Roland -

This is a demo of how to include Mathematica notebooks in a latex document. See also
http://drorbn.net/AP/Projects/nb2tex/nb2tex.pdf (written in Groningen!).

The files used to construct this document are all at http://drorbn.net/AP/Projects/
nb2tex/nb2tex.pdf. The “main” file is Demo.tex. It defines a few macros that de-
tail how various types of Mathematica notebook cells should be formatted (especially see
\nbpdfInput and \nbpdfoutput, it contains all the text down to the separator line below,
and it inputs TraditionalHopfStructure.tex. That latter .tex file is produced auto-
matically from the notebook TraditionalHopfStructure@.nb by running the code in the
notebook Make.nb.

Here’s how the notebook TraditionalHopfStructure®@.nb works. I started from a copy
of the notebook you sent me, the notebook TraditionalHopfStructure.nb. In the Math-
ematica Cell— Cell Tags I enabled Show Cell Tags, 1 selected the whole notebook, removed
all the tags that were already there, and added a pdf tag to all cells. This tells Make.nb to
create PDF files for all the cells and put the instructions to input them into the latex file
TraditionalHopfStructure.tex.

But then I removed the pdf tag from the “Pensieve header” cell because there is no
need to include it in the resulting document, and I've inserted a text cells with tag tex
containing the paragraphs you are reading now. Make.nb simply copies cells with tag tex
into TraditionalHopfStructure.tex, so it is easy to interlace latex with Mathematica.
There’s more information at http://drorbn.net/AP/Projects/nb2tex/nb2tex.pdf.

Once[<< KnotTheory™ ];

-+« ParentDirectory: Argument File should be a positive machine-size integer, a nonempty string, or a File specification.
+=+ ParentDirectory: Argument File should be a positive machine-size integer, a nonempty string, or a File specification.
-+ ToFileName: String or list of strings expected at position 1 in ToFileName[{File, WikiLink, mathematica}].

+++ ToFileName: String or list of strings expected at position 1 in ToFileName[{File, QuantumGroups}].

Loading KnotTheory™ version of September 6, 2014, 13:37:37.2841.
Read more at http://katlas.org/wiki/KnotTheory.

PP = Identity; $k =1; y = 1; h;
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The “Speedy” Engine

Internal Utilities

Canonical Form:

@ CCF[&_ ] := ExpandDenominator'@ExpandNumerator@Together[
Expand[&] //. - e’- e /. & = e“”"]];
CF[&_List] :=CF /e &;
CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[& ] := Module[
{vs =cases[s, (y|b|t|a|x|n|B|Tt]|a]§) ,=|U
{y, b, t, a, x, n, B, T, a, £}},
Total[CoefficientRules[Expand[a], vs] /.
(ps_ »c_) = CCF[c] « (Times @@ vs") |
B

CF[5 E] :=CF/@&5; CF[E;, [&5___1] :=CF/@E,,[&5];
The Kronecker 6:
K& /: K&; ,; :=If[i===7,1,0];

Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands
for 9 P

@ E/:E[L1_ ,Q1 ,P1 ]=E[L2 ,Q2 ,P2 ] :=

CF[L1 == L2] ACF[Q1 == Q2] ACF[Normal[P1 -P2] ==9];
E/:E[L1 ,Q1 ,P1 ]xE[L2 ,Q2 ,P2 ] :=E[L1+L2,Q1+Q2,P1xP2];
E[L_,Q ,P_lg :=E[L,Q, Series[Normaler, {e, @, $k}1];

Zip and Bind



Variables and their duals:

{t*J b*, y*, a*, x*, Z*]' ={t, B, n, a, & L};

{t* B*s n*, a*, £, 8"} = {t, b, y, a, X, 2};

(u_i )" e= W
Upper to lower and lower to Upper:
@ u2l = {B’i’:' e PRVbi B 1y @ PRYE T?:' e Pt TP 1 e PBY, .7(?:' = e’ Y%,
n AP+ ep"“};

120 = {@Pi*lr o, B/ (BY) gd  gc_-brd_. , p-c/(BY) od
1 3 E)

c_.t; +d_. = . . -
o= i *d_ gsy TiC/h ed, ec_ t+d_ T c/h ed’
Cc_.a; +d_. c/ o .
e MY A Yel, e o 1 g7 e,
e’ o eExpand@&};

Derivatives in the presence of exponentiated variables:
Dp[f_1:=0pf-01¥BOf; Dy, [f_]:=0pf-n¥Bids f;
(®1Dc[f.1 1= 0f - BT 0rf; Dy, [£.] i= Oe,f - BT Or, f
Do[f_ ] :=0.f +¥AOaS; Dai_ [f_1:= aaif"')'-ﬂi aﬂif.;
D, [f.1:=0,f; Dy ,e3[f 1 :=7F5 Dyylf.1:=7;
D{v_,n_Integer) [.f_] .= I)v [D[v,n—l} [f] ] 5
Dit rist,es 3 [f.1 :=Dyusy [DL[F1]5
Finite Zips:

@ collect[sd SeriesData, & ] := MapAt[collect[#, &] &, sd, 3];
collect[&s , £ ] := Collect[s, £1;
Zip,[P_] :=P;
Zipis_ [Ps_List] := Zip, /@Ps;
Zipip o IP] :=
(collect[P // Zippy, &) /o . &% (Dier,ap[£1)) /. C* 5@ /.
((&*/.{b>B, t>T, a-» A}) » 1)

QZip implements the “Q-level zips” on E(L, Q, P) = €-*? P(€). Such zips regard the L variables
as scalars.

(Plan e TR g <P(z,-, et
zi—q; (2k+Yk)

- l"k , - . .~ ]
e (b (e 0.0 5 7))




QZip;s_List@]E[L_, Q,P ] := Module[{;’, z, zs, c, ys, ns, qt, zrule, Zrule, out},
zs = Table[Z", {&, ¢5}1;
c =CF[Q /. Alternatives@e (s |Jzs) -» 0];
ys = CF@Table[d: (Q /. Alternatives @@ zs » 9) , {&, £5}];
ns = CF@Table[d, (Q /. Alternativesee (s -» 9), {z, zs}];
qt = CF@Inverse@Table[KS, -+ - 8,,:0, {&, &5}, {z, zs}];
zrule = Thread[zs » CF[qt. (zs+ys)]1];
Zrule = Thread[&s » &5 + ns.qt];
CF /@ E[L, c +ns.qt.ys, Det[qt] Zip [P /. (zruleUZgrule)]] |;

LZip implements the “L-level zips” on E(L, Q, P) = Pe**?. Such zips regard all of Pe? as a
single”P”. Here the Z’s are b and a and the {’s are Band a.

@ LZiP;’s_List@]E [L_, Q. ,P] :=
n Module[{&, z, zs, Zs, ¢, ¥s, ns, 1t, zrule, Zrule, grule, Q1, EEQ, EQ},
zs = Table[&", {&, &5)1;
Zs=2s /. {b>B, t->T, a- #};
c=L /. Alternativesee (&s|Jzs) » @ /. Alternatives @@ Zs - 1;
ys = Table[d: (L /. Alternatives @@ zs » 0) , {&, &5}];
ns = Table[d, (L /. Alternativesee s -» 0), {z, zs}];
1t = Inverse@Table [KS, o+ - 0,,:L, {&, S}, {z, z5}];
zrule = Thread[zs -» 1t. (zs +ys) ];
Zrule =
Join[zrule,
zrule /.
r Rule: ((U=r[1] /. {b>B, t>T,a»A}) > (U/.U21 /. r //.12U0))1;
Zrule = Thread[{s » &5 +ns.1t];
Q1 =Q /. (Zrule grule) ;
EEQ[ps___] :=
EEQ[ps] =
(CF[@™® Drnread (25, (ps121 [€*]] /-
{Alternatives @@ zs -» 0, Alternatives ee Zs - 1});

CFeE [c +ns.1lt.ys, Q1 /. {Alternatives @@ zs » @, Alternatives ee Zs - 1},

Det[1t]

(zip. [ (EQe@zs) (P /. (ZruleUgrule))] /.
Derivative[ps__ ][EQI[___] = EEQ[ps] /. _EQ-1) |];



B{}[L_,R_] := LR;
n Biis 3 [L_E, R_E] := Module[{n},
Times [
L/.Table[(v:b|B|t|T|a]|Xx|y)iVnei> {1, {i5}}],
R/.Table[(V:B | T|a|A|E|N)i- Voeis {is {is}}]

17/ LZipJoin@@Table[{Bn@i,rn@i,an@i},(i,(is}}] //

QZ1P3sineetable[{£ i sVnei }» (s (is11] 15
Bis___ [L_,R_]:= B{is} [L, R];

E morphisms with domain and range.

Bis 1ist [Eqz or2 [L1_, Q1_, P1_], Egx 402 [L2_, Q2_, P2_]] :=
n E (g11Jcomplement [d2,i5])~ (r2Complement [r1,is]) @@ Bis [E[L1, Q1, P1], E[L2, Q2, P2]];
Eg1 oz [L1_,Q1_, P11 // Eaz »r2 [L2_, Q2_, P2_]
Brindz [Edz-r1 [L1, Q1, P1], Egz,r2[L2, @2, P2]];
Egg arg [L1_, Q1_, P1_] = Egy oy [L2_, Q2_, P2_] *:
(d1==d2) A (r1=r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
Eg1 »r1 [L1_,Q1_, P1_]1Eg; 2 [L2_, Q2_, P2_] ":=
E (d1yd2) - (r2ur2) @@ (E[L1, Q1, P1] xE[L2, Q2, P2]);
]Edr_ [L_: Q_) P_]$k_ = Ege @@]E[L, Q: P]$k3
E [&__1[1_]1:={&}[1D;

E[A]

() Ear_[4_] :=
(@) CFeModule[{L, A0 = Limit[4, € » @]},

Eq [L=20 /. (n|y|E]X)_ -»0,00-L, e"'“]sk /. 12U]
“Define” Code

Define[lhs = rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each
value of $k. Fancy Mathematica not for the faint of heart. Most readers should ignore.



@ SetAttributes [Define, HoldAll];
Define[def , defs 1 := (Define[def]; Define[defs];);
Define[op_;; =6&_] :=
Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, Jj, k},
ReleaseHold[Hold
SD[0Pyisp, sk_tntegers BLOCK[ {1, 5 K}s 0Pisp gk = 85 OPris, k] |5
SD[0pisps OP(isy,sc]3 SP[0Psis_» OPysicy] 5
] /. {SD - SetDelayed,
isp-»> {is} /. {i»1i_,j-»3j_,k-k_},
nis » {is} /. {i-»ii, j -» jj, k » kk},
nisp-» {is} /. {i-»ii_, j-»jj_, k> kk_}

1
The Objects

Symmetric Algebra Objects

SMi i Lp i=
(O] Egi, )00 [be (Bi+Bj) +te (Ti+ T5) +a, (@i +05) +Yi (M1 +15) + Xk (§:+ E5) 15
SAi Lj & i=
E(iy>(j,k) [Bi (b +br) + i (tj+tr) +a; (aj+ar) +ni (Vi +Yer) +&i (X5+X%X:)]5
SSi :=E(i,[-Bibi-titi-a;ai-niyi-&iXil;
se; = Egq,0iy[0];5
sn; = Egiy,[0];
Soi 45 =Eg,[Bibj+Titij+a;aj+niy;+&i X513

SYi 57 ,k ,t,m = Egiysgikt,m [Bibe+ Tite +azar + Ny yj + §i Xul5
Booting Up QU
Define[aoi,; = E(i}o¢5) [a5 a1 + X5 §i]5 boiLg = Efiy,5; [b5Bi +Y5nill

Define [ami,j_,k = E(i,j}-{k} [ (ai + aj) ag + (.ﬂ_._jl E;i + §J) Xk] 9

b, jok = Egi,)qk) [ (Bi + B3) b+ (n1 + e <Ping) yi]]

Three types of inverses appear below!

Ris the inverse of Rin the algebra B®A.

Pis the inverse of R as a quadratic form, like how an element of V*®V* can be the inverse of
anelementof V®V.AsamapP: A®B - Q.

aS s the inverse of aS as an operator form, like how an element of V*®V can be the inverse
of another element of V*®V.



@ ‘ $k+l (1_eveﬁ)k (.ﬁinj)k
Deflne[Ri,j = E(}5¢i,9) [h ajb; + é K (1 _ ek)feﬁ) ]’

Ei,j = CF@E(}-){i,j} [—ﬁ aj b;, -ha X5 Yi /Bi, 1+ If[$k =0, 0, (E{i,j},$k—1)$k [3] -

( ( (E{i,j},e) sk R1,2 (Re3,43,9k-1) $k) // (bmg 1,3 amj »,5) // (bmj 3,; amj 4.,5) ) [

31115

Pij=E(,jjo[Bjai /b, ny &/ h, 1+ If[$k == 0, 0, (P(s 43,8k-1) gk [3] -
(R1,2 /7 ((Pgi,1y,0) sk (Pg2,53,8k-1) ¢k) ) [3111] ]

Ri,2 // P23

E 3501y [bl B3, Yanz, 1+ 0[613]
(22) (Ra,2 /7 ((Pi,1),0)2 (Pi2,31,1)2)) [3]

0 1 ni&l njel
1+[__77§§2 L
8

Define[aS; = (aci,z2 Ry,i) // P2,1,

aS; = E (i), [—ai aj, -X; A; 5, 1+ I'F[$k =0, 0, (aS(i),sk-1)sk[3] -
((aSgiy,e) sk /7 @Ss // (aSyiy,sk-1) sk) [31]]]

Define[bS; = boi,1Ri,2 // aS; // Pa,1,

bS; = boi,i1Ri,2 // @Sy // Py,1,
al;j,j,k = (Re,jRa,k) /7 bmy 5,3 // Py 3,
bAiLj,k = (Rj,1Re,2) // amy 5,3 // P31

Define [
n dm; 5.k =
((sYisa,8,1,1 /7 @B1s1,2 // @Basa,3 // 3S3)

(SYj5-1,-1,-4,-4 // DAy, 1,2 // BA_5,5,3)) // (P1,-3P3,_1 @My, 4 bMg, 5, |

NB. We use the co-algebra structure B tensor A“°P. This has the benefit of making our algebra
quasi-triangular in the traditional sense of the word.
Watch out: A, means j is to the RIGHT of strand k and dS looks like an S.
@ Define[do;,; = aoy,j boy,j,
de; = sej, dn; = sn;,
dS; = SYi,1,1,2,2 // (bS1aS;) // dmy 1,5,
dS; = SYi,1,1,2,2 // (E1 352) // dmy 1,5,

dAsj,k = (bAiL1,3304,4,2) // (dMz 4 dmy 5 ,5) ]



De-Fine[C;-L = E(35i} [0, e, B}/? e'heai/2]$k,

ra -1/2 _n i/2
Ci =E(]_,{j_} [0, 0, Bi 4 e eal/ ]$k’

1/4 _-h i/4
Ci = ]E[}-){l} [0, 0, Bi e eal/ ]$k’

C; = E ()5 [01 9, 311/4 eheai/4]$k’
Kink; = (R1’3 Ez) // dm1,2->1 // dm1,3.;i;
Kinki (E]_J; Cz) // dm1,2->1 // dm1,3_,i,

P = (€1T3dSs) // dmys .5 // dmss]

(xo reverses a strandx)
Note.t=-ea+ybandb=t/y+ealy

@ Define[b2t; = Ej), iy [a;a; +Bi (eas +t;) /¥y + & Xs +NiYil,
t2b; = E(iy ¢y [@i @i + T35 (-€a; +yb;) +&i X5 +niYill

@ E(y5(1) [0, 0, X1] // dA,1,
n E(y5¢13 [0, 0, X1] // dS;
E(}51)[0, 0, y1] // dS;

E (5013 [0, 0, X1] // dS;

= 1 2 .2 2 3
E{}a{1,2} [0, 0, (X1 + X3) —h32X1€+Eh a; X; € +O[€]

= E 0, 0 g g Ehz n? }hz 2 2,0[€)?
(15111195 @, ~X1 + (AXy -hagXg) € + - X1 + a1X1—2 a; X1 | €°+0[€]
Y1
E (51 [9: 9, -y +0[€]3]
1

1
]E{}a{l} [0, 0, -X;-hay X; € - E (hz ai Xl) €2+0[€J3]

(°°) E(yo1) [0, @, (1+e€ayn) x1] // dS,

n?xi 1.5, 2 3
E(}—){l} |:0, 0, —X1 + -h 31X1+£f’1 a; X1| € +0[€] }
((-1+1) xg + (1-h) a; x;) // Expand
-X1+hX;+a1 Xy -ha;Xg
°o° t2b1 t2b2 // P2,1
a 0T1 Mé nmE Tt
E{l,z)%”[ , R R et +0[e]2]

h h 4 h h

E{}5¢1) [0, 0, y1] // bAg,1 5
E(}»(13 [0, 0, y1] // dAg,1,»

T
i
o
0y
o

E()-1,2) [0, @, (Bays+Yz) +0[e]?]



EMLZ} [0, 0, (Byy:+y,) +0[e]?]

(R1,2 // bS1) =R,z
(@) Ry, /7 aS;) =R,

@] True

= True

@ E{yo13[05 0, X1] // dAg,1,2

@ E(1}5(1,2} [9, 0, (X1+Xp) ~hazX; € +0[€]2]

E()5¢13 [0, 0, X1] // al1,1,2
= E{1-(1,2) [O, 0, (Xg+Xp) ~ha;xe+ 0[6]2]
@ E (.1, [0, 0, x1] // (aS),

E 51y [0, 0, X1] // asS;

E] E(}—){l} [0, 0, X1+ (h Xy —hag Xq) €+0[€]2]

@ ]E{}‘){l} [0, 0, -X1 —hal X1 € +0[€]2]

@ E (501,23 [0, 0, by yo] // bmy 5,0

= E {513 [0, 0,biyi1-y1€ +O[€]2]
(°°) @hisa,o // @Sy // @M,z

Ali,y,2 // @Sy // amg 54

EJ E(iy511) [0, 0, 1+0[e]?]
ElEgy.0, [0, 0,1+0(e]?]

alA1,1,2

1
2 2
E(1}5(1,2) [31 Oq+ayag, X1 §1+X2&1, L+ |-haypX; &1+ 5 h X1 X, 51) €+0[€] ]

Testing

co-associativity

(dAg,1,2 /7 dAg,,3) = (dAs,o,3 // dAg,a,s)
True

algebra morphism

(dAj,1,2dAg,3,4 /7 dmy 3,5 /7 dmy 4,5) = (dmy 5ok /7 dA;,5)
True



associativity

(o2) (dmy,ok /7 dii,300) = (dmg, 3.k // Ay ki)
True

antipode

@ dAsiLa,2 /7 dSq // dmg oy

n dAj,a,2 /7 dSy /7 dmg 5,
2

Eiys1 [9.- 9, 1+0[€] }

E] E{i}—){l} [@, 0, 1+0[€}2}

quasi-triangular axioms

(Ry,3 // dAg,1,2) = (Ry,3Ry,4 // dmz 4,3)
(Ri,3 // dAz,5,3) = (Ry,3Re,2 // dmy e,1)
(dBisk,jRa,2 /7 dmy 1,1 /7 dimy,p,2) = (Ry,2 dAs 5, /7 dmy 5,1 /7 dmp,ic,2)

[
True

True

f
o
K

T
o
i}

True

o

o
o

o
o

(R1,2 // aS3) = (Ry,2)

True

0
o
o

;
g
D|D i
e

(Ry,2 // dSy)
(Ry,2 // dS,)

(E1,2)
(Ry,2)

True
True

QQ; ,. :=Ru1,20R33,a4 // dMyg aa,c // dmpz 33,

@s_,r_ = Ryz,11 Raa,33 // digy, a0, // dmyy, 33,

T T
ol ol
o g
Ui )
o o

@ QQ,,, @3,4 [/ dmy 3,4 // dmy 4,
Es,2) [9: 9,1+ 0[6]2]

Drinfeld element u

Ui :=Rq1,20 // dSy; // dmyy 11,:

U; :=Ru,2 // dSy // dmyp11,:
uu; := E11,22 //dSy; 1/ dmyy 2o,¢
U_Zi_ = Ru1,20 // dSyq // dmag 2p,:
u3; :=Ryy, // dSyy /7 dSyy // dmyy qa,:

10



@ ui Uy // dmy 4.5
(@) us Ty /7 dmg, g
Uj UZj // dmi,j_,i

uj udy // dmg 4.5

e,

CJE( ([0, 0,8 -hasBie+0[e]?]

E{}»{‘)[e: 0, B; -hajB;je+0[€] ]
e,

B e, »1+0[e]?]

(ug // dS;)

Ri1,20 // dSyy // dmyy 55,5

[ hx1y1
Eqo [—fl a; by, - )
1
1 n?xiy:1 h*aixiy:r 3n’xiyi nPx1y: hlaixiys hlajxiy:s 5h*xiyi
+ - - €+ |- + - +
B, B, 4B3 2B; B, 2B; 2 B?
5h*a;xjy: h*alxiy? 67n°xiy; 3n°a;xiy; 9m°xiyi) , 3
+ - + + e“+0[€e]
282 282 36 B3 4B3 32 B}
= h Xy Yi
E{}—){i}[_hai by, -———,
B
n2x;y; h%aiXiyi 3h3xfy§} [h3xiyi najx;y; haixjys S5htxiy?
1+ - - e+ |- + - +

B; B; 4B?2 2B; B; 2B; 28?2
sh*a;xiy? n*alxly? e7m°xiy; 3n°a;xiy; 9mxiyf) , 3
5 + B - 3 + 3 + 2 e“+0[€e]
2 Bf 2 Bj 36 Bj 4 B 32 Bj
9 ’
1 € 2,2
n Es01) [O, 0, B, l+ea h+ ? a;“ h ] u, // dml,z_,l = (uy // dS;)
Tr‘ue
©)w
= hxi1y1
Eqysy [*f’l a; by, - 5
By
3nx2y? 1 1 1
By + —halBl—hleyl—hzalxlyl—ilyl + fhzaiBl—7h3X1y1+7h3aiX1y1—
4B, 2 2 2
n*xiyi ntaixiyi ntaixiy] 13m°xiyi 3n°aixjy; 9n°xjyi) , 3
+ + - + + e“+0[€]
2B, 4B, 2B, 36 B2 4 B? 32B3

q

(ug // dSy) u3; // dmy 5,

11



Egsm [9: 9,

1 hae
— == L0[e)?
1 B1

(ug // dag,s;n)

) True

E()5¢i) [0, 0, x3] // dS;

E] E(}ﬁ{i) [0, 0, —Xi + (f] X; —hajXi) €+0[€]2]

(@1,2 Usug // dmyg 3, // dm2,4->2)

@Kinkl
1 ha; n*x?y? 5
ES Ef L [hal b1, h X1 Y1, + - € +0[e] ]
VB, 2B, 4+B
@ (ug /7 dSy) uy // dmy 50
n (up // dSy) up // dmy a0
) (-h-hB1) X1¥1
]E{}—>(1}[*2h31 b1, > 5
Bl
s (20 e ys (708308 Xyl 2
By + |-hayBy + . c+0[e] ]
: 483
= (-h-7By) X1 y1
E(}»{l)[‘Zﬁal b1, 2 ’
Bl
al (—Zflz—flzBl) lel (_7h3_8h3B1_3ﬁ3B§) Xiy% 2
By + |-hayBy + . c+0[e] ]
By 4B;
(uy /7 dsy)
u;
= ax n? x n?a; x 3n3x2y?
E(}_)(l}[—halbl,— 1)/1,1+ 1Y1 1Xay1 ;Y1 e+0[e]2}
1 B1 B1 4 B
[i] 7 x 3h3X2 2
S E () |~harby, -2, By —ﬁasz—hzxz)/z—ﬁzazXzyz‘szz]€+0[€]2]
2 2

D e
oL

1
E(j5(1,2) [h ay by, ixayr, 1-

. (2> x2 y2) e+0[e]2]

E{}%{I,Z} [*h aj bl) -

©a

@ 1
E(o [0, 0, /By - S (nay By e+0le]?]

ax n? a, x 3n3x2y?
2Y1’1+( 2X2Y1 2y1]e+0[e]2]

By : 4B2

o
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The Knot Tensors

@ Define[kR;,j = Ry,j // (b2t; b2tj) /. tj)5-t,

: KRi,j = Ri,j // (b2t;b2ty) /. {tyjj->t, Ty5-T},

ok = ((t2bs t2b5) 7/ dmg, 5, /7 b2te) /. {ti»>t, T T, Ty - 0},
kCi= (C; //b2t;) /. Ty » T,

kC; = (Cy //b2ts) /. Ty > T,

kKink; = Kink; // b2t; /. {tij»>t, T; > T},

kKink; = Kink; // b2t; /. {t;>t, T; > T}]

kmi

@ Define|
BSi,jok = C3 Cq dAs 11,01 dAj,12,r2 // ASpy // dSpy // dmyg 3,k // AWy, pok /7 Ay pak /7
dmy 4k // dmk,lz—rk]
Define [
BS;, .k =
(t2bs t2by) // C3C4dAs,11,r1 dAj,12,02 // dSpq // dSey // dmyy 3, /7 dmy oy //
dmy pai /7 dmy gy /7 dmy 1o, /7 b2tk]
Define[tm; j i, = t2b; // t2bj // dm; j,k // b2ty]
Define[tA;,4,k = t2b; // dA; 5, // b2ty // b2t,]
Define[tS; = t2b; // dS; // b2t;]
Define[tS; = t2b; // dS; // b2t;]
Define[tR;,j = Ry,j // b2t; // b2tj, TRy j =Ry 5 // b2t; // b2t;]
Define[tC; = C; // b2t; , tC; = C; // b2t; |
Define[tKink; = Kink; // b2t; , tKink; = Kink; // b2t;]

@ Ri,3Rz,6 // dm3 g3
n Ri,3 // dAg,;,q

E(}5¢1,2,3) [h azby +haszby, hBy X3y +hX3y,, 1+ (*

1
73 B%xgyi—zh3x§y§) e+0[e)?]

Al plR

e 3222 1.3 5 o 2
E{}%{1,2,3)[ha3b1+ha3b2,thx3y1+hx3y2, l1+|--nh Bzxs)/l*:lh X3Yy3| € +0[€] }

tRy,2 // €Sy /7 Sy /7 tmy, oy

(tRy,2 // €Sy /7 XS1 // tmy 2,0 /7 tS1) E(35(2;[0, @, T (1-2€ha)] // tmy o,
(tRy,2 // tS1 /7 51 /7 thy,141) Eqy,2y[0, @, Ty (1-2€hag)] // tmy 5,

T
B
g
0ol
o

1
E (5013 [h aiti, AxXxgys, 1+ (h a§+h2 X1Y1 - l_l n’ xiyi) € +O[e]2]

— 2 2 1 .32 2
]E{Hm[haltl,hxlyl,1+ haj-h lel_zh X;y:| € +0[€] ]

E502) [0, 0, X3] // dS;

— 2 2 1 3550 2
]E{H{l)[haltl,hxlyl,1+ haj-h X1Y1—ZT’J X7yl €+0[€] ]
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EE(.0 [0, 0, x-hayx;e+0[e]?]

E(j.2; [0, 0, ¥»]1 // dS,
Y2

Eqsq2) [0, 0, -— +0[e]2]
B,

E (1212 [0, 0, Y51 // 35, // 35,

EE(,02) (0,0, y2+0y;¢ +0[e]2]

tm; ok

(@) tRy,
ﬁi,:i
tC;
tC;
tKink;
tKink;
tAi,5,k
tS;

E(i,§15(k) |k Qi + Ak 05 + Tt i + Ty,

Yeni X & (1-Ty) 14 &
Yk Ni + ﬂj+ $1+ 5 2 1+Xk§j:1+ 2aKkTeng &+
i J

h Xk Yk N5 i
-1
Ai A5
(1-3T) yen3 & (1-3T) xenj &2 (1-4T+372) nie?
+ +
2 73 2 A 4n

e+0[e]2}

E()»{i,j}[haj ti, Axyyi, 1+ e+0[e]2]

1
haiaj—szx%yf

o hxjys

32,,2
flz aj Xj Yi hz aj Xj Yi 3h Xj yi
= Ego,g [—T’l aj ti, - - -

Ti Ti 4 T%

, 1+ —haiaj—

e+0[e]2]

i

E(y5qiy [0; 0, VTi ~ha; ﬁe+0[e]2]

1 haje

E{}»{i) [0, e: p——— \/i +0[€]2]

VT3 T
@ 1 ha; ha? nixiy?
E(}a(i}[haiti:hxiYi: + e 1y1]€+0[€]2]

VT VT AT 4 \T;
—J h X; y
E ()5 [—T’l aj ti, - _I_I. =,
1

2h%a; x3y; 3R xPy?
~ha; ATy —ha?+T; - 1Xa Vi 1Y €+0[e]?
1 3/2
T 4T3

E(i)5(4,k) [aj o + a0y + 5 T+t Tis Y301+ Ty Yiens + X5 E1 + X €

T -

1 1
1+ (_hajijkr]i*’Ethyjykni_hankéi*’Ehxjxkgi) €+O[€]2]
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i As s A — Ts As g
E{i}»{i)[—aiai—titi: —u—xiﬂi§i+ i = Ta %) s =,
Ti ATy
AyiAing haiyiAing byl n? 2a; A s
14+ Yi i iYi il Vi lnl—haixiﬂigi‘* i 1771§1_
T Ti ZT% T;
LV A2 s £ _a. S A e S -(3}[?;1\7@) 2 &,
hxyyi Aini &y (A1 +Ti A1) ni s Vi i- A Niei 1 2 9 o
+ + - - hXjA; &7 +
T; T; 2T1? 2
xi (37 -TyA)n; &2 (3R +4ATi 8 -T2 72) n? &2 ,
+ e+0[€e] ]
2T; 4nT?

2.2
iYi
T

. 1 a; a? X orel?
Efsei) [ai ir XiYis + + - e+0[e ]

c ol W T

@ Xi Vi 2a;x;3y; 3x2y?
]E{}%{i}[—ait' 11 \/Ti + (—ai \/Ti —a% \/Ti - 1X1 51 - 1y1

ir» — b
T; T 4132

RVK[pd PD] := PPRVK@Module[{n, xs, X, rots, front = {0}, k},
n = Lengthepd; rots = Table[0, {2n}];

6+0[6]2]

Xp[x[4T, x[11] PositiveQ@x] .
Xm[x[2], x[111] True
For[k =@, k < 2n, ++k, If[k == @V FreeQ[front, -k],
front = Flatten[front /. k> (xs /. {
Xp[k+1, L] | Xm[L_, k+1] = {[, k+1,1-1L},
Xp[lL_ , k+1] | Xm[k+1, [L_] > (++rots[L];
{1-1L,k+1,L})
DI,
Cases[front, k| -k] /. {k, -k} > —-rots[k + 1];
115
RVK[xs, rots] ];

xs = Cases [pd, X X {

RVK[K ] := RVK[PD[K]1];

rot[i_, @] := Ey,(i; [0, 0, 1];

rot[i_, n_] :=Module[{j},
rot[i, n] = If[n >0, rot[i, n-1] kCj, rot[i, n+1] kC;] // km;,5,:] ;3
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(°°)Z[K_] := Z[RVKeK];
Z[rvR_RVK] := (+Z[rvk] =x)
Module[{todo, n, rots, &, done, st, cx, £1, i, j, k, k1, k2, k3},
{todo, rots} = List @@ rvk;
AppendTo[rots, 0];
n = Length[todo];
£=E(,[0, 0, 1];
done = {0} ;
st = Range[@, 2n +1];
While[{} =!= ($M = todo),
{cx} = MaximalBy[todo, Length[done () {#[11, #[2], #[1] -1, #[2] -1}] &,
1];
{i, j} = List ee cx;
€1 = Switch[Head[cx],
Xp, (kRi,jmk) // Kmj 1,5,
Xm, (kR;,; kKink) 7/ kmj, i,

|E

€1l = (rot[k, rots[i]]] £1) // kmy,;,;; rots[i] = @;
€l = (Elrot[k, rots[i+1]]) // km; ;5 rots[i+ 1] = 0;
€1 = (rot[k, rots[j]] £1) // kmy, 4,45 rots[j] = 0;
€l = (glrot[k, rots[j+111) // km; 45 rots[j+1] = 0;

L x=1C1;
If[MemberQ[done, i], £=C8//kmj i,q,i5; st=st /. st[i+2] »sti+1]];
If[MemberQ[done, i-1], & =22 // Kmgipig,issepigs St =st /. st[i+ 1] » st[i]];
If[MemberQ[done, jl, £=2//kmj 1,95 st=st /. st[j+2] »st[j+1]];
If[MemberQ[done, j-1], & =2 // Kmsipig,jostpigs St =st /. st[j+1] » st[jl];
done =done|J{i-1,1i, j-1, j};
todo = DeleteCases [todo, cx]

]

CF/@ (£ /. {Xe—>X; Yo=Y, 3 > a})

°°) ZeKnot[3, 1]

KnotTheory: Loading precomputed data in PD4Knots".
T

]E{}_){a} [0, 0, —— < +
1-T+T?
a(-2Th+2Tn) 2TA+3T2A-2T*A+T%h Xy (-2Tn*-2T%n?)
+ +
1-2T+3T2-2T+T% 1-3T+6T°-7T°+6T*-3T°+T°% 1-2T+3T>-27>+T*

e+0[e]2]

Ri,2Rs3,4 // dmy 3,5
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= 1 1

E(}5¢2,4,5) [az bs +asbs, X Y5 +Xa Y5, 1+ [-a2Xa Y5 - 2 X3 Y§ "2 Xiyé) € +0[€]2]

kRy1,2 kR34 // tmy 4,5

XsyY3 XzYs
E(-2,3,5) [—t 2 -tas, ——— -
as X as X 3x2y2  a,x as X 3x3y2
1+ |-ayas-a;as - 3XsY3 35 Xsys 5Y3 @XpYs asXpys 2Ys €+0[€]z]
T T 4712 T T 477

kRy,2 kR3,4 // tmy 45
(xWorking Casimir, not unique! x)

De-Fine[
e’ (a+l) + e—ea T

e -1

wi = Eqyaq [0, 0, Series[ye *x+ - (T+1) €, (e, 0, 3}] /.

{a-»a;, T->Ti, x> X, Y"Yi]‘]

]

wSq = Wy Wy // tmg 5,13

wcub = wsqw, // tmy 5,95

w4 = wcubw, // tmy 5,5

(xCleaned versionsx)

wC =wi[[3] /. {T1>T, a;»a, X3 > X, y1 >y} // Normal;

wsqc = wsq[3] /. {T1 > T, a; »a, X3 > X, y1 »y} // Normal;
wcubc = wcub[[3] /. {T1» T, a; » a, X3 » X, Y1 » Yy} // Normal;
wlc = wa[[3] /. {T1 > T, a; »a, X3 > X, y1 >y} // Normal;
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