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Pensieve header: An implementation of the partial quadratic signature formalism for tangles; with
Jessica Liu.

230100 Def. Given a v.s. V, a Partial Quadratic (PQ) Q on V is
a symmetric bilinear form Q on a subspace D(Q) < V. For
U < D(Q), denote anng(U) = {ve D(Q) : Q(U,v) = 0}.

Def. Q1 + Q> is with D(Q1 + Q2) = D(Q1) N D(Q»).

Def. Given a linear : V — W and a PQ Q on W, the pullback is
(* Q) (vi,v2) = QWv1,¥v2) with D(y*Q) = ¢~ (D(Q)).

Def. Given ¢: V — W and a PQ Q on V the pushforward ¢, Q is
with D(¢.Q) = ¢(anng(D(Q) N kerg)) and (¢ Q) (w1, w2) =
Q(v1,v2), where v; are s.t. ¢(v;) = w; and Q(v;,rad Qlkerg) = 0.

Thm(?). y* and ¢, are well-defined and functorial, oL o
and if @/ = y//5, then y* o, = 6./B*. ¢* is addi- YV .7 {8
tive but ¢, isn’t. *5 e

Thm(?). Over R, given¢: V — W and PQs Qon V and C on W,
signy (Q + ¢*C) = signye 4(c* Q) + signy (C + ¢..0).

For a knot K and a complex unit w set u = R(w'/?), v = R(w), make an F x F
matrix A with contributions
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in[-1:= SetDirectory["C:\\drorbn\\AcademicPensieve\\People\\Liul"];
<< KnotTheory"

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

pdf
mi-1= Kas[X[1_, 7 , k , L 1] := I-F[PositiveQ@X[i, Js kR, L],
KaS[Per‘m[{‘i: j) k: 'L}]) PQ[SUbSPaCG[{y-i: yj: Yes y—L}J {y-i; yj: Yes y—L}]:
1 2 2 2 2
> (n_i+2un-inj+vr7j+2n-1-nk+2unjnk+nk+2un_m-L+2njn-L+2unkn-L+vn_L)”,
Kas[Per‘m[{—i, ‘j; k: L}]) PQ[SUbSPaCG[{y-j: Yes Yis y-i}: ‘[y-j; Yes Yis y—i}],
E 2 2 2 2
(-Vn_i—2un_in_j-n_j—2n_ink-2un_jnk-vnk-2un_im—2n_jm-2unkm—m)]]
pdf

in[-]:= CF[Subspace[{}, {©@...}]] := Subspace[{}, {}1;
CF [Subspace[vs_, {}]] := Subspace[Sort[vs], {}];
CF [Subspace[vs_, gens_]] := Module[{cvs = Sort[vs]},

Subspace[cvs,
DeleteCases [RowReduce [Table [Coefficient[g, v], {g, gens}, {v, cvs}]].cvs, O]

11

in[-]:= CF[Subspace[{y, Z, X, W}, {X+Y, X-Y+Z, X+2y+W}]]

Out[e]=

Subspace| {w, X, Yy, z}, {w+§, X*z’ ysz
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pdf

mi)- Eval[Q_, v_, w_] :=Expand[Qvw] //. {ni yi »1,n% y: »2} /. (n|y) -0;
Eval[¢ , v_] :=Expand[g V] /. {ni; y: »1, n%_ yi =20} /.y_-0;

Inf]:= Eval[uni+Vn1n2, y1+y2]

Out[e]=
2U7’]1+V7’]1+V7’]2

imi-1- Eval[Eval[unf+vnina, Y], Y1 +Ya]
Out[«]=
2u+v

inl-J= Eval[uni + Vnima, Y1+ Y2, Vi)
Out[«]=
2u+vVv

pdf

in[-1:=  Pivot[v_Plus] := v[1]; Pivot[v_ ] :=v;
yi i=mni; ni :=yi; (vs_List)* := Table[v*, {v, vs}];

in[-]:=  CF[PQ[sub_Subspace, Q_]] := Module[ {csub, cvs, cgens},
{cvs, cgens} = List @@ (csub = CF[sub]) ;
PQ[csub, Sum[Eval[Q, v, w] Pivot[v]* Pivot[w]* /2, {v, cgens}, {w, cgens}]]
1

ini-1- CF[PQ[Subspace[{y1, Y25 ¥3}s {y1+2Y¥3, Y2+3y3}], n3]]
Out[]=
PQ[Subspace[{y1, Y2, Y3}, {y1+2Y¥3, Y2 +3y3}], 4ni+12n1n2+9n3]

In[«]:= EVal[T];, y1+2y3, y2+3y3]
Out[«]=
12

o= Eval[4n}+12n1ny+9n3, y1+2Ys, Y2 +3ys]

Out[]=
12

o= Eval[ani+12nimy+ 903, Y1, V2]

Out[e]=

12

in[-]:= Eval[12n1n2, Y1, Y21
Out[~]=
12
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pdf

in[-1:= Perp[Subsp ] := Module[{pp, cvs, cgens},
{cvs, cgens} = List @@ CF@Subsp;
pp = Complement [cvs, Pivot /@ cgens]™*;
CF@Subspace[cvs®,
Table[p - Sum[Coefficient[g, p*] Pivot[g]*, {g, cgens}], {p, pPp}]

]

in[-]:- Perp@Subspace[{yi, Y2, Y3}, {¥1-Y2}]
Out[«]=
Subspace[{n1, N2, N3}, {1+ 12, N3}]

inl-]:= Perp@Perp@Subspace[{yi1, Y2, Y3}, {y1-Y2}]

Out[~]=
Subspace[{y1, Y2, ¥3}, {Yy1-Y2}]
pdf
inf-]:=  Id[vs_] :=LT[vs, vs, Table[v > v, {v, vs}]]
inf-1:= Id[{y1, Y2}1]
Out[~]=
LT[ {y1, Y235 (Y15 Y2}5 {Y1 > Y15 Y2 > Y2} ]
pdf

in[-]:= LT[dom_, ran_, rs_]*[Subspace[ran_, gens_]] := Perp@CF@Subspace[dom*, Table[
Sum[Eval[p, v /. rs] v*, {v, dom}],
{p, Perp[Subspace[ran, gens]][2]}
11

inf-]:= LT[{Y-15 ¥Y-25 Y-3}» {¥1> Y25 Y3} {¥-1 2 ¥1+2Y3, Y 2> 2Y,-Y3, Y3 Y3}]1"[
Subspace[{y1, Y25 Y3}, {Y1-Y2} 1]

out[-]=
Subspace|{y 3, Y2, Y1}, JL)L3 + 2 2%1}]
5 5
pdf
in[-]:=  LT[dom_, ran_, rs_],[Subspace[dom_, gens_]] := CF@Subspace[ran, gens /. rs]

1= LT[{Y15 Y25 Y3}s {¥Y1s Y2}s {¥1 - 0, Y2 > Y1, ¥3 - Y2} 1, [Subspace[{y1, Y2, Y3} {¥1s ¥3}1]
Out[~]=
Subspace[{y1, Y2}, {Y2}]

in[-]:= LT[dom_, ran_, rs_1*[PQ[sub_, Q 1] := CF@PQ[
LT [dom, ran, rs]* [sub],
Sum[Eval[Q, vl /. rs, v2 /. rs] v1*v2* /2, {vl, dom}, {v2, dom}]
1
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In[«]:=

Out[«]=

In[«]:=

Out[]=

In[«]:=

Out[e]=

In[«]:=

Out[«]=

In[«]:=

In[«]:=

Out[e]=

In[«]:=
Out[«]=

pdf

In[«]:=

In[«]:=

out[e]=

2023-03-07 20:56:45

Id[{y1, Y25 ¥3}1*[PQ[Subspace[{y1, Y2, ¥3}s {y1+2Y3, Y2+3y3}], 4nj+12n1my+973]]

PQ[Subspace[{y1, Y2, Y3}, {y1+2Y¥3, Y2+3y3}], 4ni+12n1m2+9n3]

LT{Y-15 Y-25 ¥-3}5 {¥15 Y25 ¥3}s {¥-1 > Y1 +2¥3, Y2 > 2Y2-Y3, Y3 > Y3} 17|
PQ[Subspace [{y1, Y25 Y3}s {Y1+2Y3, Y2+3Y3}], 4ni+12n1m +9 73] ]

Y2 3617 24
PQ[Subspace [ (Y3, Y2, ¥l {yfs + yle s +—nNa3na+4 7’]%1}
7 49 7
36n%; 24 Y2 y-2
Eval[ +—TI_3T]_1+4T731:Y-3+_J y—3+_]
49 7 7 7
72
49

Eva1[4n§+1zr71 N2 +9n2,
Y2

y-3+7 /e {Yy-1>Y1+2Y3, Y 2>2Y2-Y3, Y3 Y3},
y-2

y_3+7 /e {Yy1>Y1+2Y3, Y 2>2Y,-Y3, y_3->y3}]

72

49

Subspace /: Subspace[vs_, genis_] +Subspace[vs_, gen2s ] :=
CF@Subspace[vs, genls |Jgen2s]
Subspace /: subl_Subspace () sub2_Subspace := Perp[Perp[subl] + Perp[sub2]]

Subspace[{yi1, Y2, Y3}, {y1+2Yy3}] + Subspace[{y1, ¥2, Y3}, {3Y3}]
Subspace[{y1, Y2, Y3}, {¥1, Y3} ]
Subspace[{yi1, Y2, Y3}, {y1+2Yys}] [\ Subspace[{y1, Y2, Y3}, {2V¥3, Y1}]
Subspace[{y1, Y2, Y3}, {Y1+2Y¥3}]

Subspace /: v_ € Subspace[vs , gens ] :=

(Subspace[vs, gens] ()Subspace[vs, {v}])[2] =!= {}

ys € Subspace[{y1, Y2, Y3}, {y1+2Y3}]

False
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In[-]:= Y3 € Subspace[{y1, Y25 ¥3}, {¥Y1+2Y¥3, Y1+Y3}]
Out[e]=
True

pdf

In[]:= ANNpg[p subspace,o ] [Subspace[vs_, gens_]1] :=
2 (N Perp@Subspace[vs*, Table[Eval[Q, g], {8, gens}]]

/-]~ ANNpg[subspace [ {y1,ys,ys}, (y1+2 ys,¥2+3ys}1,4 n2+l2 ny nps9 n2] [SUbSpace[{yi, y2, y3}, {y1+2ys}]]

Out[e]=

Subspace | {y1, Y2, Y3}, {Y1_ :yzH

2y,
In[-]:= Y1 = T € Subspace[{y1, Y25 ¥3}, {Y1+2Y¥3, Y2 +3Y3}]

out[e]=
True

2 2 2y2
Inf«]:= Em1[4n1+12n1n2+9nv y1——§—, y1+2y4

Out[]=

i[-]:= Ker[LT[{}, _, _1] := Subspace[{}, {}1;
Ker[LT[dom_, {}, _1] := Subspace[dom, dom] ;
Ker[LT[dom_, ran_, rs_]] := Module[{ns},
ns = NullSpace[Table[Coefficient[d /. rs, r], {r, ran}, {d, dom}1];
If[Lengthens > @, CF@Subspace [dom, ns.dom], Subspace[dom, {}]]

]

in[-]:= Ker[LT[{Y_1, Y-25 Y-3}5 {Y15 Y25 Y3}, {Y-12>Y1+2Y¥3, Y 2>2Y2-Y3, Y.3>Y3}]]

Out[-]=
SUbSPaCE[{Y—l) Y2, y—3}) {}]

in[-]:= Ker[LT[{Y_15 ¥Y-25 ¥-3}5 {Y1s Y25 ¥3}5 {Y-1 2 Y1+2Y¥3, Y2 = -Y¥3, Y3 > Y3}]]

Out[e]=
Subspace[{y_3, Y2, ¥Y-1}, {¥Y-3+Y_2}]

Section[LT[dom_, ran, rs_]]

Section[LT[Subspace[ 1, ran, rs_]1
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