duals:

Inf<]:= {t*, b*, y*, a*, x*, z"} = {t, B, n, a, &, &};
{c*, B*, n*, a*, £, &} = {t, b, y, a, x, z}; (u_i_)* ‘= (U*)i;

Upper to lower and lower to Upper:

p_. = ; . = p_. -pnt; . = p_. ; .
nep= U21 = {Bj o> @ PRYPL B s @ PRYP ) T s e PN TP s @ PRY ) A s &P Y, AP ¥}

12U = {ec_. by +d_. .| B;c/(hr) ed, e b*d_. ., g/ (B ed,

ec_. ty +d_. o5y Tch/b ed’ ec_. t

o G o c o
C_.a; +d_ asy ‘ﬂilx ed, e @

& eExpandes };

LRI L2 G

+

e d oy g7 %,

e
Derivatives in the presence of exponentiated variables:

nep= Dp[f_ ] :=08pf-hyBOsf; Dy, [f ] :=08p, f-h¥yB;ids f;

De[f_ 1 :=08cf-hTOrf; Dy, [f ] =0 f-0T;0r1f;

Do[f ] :=0af +¥ABaf3 Do, [f_] :=0q f+¥AiBaf;

Dy [f_1:=0yf;5 Dy ,ey[f_1 := 35 Dy [f_1 2= F5 Dy ,n tntegery [f_1 ¢= Dy [Dyy,n-13 [F115
y[F_1 2= Dusy [DL[F1]5

Dit rist,ts
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Finite Zips:

Inf+]:= collect([sd SeriesData, & ] := MapAt[collect[#, &] &, sd, 3];
collect[& , £ ] := Collect[s, &1
Zip [P_] :=P;
Zip, [Ps_List] :=Zip, /@Ps;
Zip{;_l_:s___}[P_] 3=
(collect[P // Zip sy, &] /- f_- &% (Do, ay [f1)) /7. ¢ >@/.
((£* /. {b>B, t>T, a>4}) »1)

QZip implements the “Q-level zips” on E(L, Q, P) = €*? P(€). Such zips regard the L variables as scalars.

<P(Zi, {j)ec+niz;+Yj§j+qf}Zi§f> _ |q| <P(Zi, §j>ec+ﬂi2i
2= (z+yx)
. ik . : -
= |g|e i <P (Qf(Zk + yk), ¢ + n’q{)>.

In[+]:= QZip;.s_List@]E[L_, Q,P ] := Module[{g, z, zs, ¢, ys, ns, qt, zrule, grule, out},
zs = Table[L*, {L, ¢5)}1];
c =CF[Q /. Alternativesee (s |Jzs) » 0];
ys = CF@Table[d: (Q /. Alternativeseezs » @), {&, £5}];
ns = CF@Table[d, (@ /. Alternativesee s -» 0), {z, zs}];
qt = CFeInverse@Table[Ks,, .+ - 0,,:0, {&, &5}, {z, 25}];
zrule = Thread[zs -» CF[qt. (zs+ys)]11];
Zrule = Thread[&s » &5 +ns.qt];
CF /@ E[L, c+ns.qt.ys, Det[qt] Zip, [P /. (zruleUgrule)l] |;

LZip implements the “L-level zips” on E(L, Q, P) = Pe**?. Such zips regard all of Pe? as a single”P”. Here

the Z’s are b and a and the {’s are Band a.
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Inf+]:= LZip:s_,_ist@]E [L_,Q ,P_] :=
Module[{;’, z, zs, Zs, ¢, ys, ns, 1t, zrule, Zrule, grule, Q1, EEQ, EQ},
zs = Table[L*, (L, ¢5)}1;
Zs=25s/. {b>B,t->T, a-» A};
=L /. Alternatives ee (s|Jzs) - © /. Alternativesee Zs - 1;
ys = Table[d: (L /. Alternatives@@zs -» 0), {L, &5}1;
ns = Table[d, (L /. Alternativesee s -» @), {z, zs}];
1t = Inverse@Table[KS, ¢+ - 9,,:L, {&, &5}, {Z, z5}];
zrule = Thread[zs » 1t. (zs +ys) ];

Zrule = Join[zrule,

zrule /. r Rule:=» ((U=r[1] /. {b>B, t>T,a>A}) » (U/. V21 /. r //.12U))];
Erule = Thread[&s » &5 +ns.1t];
Q1 =Q /. (Zrule&rule);
EEQ[ps___] := EEQ[ps] =

(CF[@™® Drhreadpzs, (psyy1 [€%']] /- {Alternatives @@ zs - @, Alternatives @@Zs - 1});
CFeE [c +ns.lt.ys, Q1 /. {Alternatives @@ zs » @, AlternativeseeZs - 1},

Det[1t] (Zip. [ (EQ@ezs) (P /. (ZruleUgrule))] /.

Derivative[ps___]1[EQI[___] = EEQ[ps] /. _EQ->1) ]];

Inf]:= By [L_, R_]1 :=LR;
Biis__y[L_E, R_E] := Module[{n},
Times [
L/.Table[(v:b|B|t|T|a|X]|y)i— Viei> {1, {i5}}],
R/.Table[(v:B|T|a|A|E|N)i~> Vieir {i, {iS}}]
1 // LZiP3gineetable [ (frors crotrare}s (i (5331 7/ QZLProineeTabler (rersyrerds (s (ish] | 3
Bis [L_, R_] :=Bgis; [L, R];

E morphisms with domain and range.

mp= Bis tist [Edz »r2 [L1_, Q1_, P11, Eqz o2 [L2_, Q2_, P2_1] :=
E (d10complement [d2,is])~ (r2lComplement [r1,is]) @@ Bis [E[L1, Q1, P1], E[L2, Q2, P2]];
Ea1 ora [L1_, Q1_, P1_1 // Bap o [L2_, Q2_, P2_] :=
Brindz [Ed1-r1 [L1, @1, P1], Egz,r2[L2, @2, P2]];
Eg; srz [L1_, Q1_, P1_ ] =Egy 52 [L2_, Q2_, P2 ] ":=
(d1 = d2) A (r1=r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
Eg; srz [L1_, Q1_, P1_] Eg; ,r2 [L2_, Q2_, P2_] ":=
E (d1yd2)»(riyr2) @@ (E[L1, Q1, P1] xE[L2, Q2, P2]);
Egr [L_5 Q5 P_lge :=Eg @E[L, Q, P]g;
E_[& __1[1_] := {&}I11;
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E[A]

Infe]-= Egr [4_] :=CFe
Module[{L, 2@ = Limit[4, € » @]}, Eq [L =10 /. (n|y|E|X) -0, rO-L, e"'“]sk /. 12U]

“Define” Code

Define[lhs =rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each value of
Sk. Fancy Mathematica not for the faint of heart. Most readers should ignore.

Inf]= SetAttributes [Define, HoldAll];
Define[def , defs ] := (Define[def]; Define[defs];);
Define[op_;; =&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold |

SD[OpniSp,$k_Integer'J BlOCk[{i, i, k}, OPjsp,$k = &5 oPnis,$k] ]3
SD[0Pisps OP(isy,sk] 5 SD[OPsis s OP(sisy]s
] 7. {sSD - setpelayed,
isp>{is} /. {i»i_,j-»Jj ,k-k_},
nis » {is} /. {i-»1ii, j - jj, k » kk},
nisp » {is} /. {i-»ii_, j-» jj_, k> kk_}

3 1]

The Objects

Symmetric Algebra Objects
In[e]:= smi_,j__,k_ = IE{i,j}—){k) [bk (/31 + /3_7) + tk ('E-i + 'Cj) + ap (ai + aj) + Yr (Th + nj) + Xp (§1 + §_’)) ]5
SAi_-)j_,k_ = IE{i}-»(j,k) [/31 (bJ + bk) + T (tj + tk) + (aj + ak) +Ni (yJ + yk) + & (Xj + Xk) ]}
$Si :=E(i,ij[-Bibi-titi-a;a;-niy:i - & xil;
se; =Eg,¢i[0];

sn; :=Egiy,[0]5

In[#]:= SOi 55 = ]E{-,:}_,U'} [/31 bj + T tj +a;aj+niy;+ ‘54 Xj] 5

SYi oj ,k ,l ,m = Egiyagg,k,Lom [Bi bp+titr+a;a +n;yj+ & Xm]S

Booting Up QU

In[+]:= Define[aoi_,j = E(i)s{5) [aj a;j + Xj §1] N bdi_,j = E(i)s(5 [bJ Bi + Yj T]i]]
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In[«]:= Define[ami,j_,k = ]E{i,j}-»{k} [ (ai + aj) ak + (.ﬂ;l Ei + §J) Xk] 5

bm; ok = Egd, 3k} [ (Bi +Bj) by + (ns + e <P n5) Yk] ]

Three types of inverses appear below!

Ristheinverse of Rin the algebra B®A.

Pis the inverse of R as a quadratic form, like how an element of V*® V/* can be the inverse of an element
of V@V.AsamapP: A®B - Q.

aS is the inverse of aS as an operator form, like how an element of V*®V can be the inverse of another
elementof " ®V.

$k+1 1_e7€ﬁ & ﬁyx k
In[«]:= Define[Ri,j = E()—){i,j) [fl aj bi + Z ( ) ( - J) ],
Sl K (1_ek7{eh)

Ri,j = CFRE (3,1, [-ﬁ ajbi, -AX;y;i /Bi, 1+ I'F[$k =0, 0, (Ri,qy,sk-1)sk[3] -
(((Rea,53,0) sk Re,2 (Ris,ay,sk-1) gk) 77 (bMs, a5 amy 5,5) /7 (bmg,s,; amy 4,5)) [31]],
Pi,i = E{i, 10} [Bj aj /hy,nj&i/h, 1+ I'F[$k =0, 0, (P{i,j},$k—1)$k[3] =

(Re,2 77 ((Pgi,1,0) sk (P{z,j},$k—1)$k) ) 131]] ]

In[«]:= R1,2 // P2,3

ouf-]= E(3y5¢13 [bl B3s Y113, 1+0[€]3]

Inf«]:= (R1,2 // ((P(i,l),e)z (P{Z,j},l)z)) [3]

1, , m& nié ;
ouf-j= 1+ | == nj &5 - - e“+0[€e]
8 4n  16n?

n-1=  Define[aS; = (aci,2Ry,i) // Pa,1s

aS; = Ejiyo i) [-ai ajy —Xi A; S35 1+ If[$k =0, 0, (aS(iy,sk-1) sk [3] -
((aSiy,e) g /7 aSi /7 (aSgsy,sk-1) ) [31]]]

n-1=  Define[bS; = boi,iRs,2 // @Sy // Pa1,s
bS; = boi,1Ri,» // 3532 // Py,
alisj,k = (Re,jRz,k) /7 bMy 5,3 // Pi 3,
bAiLj,i = (Rj,1Re,2) /7 amy 5,3 // Ps,;]

Infe]= De-Fine[
dm; .k = ((STi-»4,4,1,1 // ali,1,5 // abyy3 // 33) (STj4_1,_1,_4,_4 //bA 1,5 /] bA_z_,_z,__;,)) //

(P1,-3P3,_1 amy 4, bmg _5y) ]

NB. We use the co-algebra structure B tensor A°P. This has the benefit of making our algebra quasi-
triangular in the traditional sense of the word.
Watch out: A, means j is to the RIGHT of strand k and dS looks like an S.
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In[«]:=

In[«]:=

Inf[]:=

In[«]:=

out[+]=

Out[=]=

out[+]=

Out[+]=

In[#]:=

out[+]=

Inf]:=

Out[~]=

Define[doi_,j = a0i,j bOj__,j,
de; = sej, dn; = sn;,
dS; = SYi,1,1,2,2 // (b51 Ez) [/ dmy 4,5,
Ei =5SYi,1,1,2,2// (El aSZ) [/ dmy 4,5,

daij,k = (bAjL1,3805,4,2) /7 (dmg gy dmy 5,5) ]

. 1/2 -hea;/2
Define[C; = Eyy,, [0, 8, Bf/? e/ ]$k"

3 -1/2 i/2
Ci = ]E{}—){l} [0, 0, Bl g eheal/ ]$k’

(o]
-
1

= Eg.u [0, 0, Bl/4 e-neai/4]$k,
Ci = E()(13 [0, 0, B;"/* g P

Kink; = (R1,3 E2) [/ dmy 5,0 /7 dmy 3,5,
Kink; = (E1,3 Cz) [/ dmy o, // dmg 3,5,

pi= (€1C3dS;) // dmy 5,5 // dmy 3,5] (x0 reverses a strandx)

Note.t=-€a+ybandb=t/y+e€aly

Define[b2t; = E(i; iy [asa;+B; (eag+t;) /¥y+&iXi+niYil,

t2b; = Egiy iy [aiai+ti (—€aj+ybi) + i X3 +niyill

E ()13 [0, 8, X1] // dAg,1,2
E{}>(1; [0, 0, X1] // dS;
E{}5(1) [0, @, y1] // dS;
E (-1, [0, @, X1] // dSy

1 2 .2 2 3
E{}—){I,Z} {0, 0, (X1+X2> —ﬁa2X1€+£f1 alee +O[€J

1 2 2 1 2 2
E{)%(l} [9, @, -X1 + (th—ﬁalxl) € + —E h X1+h alxl—zh aj X
Y1 3
E{}%{l} |:@, 0, - +O[€} }
By

E{}ﬁ{l} [0, 9, —Xl—halxl€— <hzaixl) €2+0[€13}

NP

E(513[0, 0, (1+eagh) 1] // dS;
ﬁz X1

2

1
E(}—){l) |:0, 0, - X1 + *ﬁzallerEflzain €2+0[€]3]

((-1+8) X9+ (1-h) a; X1) // Expand

-X1+hXy+a1 Xy -hag Xg

ez+0[e]3
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In[#]:=

Out[~]=

Inf]:=

out[]=

Out[=]=

In[«]:=

Out[~]=

Out[~]=

Out[=]=

Inf[«]:=

Out[=]=

Inf]:=

Out[=]=

Out[«]=

In[#]:=

out[+]=

Inf+]:=

out[]=

out[+]=

In[«]:=

Out[~]=

t2b, t2b, // P,y

2 2
ni &3 T1 T2

4h h

Tt mé
Er1,2y50 | 7> s 1+
A A

e+0[€}2]

E{}5¢1) [0, 0, Y11 // bA,,,
E{}51)[05 0, Y11 // dAg,,5

E()51,2) |05 0, (Bays+Yy2) +0[e]?]

E(15(1,2) [9, 0, (Bay1+Y2) +0[€]2]

(Ri,2 // bSy) =Ry,
(R1,2 // @S3) =Ry,
True
True

E{}5¢1) [0, 0, X3] // dAg,,,

E{l}ﬁ(l:z} [@) e) (X1+X2> —f]az X1€+o[€]2]
E()513 [0, 0, X1]1 // ad1.1,5

E{)%{I,Z) {0, 0, (Xl +X2> 7ha1 X3 € +O[€]2]

E(}-(1) [0, @, Xa] // (aS),
E (5013 [0, 0, X1] // aS;

Eo [9, 0, -X1+ (hXy-hagXp) e+0[e]2]
E{js1)]0, @, -X3 -hayg X, € +0[e]?]
E()5(1,2)[0, 0, b1y,] // bmy o

E{}%{l) [0) 9, blyl—yle+0[e}2]

alii,2 // @Sy // amy,p,
ali,i,2 // @Sy // amy .

E{i}%{l} [0, 0, 1+O[€]2}

Eijsy [0: 0, 1+0[€] 2}

ali.i,2

2
E(1}5(1,2} {31 O +a01, X1 E1+X2 81, 1+ |-hag Xy &1+ E h Xy X &

Testing

co-associativity
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In[#]:=

Out[«]=

In[«]:=

out[+]=

Infe]:=

out[+]=

In[«]:=

Out[=]=

Out[=]=

Inf]:=

Out[+]=

Out[+]=

Out[+]=

Inf]:=

Out[+]=

Inf[«]:=

Out[«]=

Out[«]=

In[«]:=

Inf[«]:=

Out[=]=

(dAy,a,5 /7 dBg,y,3) = (dAg,,3 /7 dAy,g,2)

True

algebra morphism

(dassa,2d85,3,4 /7 dmy,3,; /7 dmy ay5) = (dmg, 5o /7 bk, 5)

True

associativity

(dmy o, /7 dmy 3,) = (dmy, 3, /7 dmy i)

True

antipode

dAi—yl,Z // dsl // dm1,2-)1
dAj,a, /7 dSy /7 dmg, oy

E{i}ﬁ{l} [0, 0, 1+O[€]2}

E(i).(1)[0, @, 1+0[e]?]

quasi-triangular axioms

(Ry,3 // dAgsa,3)

(R1,3Rz,4 // dm3 4,3)

(Ry,3 // dA3,5,3) = (Ry,3Re,2 // dmy g,1)
(dAiak,j Ry, /7 dmg 1,1 // dmk,Z—)Z) = (R1,2 das g,k /7 dmyg 451 /7 dmZ,k—»Z)

True
True
True

(R1,2 // aS3)

True

(R1,2 // dSy)
(Ra,2 7/ E2)

True

True

(R1,2)

(Ry,2)
(Ry,2)

QQ; ;. :=Ru1,20R33,aq // dMyg ga,s // diipz 33,

QQ. ,. :=Ray,11Raa,33 // Mgy aays /7 dMyz 33,

QQ;,,QQ3,4 // dmy 3, // dmy 4,

E(y.(1,2) [9: 9, 1+0[€}2]

Drinfeld element u
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In[#]:=

In[«]:=

out[]=

Out[=]=

Out[=]=

Out[=]=

In[#]:=

Out[~]=

out[+]=

€
In[«]:= []E{}_,(]_} [0, 0, Bl_l [1 + € alfl + ? a]_z th] u2 // dml’z_,:l]

=

w
~.

I

= Ri11,22 // dSy; // dmyp 11,4
= Ru1,22 // dSz; // digp 11,

(=
=
|

[=
.
|

UU; :=Ryg,00 // dsy, // dmyy 2o,

U2; :=Ry1,p // dSyq // dmyg pp,i

= Ry1,220 // dSyy // dSyy /7 dmyy 19,4

ui uy // dmg 5,4
uj Wj // dmi,j_,i
Uj U_Zj // dmi,j_,i

uj u3dy // dmy 5.5

Ey.1) [0, @, 1+0[€e]?]
E().1)[@, @, B -hasBye+0[e]?]
E{j-i)]@, @, Bs ~hasBye+0[e]?]

E()1) [0, 8, 1+0[e]?]
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(uy /7 dSq)
Ri1,22 // dSy; // dmyq 55,5
hx1Yy1
E(H{l)[—ﬁal by, - B
By
n?xiyr hrarxiyr 3n’xiyi nPxiy; hRlaixiys hlaixiyr 5n*xiyi
1+ - - €+ |- + - -
B: B1 4B32 2B, B1 2B, 2B}
Shtarxiy; n*aixfy; 67m°xjy; 3n°arxiy; 9n°xiyi) R
+ - + + e“+0[€]
2 2 3 3 4
2B2 2B2 3682 483 3284
hX;iYi
E{}e{i}[_hai bi, - 5
Bi
n?xyy; hfagxiy; 30 xiyi nPxiy; hlaixiy; hlaixyy; 5n*xiyi
1+ - - €+ |- + - + -
By By 48?2 2B; B; 2B; 28?2
5nata;xiy? n*alxly? e7n*xiyl 3mPa;xdy} 9nbxiyt , s
+ - + + e“+0[€e]
2 2 3 3 4
282 282 36 B2 483 32 B!

2

out/-]= True

(uy // dSy)
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In[~]:= Ujq
h X1 Y1
outf-]= E(y511y [*h apby, ~———,
By
3ndx2y? 1 1
Bl+ —halBl—hleyl—ﬁzalxlyl—ill € + fhzaiBl—fh3X1y1+7h3aiX1y1—
4B, 2 2
ntxiyi ntaixy; h*aixiy; 13mn°x3y; 3m aixgy; 9h°xiyi) R
+ + - + + e“+0[€e]
2B, 4B, 2B, 36 B? 4 B? 32B3
q
= (ug // dSg) U3y // dimg a1
1 hale 2
Out[«]= E{)%{l} [6, 0, — + +O[€}
By By
imnfj= (Ug // dBysp,1) = (@1,2 Usug // dmy 3, // dm2,4->2)
out/-]= True
1= Egysgiy [0 05 X3] /7 dSs
ourl= Eqjoi) [0, 8, —Xi + (M X3 -hagXy) €+0[e]?]
nf-1= Kinkq
1 ha, n*x’y?
Out[+]= E{}ﬁ(l}[halbl, T’zlel, + - 11 €+O[€]2:|
/B, 2+/B; 44/B;
inf-1= (Uy // dSy) up // dmyg 3,
(ug /7 dSq) up // dmy, 1,
(-h-hBy) X1y1
Outf«]= E{)%{l} |:—2fl dj bl) 5
BZ
1
a; (-2n®-1°By) x4y1 (-7h°-810°B -31B]) X]y3 ,
By+ |-hagBy+ N c+0[e] }
B1 4B3
(-h-hBy) X1Yy1
Outf]= E{}—Hl) [*Zfl aj bl) N
B2
1
a; (-2h®-h’By) x4y1 (-7h°-810°B;-31°BY) X} y3 ,
By+ |-hayBy+ + €+0[e] }
By 483
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1= (uqg // dSq)

uz
hxyy: B xiy1r haixayr 3nPxiyi )
outf+J= E{}%{l}[fh a; by, - , 1+ - - e+0[€] }
Y By By 4 B?
hx: ¥, 2 2 3n°x3y3 )
Outf+J= E{)ﬁ(Z}[*hazbz, -—— s B+ |-haB-aT Xy -hT @ Xy - ————— | €+ 0[€] }
B2 4BZ
inf-J= Rq,2
Ri,2
1.5, 2
Out[+]= E{)%(I,Z} {h dr bl) hXZyl) 1*; <h X2y1> €+O[€} ]
hXyy1 n*ayxay1 30’Xx5yj
Out[+]= E{}ﬁ(l)z} {—ﬁazbl, - 1+ |- - 271 €+0[€]2]
B1 B1 4B3
1= Cq
1 - 2
Out[«]= E{}Q{l} [@, 0, B4 —5 (h ai Bl) €+0[€] ]

The Knot Tensors

n1=  Define[kRs,j = Ry j // (b2t; b2t;) /. tj)5-t,
kRy,j = Ry 5 // (b2tib2ty) /. {tyjj-t, Tij5 T},
kmy, o = ((t2bs t2bg) /7 dmg jo /7 b2t ) /. {tc>t, Tk> T, vy 0},
kCi= (Ci //b2ty) /. Ty»T,
kC; = (Ei // bZti) /o Ti->T,
kKink; = Kink; // b2t; /. {tj»>t, T; > T},
kKink; = Kink; // b2t; /. {ti »t, Ti > T}]

ni-p=  Define[BS; i =
C3CadAj 11,01 dAj512,r2 // dSpq // dSpy // dmyg sk /7 A, ponk /7 dMi,rask /7 Ay, /7 dmk,lz-»k]
Define[tBS;, .k = (t2b; t2by) // C3CadAs,1a,r dg412,02 // ASpq // ASpy 7/ dMyy 3 /7 Ay roic //
Ay, rask // A as /7 M1 /7 B2ty ]
Define [tm;, ;. = t2b; // t2bj // dmj, ;. // b2ty ]
Define [tA;,j,k = t2b;s // dAs,5, // b2t; // b2t ]
Define[tS; = t2b; // dS; // b2t;]
Define[tS; = t2b; // dS; // b2t;]
Define[tR;,j = Ry,j // b2t; // b2t;, TRy 5 = Ry,5 // b2t; // b2t;]
Define[tC; = C; // b2t; , TC; = C; // b2t; |
Define[tKink; = Kink; // b2t; , tKink; = Kink; // b2t;]
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In[»]:= R1’3 R2,6 // dm3,6_,3
Ri,3 // dby,s;1

1 3p2,2,2 1 3,.,2,,2 2
Out[=]= E{)%(1,2,3}[ha3b1+ha3b2, h82X3y1+hX3y2, 1+ —Zﬁ BZXByI_Zh X3Y> €+O[€] }

1 5 ,,, 1 5, 2
Outf«]= E{}%{1,2,3}[ha3b1+ﬁa3b2, h52X3y1+f1X3y2, 1+ —Zh BZX3y1—£f1 X3y2 €+O[€] }
imnf-j= tRy,2 // €S, /715, 7/ tmy o,
(tRl,Z // XSy /7 %Sy /7 tmy,o,, // t51) E(5:2;[0,0, T (1-2€hay)] // tmg,z,
(tRl,Z /71 %Sy /7 %517/ tmz,1->1) E,2)[0,0, T, (1-2€eha;)] // tmy o,

2 2 1 3,2,,2 2
Outf«]= E”_){l)[haltl, ﬁlel, 1+ ha1+h lelfzh lel €+O[€J ]
2 2 1 3 ,2,,2 2
Out[«]= E{)%(l}[ﬁaltl, hxlyl, 1+ ﬁal—ﬁ lel—zﬁ X1Y1 €+O[€} ]
2 2 1 3,2,,2 2
Out[«]= ]E{H{l)[haltl, h X1 Y1, 1+ hal—h lel—zh X1 Y1 €+O[€1 ]

nf-1= Eysq2y [0, 0, x;] // dS,

2
Out[+]= E”%{z} [0, 0, *X2*h32X2€+0[€] ]

Inf[«]= ]E“_,{z} [0, 0, y2] // Ez
y2

Out[+]= E{}ﬁ(z} [@, 0, - +0[6}2}

B>

0= Eya2y [05 @5 Y2l // dSy /7 dS,

Outf]= E{)%{z} [0, 0, y2+hy2€+0[€]2]

inf-1= My 55k
tR;, 4
tRy,5
tC;
tc;
tKink;
tKink;
tAiLg,k
tS;
Y xe & (1-Te) njéi

Out[«]= E{i,j}a{k} akozi+ako¢j+tk Ty + Ty Ty, Yk Ni + + + + Xk §j,
Ai A4 h

Axeyen; & (1-3T) yend&s (1-3T) xenj &2 (1-4Te+3T3) n5 &
1+ |2acTeng&i+ + + . .
A A5 2 A 2.7 4n

0[e]?
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1
Out[~]= E{}ﬁ{ijj} {ﬁ a5 ty, lej Yis 1+ [ﬁ aj aj 7Zf’13 X§ yf €+O[e]2}
3 2,,2
hXxyYyi n*a;xjys  h%ayxyy; 307 Xjyi 5
outf-1= Ery5¢4,5) {—ﬁ aj ty, - ———, 1+ |-ha; aj - - - e+0[€e]
Ti Ti Ti 472

1

ouf-j= Ey5(1} [0, 0, \/T>1 -haj \/T>l €+O[€}2}

1 haje

2
out- Egyo1) [e, 0, — 4 +0[e] }
T AT
1 ha; hai n’xiy}
out[]= E(}ﬁ(i}[haiti, hXiVYi, + . = e 6+0[€]2J
AT AT AT 4T

hXxiyi
ouf-J= Ey511} [*h aj ti, - 7.’ VT +

1

2n%a;xyy; 3mnxty?

_AHas A/T: —nazA/T: - _
na; \Ty -nal /Ty N =T

ouf-J= Eiysi,k) {aj oy +akas +t5 T+ T Tis YN+ T3 Yk i+ X5 €1+ Xk Eiy

e+0[e]2]

1 1
1+(7hajijk77i+Ethyjykrlifﬁankéi*Eﬁxjxkéi €+O[€JZ]
Yi #i N (A1 - Ti A1) Ny &4
outf+J= E{i}e{i}[*ai i —tiTi, ————— - X A &5+ s
T; hT;
hyiAsng hayyiAng  hyi#ni
1+ - - -haj Xy A; &1 +
Ty Ti 2T1?
2a: A s & RAXs Vi A2 Ex s 2T A s E 4<35Z{27T4?{;> 2 ¢
a; A Ny €1 XiYi AL Ni €1 (-FA1+Ti A1) ni &1 Yi i iA7) Ny ci
_ . + _
Ty T; T; 2T1?
R 1 (343 -TsAg) ni & (-3A+4Ti A -TiA7) ng & "
— hXx; A 7 + + e+0[€e] ]
1 1 1
2 2T; 4nT?
2 2.2
outf-}= IE [a ti, X3y ! + % + 2 AN e+0[e]2]
uf = Eyseiy | @i tis Xi Vi -
ATy ATy ATy 44T
Xi Yi 2a;x;ys 3x¢yi
Outf+]= E{)%(i}[—aiti, -, ’\lTi + | —aj VTi —aﬁ ’\lTi - - ki €+0[€}2]
T; \Ts 4T1y?
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In[+J:= RVK[pd PD] := PPRVK@Module[{n, Xs, X, rots, front = {0}, k},

n = Length@pd; rots = Table[@, {2n}];
Xp[x[I4D, x[111] PositiveQ@x]
Xm[x[2D, x[11] True
For[k =@, k < 2n, ++k, If[k == @V FreeQ[front, -k],
front = Flatten[front /. k> (xs /. {
Xp[k+2, L ] | Xm[L_ , k+1] = {L, k+1,1-1L},
Xp[L_, k+1] | Xm[k+1, L ] (++rots[L]; {1-L, k+1, L})
Hl,
Cases[front, k | -k] /. {k, -k} > —-rots[k +1];
115
RVK[xs, rots] ];

3

XS = Cases[pd, X X {

RVK[K ] := RVK[PD[K]];
Inf[«]:= I"Ot[’i._, 0] = E{}—){l} [Q, 9, 1];

rot[i_, n_] :=Module[{j},
rot[i, n] = If[n > @, rot[i, n-1] kCj, rot[i, n+1] kC;] // kmy,i,:] 3
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mo=  Z[K_1 := Z[RVK@K];
Z[rvR_RVK] := (xZ[rvk] =x)
Module[{todo, n, rots, ¢, done, st, cx, ¢£1, i, j, k, k1, k2, k3},
{todo, rots} = List @@ rvk;
AppendTo[rots, 0] ;
n = Length[todo];
£=E(,w[0,0,1];

done = {0} ;
st = Range[@, 2n +1];
While[{} =!= ($M = todo),

{cx} = MaximalBy[todo, Length[done( {#[11, #[21, #0101 -1, #[2] -1}] &, 1];
{i, j} = Listeecx;
€1 = Switch[Head[cx],
Xp, (kRi,j kKiI’lkk) // kmj,k_,j,
Xm, (ﬁi,j kKinkk) // kmj,k_,j
];

€1 = (rot[k, rots[i]]] £1) // km ;,;; rots[i] = ©;

€1 = (Zlrot[k, rots[i+1]]) // km; ;5 rots[i+1] = 0;
€1 = (rot[k, rots[jl] &1) // km j,5; rots[j] = ©;
€l = (Elrot[k, rotsj+1]]) // kmj 55 rots[j+1] = 0;

€ %=1C1;
If[MemberQ[done, i], £=C8 // km; j,1,55 st =st /. st[i+2] »st[i+1]];
If[MemberQ[done, i-1], & =28 // kMgepig,isstpigs St =st /. sti+1] -» st[i]];
If[MemberQ[done, j], & =& //kmj j.a,55 st=st/.st[j+2]->st[j+11];
If[MemberQ[done, j-1], &= // KMsipjp,jstpips St =st /. st[j+1] - st[il];
done =doneJ {i-1,1i, j-1, j};
todo = DeleteCases[todo, cXx]

]

CF/@ (£ /. {Xe> X, Yo—>Y, @g > a})

]

mf-)= Z@Knot[3, 1]

KnotTheory: Loading precomputed data in PD4Knots'.

T
ouf-J= Eg3 ey [0: 0, —— +
1-T+T2
a<—2Tﬁ+2T3ﬁ) 2TA+3T2A-2T3h+T*h xy(—ZThz—ZTzﬁz)

€+0[€]2}

+ +
1-2T+3T2-2T2+T% 1-3T+6T*-7T2+6T4-3T°+T% 1-2T+3T>-2T°+T*

inf-}= R1,2 Rs,a 7/ dm1,3_,5

1
2.2 2.2
ouf-J= E(y5(2,4,5} [az bs +asbs, Xa¥s+X4Ys5, 1+ [-a2XaYs - :L X3 Y5~ Z X4 Ys

€+O[e]2]
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In[e]:= H1,2 ﬁs,a // tmy 4,5

X5Y3 X2Ys

Outf=]= E{)%(2)3,5} |:—t ds —tas, - - >
T T
2,2 2,2
a3Xsy3 asXsyYs 3XsY3; @ XoYs asXpyYs 3X3Ys 2
1+ |-a,as-aszas - - - - - - €+O[€] ]
T T 4T? T T aT?
H1,2 ﬁ3,4 // tmg 4,5
In[+]:= (xWorking Casimir, not unique! x)

et (a+1) + e—ea T

Define[wi = E 3514} [0, 0, Series [y e x+ -(T+1) e}, {e, 0, 3}] /.

e -1

{a->aj, T>Ti, X X, Y"Yi}]

]

wSq = Wy Wy // tmy 5,135

wcub = wsqwy // tmy 5,13

w4 = wcubw;, // tmy 5,5

(xCleaned versionsx)

wC =wi[3] /. {T1>T, a; » a, X3 > X, y; >y} // Normal;

wsqc = wsq3] /. {T1 > T, a; » a, X3 » X, Y1 » y} // Normal;
wcubc = wcub[3] /. {T1 > T, a; » a, X3 » X, Y1 » y} // Normal;
wlc = wa[3] /. {T1 > T, a; » a, X3 » X, Y1 » y} // Normal;
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