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Observables in the Turaev-Viro and Crane-Yetter models
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J. Math. Phys. 48, 093508 (2007); http://dx.doi.org/10.1063/1.2759440

Abstract

We define an invariant of graphs embedded in a 3-manifold and a partition function for 2-complexes
embedded in a triangulated 4-manifold by specifying the values of variables in the Turaev-Viro and
Crane-yetter state-sum models. In the case of the three-dimensional invariant, we prove a duality
formula relating its Fourier transform to another invariant defined via the colored Jones polynomial. In
the case of the four-dimensional partition function, we give a formula for it in terms of a regular
neighborhood of the 2-complex and the signature of its complement. Some examples are computed
which show that the partition function determines an invariant which can detect non locally-flat surfaces
in a 4-manifold.
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Article outline:
I. INTRODUCTION II. CHAIN MAIL A. The chain-mail link B. The chain-mail invariant C. Invariance III.

 AND THE RELATIVISTIC INVARIANT A. Relativistic spin networks B. Graph diagrams to chain mail
C. Shadow world evaluation IV. GRAPHS IN 3-MANIFOLDS A. The graph invariants on manifolds B.
Proof of Theorem 1 C. Alternative representation D. Definition for arbitrary graph V. 4-MANIFOLDS A.
Proof of Theorem 2 B. Examples 1. Locally flat surfaces 2. Trivial labelling
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Invariants of Spin Networks Embedded in Three-Manifolds
Abstract
We study the invariants of spin networks embedded in a three-dimensional manifold which are based on the
path integral for SU(2) BF-Theory. These invariants appear naturally in Loop Quantum Gravity, and have
been defined as spin-foam state sums. By using the Chain-Mail technique, we give a more general definition
of these invariants, and show that the state-sum definition is a special case. This provides a rigorous proof that
the state-sum invariants of spin networks are topological invariants. We derive various results about the
BF-Theory spin network invariants, and we find a relation with the corresponding invariants defined from
Chern-Simons Theory, i.e. the Witten-Reshetikhin-Turaev invariants. We also prove that the BF-Theory spin
network invariants coincide with V. Turaev’s definition of invariants of coloured graphs embedded in
3-manifolds and thick surfaces, constructed by using shadow-world evaluations. Our framework therefore
provides a unified view of these invariants.
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Spin Foam Perturbation Theory for Three-Dimensional Quantum
Gravity
Abstract
We formulate the spin foam perturbation theory for three-dimensional Euclidean Quantum Gravity with a
cosmological constant. We analyse the perturbative expansion of the partition function in the dilute-gas limit
and we argue that the Baez conjecture stating that the number of possible distinct topological classes of
perturbative configurations is finite for the set of all triangulations of a manifold is not true. However, the
conjecture is true for a special class of triangulations which are based on subdivisions of certain 3-manifold
cubulations. In this case we calculate the partition function and show that the dilute-gas correction vanishes
for the simplest choice of the volume operator. By slightly modifying the dilute-gas limit, we obtain a
nonvanishing correction which is related to the second order perturbative correction. By assuming that the
dilute-gas limit coupling constant is a function of the cosmological constant, we obtain a value for the
partition function which is independent of the choice of the volume operator.
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Member of the Mathematical Physics Group, University of Lisbon.
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Abstract: We define the thin fundamental categorical group  of a based

smooth manifold  as the categorical group whose objects are rank-1

homotopy classes of based loops on  and whose morphisms are rank-2
homotopy classes of homotopies between based loops on . Here two maps are
rank-  homotopic, when the rank of the differential of the homotopy between them
equals . Let  be a Lie categorical group coming from a Lie crossed module

. We construct categorical holonomies, defined to be

smooth morphisms , by using a notion of categorical

connections, being a pair , where  is a connection 1-form on , a

principal  bundle over , and  is a 2-form on  with values in the Lie
algebra of , with the pair  satisfying suitable conditions. As a further

result, we are able to define Wilson spheres in this context.
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Categorifying the Knizhnik–Zamolodchikov connection
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Abstract
In the context of higher gauge theory, we construct a flat and fake flat 2-connection, in the configuration
space of n particles in the complex plane, categorifying the Knizhnik–Zamolodchikov connection. To this
end,  we define  the  differential  crossed module of  horizontal  2-chord  diagrams,  categorifying the Lie
algebra of horizontal chord diagrams in a set of n parallel copies of the interval. This therefore yields a
categorification of the 4-term relation. We carefully discuss the representation theory of differential crossed
modules in  chain-complexes of vector spaces,  which makes it  possible  to formulate the notion of an
infinitesimal 2-R matrix in a differential crossed module.

MSC
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representation
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Abstract
We address the (pointed) homotopy theory of 2-crossed modules (of groups), which are known to faithfully
represent Gray 3-groupoids, with a single object, and also connected homotopy 3-types. The homotopy
relation between 2-crossed module maps will be defined in a similar way to Cransʼ 1-transfors between
strict Gray functors, however being pointed, thus this corresponds to Bauesʼ homotopy relation between
quadratic  module  maps.  Despite  the  fact  that  this  homotopy  relation  between  2-crossed  module
morphisms is not, in general, an equivalence relation, we prove that if  and  are 2-crossed modules,
with the underlying group F   of  being free (in short  is free up to order one), then homotopy between
2-crossed module maps  yields, in this case, an equivalence relation. Furthermore, if  a  chosen
basis B is specified for F  , then we can define a 2-groupoid  of 2-crossed module maps

,  homotopies  connecting  them,  and 2-fold  homotopies  between  homotopies,  where the  latter
correspond to (pointed) Cransʼ 2-transfors between 1-transfors.

We define a partial resolution , for a 2-crossed module , whose underlying group is free, with a
canonical chosen basis, together with a projection map , defining isomorphisms at the
level of 2-crossed module homotopy groups. This resolution (which is part of a comonad) leads to a weaker
notion of homotopy (lax homotopy) between 2-crossed module maps, which we fully develop and describe.
In particular, given 2-crossed modules  and , there exists a 2-groupoid  of (strict)
2-crossed module maps , and their  lax homotopies and lax  2-fold  homotopies,  leading to  the
question of whether the category of 2-crossed modules and strict maps can be enriched over the monoidal
category Gray.

The associated notion of a (strict) 2-crossed module map  to be a lax homotopy equivalence has
the two-of-three property, and it is closed under retracts. This discussion leads to the issue of whether there
exists a model  category structure in the category of 2-crossed modules (and strict maps) where weak
equivalences correspond to lax homotopy equivalences, and any free up to order one 2-crossed module is
cofibrant.

MSC
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Peiffer lifting; Simplicial group
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