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A twisted Yetter-Drinfeld version of p;

Mixing Garoufalidis-Kashaev section 6 with Gaussians and q = 1+h. Scroll to the very end of this file to
see the knot invariants. They (experimentally) match exactly the 2-loop polynomials previously
computed by other means by Ohtsuki, Rozansky and many others.

il Internal Utilities and familiar things from our Gaussian calculus

Out[]=
and calculus familiar from Gaussian Internal our things Utilities
mn[-1:= Quiet@Once[<< KnotTheory ] ;
Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.
n[-]:= CCF[&] = ExpandDenominator‘@ExpandNumerator‘@Together[
Expand[5] //. e e’ » ™ /. e = " F];
CF[& List] :=CF /@&
CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[& ] := Module[
{vs = cases[s, (x| &) , o] U{X, €}},
Total[CoefficientRules[Expand[&], vs] /. (ps_ - c_) = CCF[c] (Timeseevs™) ]
];
CF[& E] :=CF/@&; CF[E;, [&5__ 1] :=CF/@E,[&5];
inf-]:= K& /:Ké; ; :=1If[1===7,1,0];
-] E /:E[LI ,Q1 ,P1 ]=E[L2 ,Q2 ,P2 ] :=
CF[L1 = L2] ACF[Q1 == Q2] A CF[Normal[P1 - P2] == 0] ;
E/:E[L1 ,Q1 ,P1 ]E[L2 ,Q2 ,P2 ] :=E[L1+L2, Q1+Q2, P1xP2];
mie)= X' =83 8 =x5 (u_g )" i= (U%)y;

In[«]:= Dv_ [f_] .= avf.; D{v_,O) [f_] .= f5 D() [f_] .= f; D{v_,n_Integer} [f_] .= Dv[D{v,n—l) [f] 13
D¢ rist,es 3 [f1 :=Dysy [DL[£]115
mm[-]:= collect[sd_SeriesData, ¢ ] := MapAt[collect[#, ] &, sd, 3];
collect[& , £ ] := Collect[s, £1;
Zip, [P_] :=P;
Zip, [Ps_List] := Zip, /@Ps;
Zip{iJ;S__}[P_] =
(collect[P // Zip py, &) /o f_o &% o (Dieo,ay [F1)) /2 &* 50 /. (£ > 1)
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QZip implements the “Q-level zips” on E(L, Q, P) = €-*? P(€). Such zips regard the L variables as scalars.
Nt aty i+ iz N\ _ - '\ €712
zi—>q; (zk+yi)

" ik - : i
= |g|ec T <P (Q?(Zk + i), ¢+ n’fIf)>-

In[«]:= QZip;S_List@lE[L_, Q ,P_]1 := Module[{g, z, zs, c, ys, ns, qt, zrule, Zrule, out},
zs = Table[Z*, {&, &5}
c=CF[Q /. Alternativesee (s |Jzs) » 0];
ys = CFeTable[d: (Q /. Alternatives @@ zs -» 0), {&, ¢51}1;
ns = CFe@Table[d, (Q /. Alternativesee s - 9), {z, zs}];
(«Echo@MatrixForme@Table[0,,:Q, {L,Ls},{z,25}];*)
qt = CFeInverse@Table[KS, ~ - 0,,-0, {&, &5}, {z, z5}];
zrule = Thread[zs » CF[qt. (zs+ys)]];
Zrule = Thread[¢s » &5 +ns.qt];
CF /@ E[L, c+ns.qt.ys, Det[qt] Zip. [P /. (zruleZrule)]]1;

in[-1:= By [L_y R_] :=LR;
Biis y[L_E, R_E] := Module[{n},
Times [
L /. Table[X; » Xnei, {i, {i5}}1,
R /. Table[&; - Eneis {1, {15}}]
1 /7 QZipisineetablel(£.ei}, (i, (is3}] | 3
Bis [L_, R_1 :=Bys;[L, R];

in[-]:= Bis rist [Eq1 »rz [L1_, Q1_, P1_], Egz 02 [L2_, Q2_, P2_]] :=
E (d11Jcomplement [d2,1s] )~ (r2UComplement [r1,is]) @@ Bis [E[L1, Q1, P1], E[L2, Q2, P2]];
Eg1 orz [L1_,Q1_, P1_] // Egy 4r2 [L2_, Q2_, P2_] :=
Bringz [Eq1sr1[L1, @1, P1], Egp,r2[L2, Q2, P2]];
Egs »r1 [L1_, Q1_, P1_] =Eg; 2 [L2_, Q2_, P2_] ":=
(d1 ==d2) A (rl1==r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
Eg1 sr1 [L1_, Q1_, P1_]1Egy ,r2 [L2_, Q2_, P2_] ":=
E (q1d2)-(r1yr2) @@ (E[L1, Q1, PI] E[L2, Q2, P2]);
E [&__1[1_] :={&}[11;
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nl-1:-=  $k = 0;
SetAttributes [Define, HoldAll];
Define[def , defs_ 1 := (Define[def]; Define[defs];);
Define[op_;; =&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [
SD[opnisp,$k_Integer‘J BlOCk[{i, j: k}.v oPisp,$k =8; opnis,$k] ];
SD[0Pisps OPisy,8x] 5 SD[OPsis_ s OPysisy]s
] 7. {SD > setDelayed,
isp-» {is} /. {i»1_,j-»Jj , k->k_},
nis -» {is} /. {i-» ii, j -» jj, k » kk},
nisp » {is} /. {i-»ii_, j-»3jj_, k> kk_}

3 1]

The new objects:

in[-]:=  $n =1; Define[
nI; = Egiy,ey [0, €1 X3, 11,
nm; 5.k = Eqi,5)-0k [05 (i + &5) Xk» 11,
NTi,5 = E(i,5)a0i,9) [@ i Xa+ &5 X5, L+ A E5 X5 §5 %5 + 0[f1]2] s
MTi,5 = E(i,9)01,91 [0s §iXi+ 5%, 1B & X5 §5 X5 +O[R]?] (),

2
§i° X3

nS; =]E{i}->{i} [0, -§iXj, 1+h ) +0[f1]2],
— &% x; .
n51=]E{i}_,{1} [0, —giXi, 1-A - +0[.ﬁ] ],

3% X3 X 2
NAisg,k = Egiysg,k) [0, (X§ + %) Ei5, 1+ ———— +0[A] ],

Ng; = Egiy,iy3 [0, T &1 X3, 1],

ng; = Eiy54) [9: T & x4, 1] ’

NSi,j,k = NAj,1,2 // NAy,3 // NS3 // N3 // Nty,3 // Nmy 3,5,

R j = N3 // NG5 // NTi,5 // MMy 555

TRi,j = N8ioza,s // WEga,g // Mg // WTa,5 // Wy, 00 // Mgy 53 /7 NP3,

nC; = E(iy,i) [0, €iXi, 1+ & X3 A+0[A] 2] s NCi = Egi),04) [9, €iXi, 1-&iX;h+0[A] 2] P
nKinkr; = (NR1,3 nC, // Npy,pu // "M1,3->i) s

nKinkl; = (nR3 1 nC; // Npg o510 // Npg,3si) s

nKinkr; = (ﬁ_",l nC, // Ny, pu // n#1,3->i) s

nKnkT; = (ARy,3nCa // NH1,201 // Niasai) |
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in[-]:= (xFor composing tensors, leg by legx)
i 5 ok [Ed_r [0, @, P_1] := Module[{v},
QZipg,y [
E[O, Q/. {&§5 2 &us Xi > Xyy §i & Eky X3 X}y P /o {E5 &y Xi & Xyy §i = Ery X5 = Xp}]]

] /- E > E (4/. {i-Nothing, j»k})- (r/ . {i-Nothing, j-k})

In[«]:= néi_,j,k

Out[e]=
1 2 2 2 1 2 2
E i),k [0) (1-T) X581 +X €15 1+ 5 (-T+T%) x5 §i+£ (1-3T) X5 % &5 | A+0[A] ]
In[«]:= nRi,j
Out[«]=

E(i,5)-(1,3) [0: Xi &3+ (1-T) X3 & +Tx5&5,

} Ly, 2 } 2 2 2 VR 2
1+ (1-3T) Xy x5 &5+ — (-T+T%) x5 +Txy x5 &3 E5| h+0[h)
2 2
In[-]1:= Ny // NEi,a,: // Nty5 // nMy 4,5
out[e]=
E{i)j}ﬁ{i,j} [0, X;i 1+ (1-1) X5 &y +th 5])
1 } Ly, 2 } 2\ 2 22 v, £, £ 2
= (1-3t) xix5 &5+ — (t+t?) xfET+txy Xy &5 &5 h+0[R)
2 2
In[«]:= nC1 // Rl

out[e]=
11501 [0, X1 &1, 1+0[n]?]

in[-]:- Table [agvaxu [Xi]_ i1 + (1 - T) X51 i1 + (—1 + T) Xjr i1 +

Xir Eir (-1+T) xir €52
+(1-T) X4 §ir+f + T X41 €491 + X4r E5r [ »

{u, {il1, ir, j1, jr}}, {v, {il, ir, jl1, jr‘}}] // Expand // MatrixForm

Out[-]//MatrixForm=

1 0 o 0
0 11109
T T
1-T o T o
~1+T1-T o 1
@ T ©0 000
(%) %) 1000
. . © 0 0100
In[«]:= Det[IdentltyMatr‘lx[G] “le o 066 7Teo ]
9 1-To o001
O © 0000

Out[]=
1-T+T?
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i1 QZiPrapiere,, (v,1,611 | E @@ ((NR1,5 NRe,2 NR3,7 NCa) /. {&u > Eu-1}) ]

Out[«]=
1 (—T+2T2—3T3+2T4)ﬁ
El0, x; &, . +0[m2}
1-T+T2 1-3T+6T>-7T3+6T*-3T°+T°
inl-]:= NRy,5 NRg,2 NR3,7 NCq // Npay,p51 // Npg,351 /7 Npayang /7 Npayseg /7 Npayens /7 g za1
out[e]=
1 (—T+2T2—3T3+2T4>h 5
E(1y5¢13 195 X1 €1, + +0[h]

1-T+T?2 1-3T+6T2-7T3+6T*-3T°+T°

nll= MXg 5 =X &+ (1-T) X5 Ei+TX; &5
Mx; ; =X; &+ (1-T)X; & +TX;§;

;i1 Mat = Table[dg, 8y, (MX1,4 + MXs 2 + MX3,6) , {i, 1, 6}, {j, 1, 6}];
% // MatrixForm
Mat = Table[agja,(H (MX1,4 +MXs,2 + MX3,6) , {i, 2, 7}, {3, 2, 7}];
% // MatrixForm
Det [IdentityMatrix[6] - Mat]

Out[+]//MatrixForm=

1 o © © o0 o
@ T © ©01-To
e o 1 o o o
1-Te o T © o
e © 0 0 1 o
6 ©01-Te © T
Out[-]//MatrixForm=
6 0 0 0o 0o
T © 0 1-T 0 0
e 1 © o 09
0 0 T ©o o0
0 0 o0 1 00
©1-To o Tao
Out[«]=
1-T+T°

in[-]:= NRa,3 NAp,1,2 // NHa,bsc
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In[-]:= E(3,c}-{1,2,3} [9: TXx383+ (1-T) & +Xg & + X3 Ecs

1 2 2 1 2 1 2 1 2
1+ (tx1x3§3§c+tx2x3§3§C+E (-t+t?) §c+; (1-3t) x&2+— (1-31) x2§c+—x1x2§c]ﬁ+
0[1‘1]2/.t->T]

Out[«]=

E(3,c}5(1,2,3) {9, TX3&3+ (L-T) &+ X1 & + X2 Ecs
1+

2 2 1 2 1 2 1 2
Tx1x3§3§c+Tx2x3§3§c+E (-T+T1%) §C+£ (1-3T) X, & +— (1-3T) x2§c+fx1x2§c)h+
O[ﬁ]z]

in[-]:= NRa,3 // NBas1,2
Out[e]=

E(3,a}5(1,2,3) {9; TX3&E3+X1Ea+X2E8+ (1-T) X3 &,
1+

1 1
TX1X3§3§a+TX2X3§3§a+£X1X2§§+* (1-3T) xq X3 &2 +

N R

1
(1-3T) Xy %3 E2+ = (~T+T2) x§§§)ﬁ+0[h]2}
2

In[]:= NRy,3NRy 4 // Nig 3,3

NRy,3 // NRy 3
Out[e]=

E(1,2,3}5(1,2,3} [9: X181+ (1-T) X3 &1+ X2 &0 + (T - Tz) X3 &5+ T2 X3 &3,

1
1+(
2

1
Z@a-3m x1x3§§+E (-T+T) x5 &3+ (T-T) xy X3 &1 & +

B (T-37%) x2x3¢‘§+E (T T X+ TP xa X3 E1 &3+ TP Xa X3 &2 &3
Out[]=

)fuomﬂ
E{1,2,3}5(1,2,3) [0: X1 €1+ (1-T) Xx3&1+%X &0 + (T - TZ) X3 & + T2 X3 &3,

1
1+[
2

1
Z@-37m x1x3§i+£ (-T+T?) X3 &5+ (T-T?) xyx3 61 &0+

(T-3T%) xax3 &3+~ (-T+ T4 x§§§+T2x1x3§1§3+TZsz3§z§3)h+0[hﬂ
2 2
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Testing:
In[«]:= an,z
ﬁﬁig
Out[]=
E(1,2)5(1,2) [9; X1 €1+ (1-T) X2 &1+ T Xz 2,
1 , 1 2\ o2 2 2
1+ [f (1-3T) 3% &3+ — (-T+T?%) x2§1+Tx1x2§1§2J h+0[hA] ]
2 2
Out[«]=
(-1+T) x2 &1 X2 &
E{1,2}5(1,2} [0; X1 &1 + + s
T T
(1+T) xa%2 & (-1+T)x3& xix & & (1-T)x3& & 5
1+ . - . n+0[A] ]
2T 272 T T2
in[-]:= («xReidemeister 3 in two waysx)
(PRy,2 // NRy,3 // NRy3) =
(nNRz,3 // NRy,3 // NRy,2)
(NR1,2 NR4 3NR5. 6 // Ny 451 // NUz 5,5 // NU3 6,3) =
(NR1,6 NR2,3 NRy,5 // Nuy 4,1 // Nz 552 // N3 6,3)
Out[«]=
True
Out[«]=
True
in[-]:= («Reidemeister 2b in two waysx)
(PR1,2 R34 // N 351 // Ntz asz) = NIgnI;
(nR]_)z // ﬁl,z) = n11 nIz
Out[e]=
True
out[e]=
True

(xReidemeister 2c works with an almost trivial C...«x)

In[]:= (ﬁ1,4 NR3,> NCe // Nu,351 // Npaes2 // n#2,4-»2) =
nI; nC,
out[-]=
True
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mn[-]:= (xExplicit Figure eight knotx)
Z41 = nRg,; NRyg,3 NRs, s NR;,6 NC4 NC 5
Do[Z41 = 241 // nug, .1, {3, 2, 10}1;
Z41 // Factor

Out[«]=
T (T—T3)f1 ,
E{l}e{l}[@: X1 €15 - 5" 3 S— +0[h]
1-3T+T 1-6T+11T°-6T>+T

in[-]:= (*Kinks don't match well, so all four need to be consideredx)
{nKinkl;, nKinkr;, nKinkl;, nKinkr;}

Out[]=

1 2 2
{]E{l}a{l} {9, X1 €1, TI' +0[h] ]: E(1)5(1) [9: X1 &1, 1+0[A] ]:

E1ys [@; X1 €1, 1+0[f’1]2]; E1ys [9; X1 €1, T+0[7’1]2]}

in[-]:= RVK::usage =
"RVK[xs, rots] represents a Rotational Virtual Knot with a list of n Xp/Xm
crossings xs and a length 2n list of rotation numbers rots. Crossing
sites are indexed 1 through 2n, and rots[k] is the rotation
between site k-1 and site k. RVK is also a casting operator
converting to the RVK presentation from other knot presentations.";

im[-1:= RVK[pd_PD] := Module[{n, xs, x, rots, front = {0}, k},
n = Lengthepd; rots = Table[@, {2n}];
Xp[x[41, x[11] PositiveQ@x]
Xm[x[2], x[1]] True
For[k =0, k< 2n, ++k, If[k == @V FreeQ[front, -k],
front = Flatten@Replace[front, k » (xs /. {
Xplk+1, L_ ]| Xm[L_, k+1] > {L, k+1,1-1L},
Xp[l_, k+1] | Xm[k+1, L_] :» (++rots[L];
{1-L, k+1, L}),

]

xs = Cases [pd, X X {

Xp | _Xm:= {}
}s {1},
Cases[front, k| -k] /. {k, -k} > —--rots[k +1];

115
RVK[xs, rots] ];

RVK[K 1 := RVK[PD[K]];

mi-1:= rot[i_, @] :=nI;;
rot[i , n_ ] :=rot[i, n, $k];
rot[i_, n_, k_] := Module[{j},
rot[i, n, k] = If[n > @, rot[i, n-1] nC;, rot[i, n+1] nC;] // nui,i,:];
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in[-]:= Width[pd PD] :=
Max [Length /@ FoldList [Complement [#1 |J #2, #1 () #2] &, {}, Listeelisteee pd]]

in[-]:=  ThinPosition[K ] := Module[{todo, done, pd, c},

todo = List @@ PD@K; done = {}; pd =PD[];

While[todo =!= {},
AppendTo[pd, ¢ = RandomChoice@MaximalBy [todo, Length[doneListee #] &]];
todo = DeleteCases [todo, c];
done = done |JListeec];

pd1;

ThinPosition[K , n_] := First@MinimalBy[Table[ThinPosition[K], n], Width];

in[-1:=  Z[K_1 := Z[RVK@ThinPosition[K, 100]];
Z[rvk_RVK] := Monitor[Module[{Z, done, st, c, x, i, j, k, totrot = Total[rvk[2]]},
£ =1; done = {}; st =Range[2Length[rvk[1]]1]; $M = {};
Do [AppendTo[$M, c];
{i, j} = Listeec;
If[Head[c] === Xp, If[totrot <@, totrot++;
x = nKinkIg nR; ; // nuj e, totrot--;
x = NKinkre nR; 5 // Nujeu;]
If[totrot <@, totrot++;
x = nKinkle nRi j // nuj e, totrot--;
x = nKinkrg nR; 5 // nuj 0. ]
]
Do[x = (rot[@, rvk[2, k] x) // nue,ksks {k, {1, 3}}1;
C*=x;
Do[
If [MemberQ[done, k+1], £ =C8// npy, keasks st =st /. k+1-Kk];
If[MemberQ[done, k-1], & =& // NUstpr-17,kostpk-175 St =st /. k> stk -1]],
{ky {i, J}}1;
done = done J {i, j},
{c, rvk[1]}
[E
CF/e t
|, {Lengthes$M, $M} ]
D[Alexander [K] [T], T]

aTerm[K ] :=T
(Alexander [K][T])2

p1[K 1 :=Modu1e[{z =Z[K1[3], Al},Al=1/(z/.h->0);

-TAL® D[AL, T]
[Coe-F-Ficient[z, Al -T —]] // Factor

(T-1)2 A1?

Knot table. Note how p; matches precisely with the original p; from the Drinfeld
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In[«]:=

out[e]=

double.

Quiet@p; /@ AllKnots[{3, 8}] // Column

KnotTheory: Loading precomputed data in PD4Knots'.

1+T2
T
0
(147%) (2+T2427T%)
T3
5-4T+5T?
T
1-4T+T?
T
1-4T+4T2-4AT314T4-4 T+ T®
T3
0
(14T%) (3+2T2+4 14427543 T8)
TS
2 (7-8T+77?)
T
9-8T+16 T2-12T3+16 T*-8 T°+9 T°®
T3

8 (3-4T+37?)
T
9-16 T+29 T2-28 73129 T*-16 T>+9 T°
13
1-8T+19T2-20T3+19 T*-8 T°+T°
13

3-8T+3 T2
- T
5-16 T+5 T2
T
2-8T+10T2-12T3+13 T4-12T°+13 7°-12 77410 T8-8 7%+ 2 T?®
15

3-8 T+6 T>-4T3+6 T*-8T°+3T°
13
(1+7%) (2-8T+117>-12 72411 T*-12 T°+11T°-8 1742 T®
TS
5-20T+28T2-32T3428 T*-20 T°+5 T°®
TB
1-4T+10T2-12 T3+13 T*-12 T°+13 T°-12 T7+10 T2 -4 T°+ T
_ =
1-4T+12T2-16 T3+12 T*-4 T°+T®
T3

(1-T+72) 2 (14T47%) (1-3T+6T2-3T3+T*
T5
5-24T+39T2-44T3439 T*-24 T°+5 T®
T3

1-4T+14T2-20T3+14 T*-4 T°+T°
_ =

(-1+T)? (5-18 T+16 T>-18 T>+5 T%)

T3
(3-4T+37T%) (7-12T+17 T2-12 T3+7 T#)
T3
(1-T+T%) (1-5T+117%-12T2+12 T*-12 T>+11 T6-5 T7+T9)
TS

0
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0
(1+T%) (3+4T%437T6)
TS
4 (1-T4+7?)
T
1-8T+16 T>-20T3+16 T*-8 T°+T°
T3
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