
Def. Given a v.s. V , a Partial Quadratic (PQ) Q on V is a sym-
metric bilinear form Q on a subspaceD(Q) ⊂ V . For U ⊂ D(Q),
denote annQ(U) B {v ∈ D(Q) : Q(U, v) = 0}.
Def. Q1 + Q2 is withD(Q1 + Q2) = D(Q1) ∩D(Q2).
Def. Given a linear ψ : V → W and a PQ Q on W, the pullback is
(ψ∗Q)(v1, v2) = Q(ψv1, ψv2) withD(ψ∗Q) = ϕ−1(D(Q)).
Def. Given ϕ : V → W and a PQ Q on V the pushforward ϕ∗Q
is with D(ϕ∗Q) = ϕ(annQ(D(Q) ∩ ker ϕ)) and (ϕ∗Q)(w1,w2) =
Q(v1, v2), where vi are s.t. ϕ(vi) = wi and Q(vi, rad Q|ker ϕ) = 0.
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Thm(?). ψ∗ and ϕ∗ are well-defined and functorial,
and if α�β = γ�δ, then γ∗�α∗ = δ∗�β∗. ψ∗ is additive
but ϕ∗ isn’t.
Thm(?). Over R, given ϕ : V → W and PQs Q on V and C on W,

signV (Q + ϕ∗C) = signker ϕ(ι∗Q) + signW(C + ϕ∗Q).

Kas[X[i_, j_, k_, l_]] :=

IfPositiveQ@X[i, j, k, l],

KasPerm[{-i, j, k, -l}],
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KasPerm[{-i, -j, k, l}],

PQSubspace[{y-j, yk, yl, y-i},

{y-j, yk, yl, y-i}],
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CF[Subspace[{}, {0 ...}]] := Subspace[{}, {}];

CF[Subspace[vs_, {}]] := Subspace[Sort[vs], {}];

CF[Subspace[vs_, gens_]] :=

Module[{cvs = Sort[vs]},

Subspace[cvs,

DeleteCases[

RowReduce[Table[Coefficient[g, v],

{g, gens}, {v, cvs}]].cvs, 0]

]]

Eval[Q_, v_, w_] :=

Expand[Q v w] //. ηi_ yi_  1, ηi_
2 yi_

2
 2 /.

(η y)_  0;

Eval[ϕ_, v_] :=

Expand[ϕ v] /. ηi_ yi_  1, ηi_
2 yi_  2 ηi /.

y_  0;

Pivot[v_Plus] := v〚1〛; Pivot[v_] := v;

yi_
* := ηi; ηi_

* := yi;

(vs_List)* := Table[v*, {v, vs}];

CF[PQ[sub_Subspace, Q_]] :=

Module[{csub, cvs, cgens},

{cvs, cgens} = List @@ (csub = CF[sub]);

PQ[csub, Sum[Eval[Q, v, w] Pivot[v]* Pivot[w]*
/2,

{v, cgens}, {w, cgens}]]

]

Perp[Subsp_] := Module[{pp, cvs, cgens},

{cvs, cgens} = List @@ CF@Subsp;

pp = Complement[cvs, Pivot /@ cgens]*;

CF@Subspace[cvs*,

Table[p - Sum[Coefficient[g, p*] Pivot[g]*,

{g, cgens}], {p, pp}]

]

]

Id[vs_] := LT[vs, vs, Table[v  v, {v, vs}]]

LT[dom_, ran_, rs_]*
[Subspace[ran_, gens_]] :=

Perp@CF@Subspace[dom*, Table[

Sum[Eval[p, v /. rs] v*, {v, dom}],

{p, Perp[Subspace[ran, gens]]〚2〛}

]]

LT[dom_, ran_, rs_]*[Subspace[dom_, gens_]] :=

CF@Subspace[ran, gens /. rs]

LT[dom_, ran_, rs_]*
[PQ[sub_, Q_]] := CF@PQ[

LT[dom, ran, rs]*
[sub],

Sum[Eval[Q, v1 /. rs, v2 /. rs] v1* v2* /2,

{v1, dom}, {v2, dom}]

]

Subspace /: Subspace[vs_, gen1s_] +

Subspace[vs_, gen2s_] :=

CF@Subspace[vs, gen1s ⋃ gen2s]

Subspace /: sub1_Subspace ⋂ sub2_Subspace :=

Perp[Perp[sub1] + Perp[sub2]]

Subspace /: v_ ∈ Subspace[vs_, gens_] :=

(Subspace[vs, gens] ⋂ Subspace[vs, {v}])〚2〛 =!=

{}

AnnPQ[_Subspace,Q_][Subspace[vs_, gens_]] :=

 ⋂

Perp@Subspace[vs*, Table[Eval[Q, g], {g, gens}]]

Ker[LT[{}, _, _]] := Subspace[{}, {}];

Ker[LT[dom_, {}, _]] := Subspace[dom, dom];

Ker[LT[dom_, ran_, rs_]] := Module[{ns},

ns = NullSpace[Table[Coefficient[d /. rs, r],

{r, ran}, {d, dom}]];

If[Length@ns > 0, CF@Subspace[dom, ns.dom],

Subspace[dom, {}]]

]

Section[LT[dom_, ran, rs_]]

Section[LT[Subspace[___], ran, rs_]]


