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Pensieve header: Solving for V alone (with Kuno). Continues pensieve://Projects/WKOA4.

SetDirectory["C:\\drorbn\\AcademicPensieve\\People\\Kuno"];
<< FreelLie.m;

FreeLie™ implements / extends
{*, +, **, $SeriesShowDegree, (), f, =, ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,
AllWords, Arbitrator, AS, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop,
cw, CW, CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE,
Exp, Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,
t, tb, TopBracketForm, tr, UndeterminedCoefficients, oMap, T, ¢, A, 0, A, —, A}.

FreeLie® 1is in the public domain. Dror Bar-Natan is committed

to support it within reason until July 15, 2022. This is version 150814.
X = LWe"x"; y = Lhe"y";
bch = BCH[X, y]

Xy 1 — 1
LS| X +y, —, — XXy +— XYV,
2 12 12

bche5

1 — 1 — 1 ——— 1 = e 1 —
- XX XXY + — XX XYY + —— XXY Xy+— X XYYy Yy+— XYy Xyy —-— XYyyyy

720 180 360 180 120 720
bche5 // ¢

1 1 1
-—— AW[X, X, X, X, Y] + —— AW[X, X, X, ¥, X] + — AW[X, X, X, ¥, Y] -

720 180 180

1 1 1

DR AW[X, X, Y, X, X} - AW[X, X, ¥y X, )/J - AW[X) X, ¥, ¥, X} +

120 120 120

1 1 1 1

— AW[X, X, ¥, Y, Y] + —— AW[X, ¥y, X, X, X] = —— AW[X, ¥, X, X, Y] + — AW[X, ¥, X, ¥, X] -
180 180 120 30

1 1 1 1

7AW[X1 Y X5 ¥, YinAW[X; Y Y5 X, X}*iAW[XJ Yo Y5 X, YJ+7AW[X; Yo ¥s Y, X] -
120 120 120 180

1 1 1 1

7AW[X) Y, ¥ ¥, y}_iAw[y; X, X, X, X}+7AW[y, X, X, X, YJ—iAW[y, X, X5 ¥, X}_
720 720 180 120

1 1 1 1

— AWLY, X, X, Y, Y] - —— AW[Y, X, ¥, X, X] + — AW[Y, X, ¥, X, Y] - —— AW[Y, X, ¥, ¥, X] +
120 120 30 120

1 1 1 1

7AW[)/; X, ¥, Y, YJ+7AW[Y; Y, X, X, X}*iAw[y) Y, X, X, )ﬂ*iAW[y, Y, X, ¥, X}*
180 180 120 120

1 1 1 1

7AW[Y; Y X5 ¥, YJ+7AW[Y; Y ¥ X, X}+7AW[)/; Y, ¥ X, YJ—iAW[y, Y, ¥, ¥, X}
120 180 180 720

t = FreeLie Private ' t;

t[Xx, bch]e@ {6}

AW[Y] 1 1 1
s —— AW[X, y] + — AW[y, x] + — AW[y, ¥],
2 6 12 12
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1 1 1 1 1
N AW[y, X, YJ - AW[y, Y, X}, DA AW[X, X, X, y] - AW[X, X5y, XJ - AW[X, X, Y, y] +
12 24 180 120 120
1 1 1 1
7AW[X, Y, X, X]+7AN[X1 Y, X, y]_iAW[X) Y, Y, X}+7AW[X, Y, Y, Y]—
180 30 120 180
1 1 1 1
- AW[y, X, X, X] - AW[y, X, X, )” - AW[y, X, Y, X] - AW[y, X, Y, )/] +
720 120 120 120
1 1 1 1
A AW[y, Y5 X, X] - Aw[)’: Y X, yJ + AW[y, Y, Y, X] - AW[y, Y, Y, )’},
180 120 180 720
1 1 1
- AW[)’; X, X, X, Y] + AW[Y; X, X, Y, X] + AWD’) X, X, Y, Y] -
360 240 240
1 1 1
- AW[y, X, Y, X, X] - AW[y, X5 Y, X, )/] + AW[YJ X, Y, Y, X1 -
360 60 240
1 ALY, Y, X, X, x] 1 1
— AW[Y, X, ¥, ¥, Y] + +—— AW[Y, ¥, X, X, Y] + — AW[y, ¥, X, ¥, X] +
360 1440 240 240
1 1 1 AWLY, ¥, ¥, Y, X]
7AW[Y; Y, X, Y, Y]—iAWD’; Y ¥, X, X]_iAw[y) Y, ¥, X, Y]+
240 360 360 1440
AWX, X, X, X, X, Y] AW[X, X, X, X, ¥, X]  AW[X, X, X, X, ¥, Y] AW[X, X, X, ¥, X, X]
— + + — —
5040 2016 2016 1512
1 AW X, X, X, Ys Y, X] AW[X, X, X, Ys Y5 Y]
— AW[X, X, X, ¥, X, Y] - - +
630 5040 1512
AW[X, X, ¥, X, X, X] 1 1
+ AN[X, X, Y, X, X, )/] + AW[X) X, Y, X5 ¥, X] +
2016 840 840
1 ANX, X, ¥, ¥ X, X] 1
— AW[X, X, ¥, X, ¥, Y] - +—— AW[X, X, ¥, ¥, X, Y] -
840 5040 840
AW[x, X, Ys Y5 Y5 X] AW[X, X, Y Y5 Y5 Yl AW[x, Vs X5 X, X, X] 1
+ - -—— AW[X, ¥, X, X, X, Y] +
5040 2016 5040 630
1 1 1
— AW[X, ¥, X, X, ¥V, X] + — AW[X, ¥V, X, X, ¥, Y] - — AW[X, ¥, X, ¥, X, X] -
840 840 630
1 1 1
— AW[X, ¥, X, ¥, X, Y] + —— AW[X, ¥, X, ¥, ¥, X] - —— AW[X, ¥, X, ¥, ¥, Y] +
140 840 630
AW[X, ¥, ¥s X, X, X] 1 1
+ AW[X, Y, ¥y X, X, Y] + AW[X, Y, Y5 X, ¥, X] +
2016 840 840
1 AW[X, Y, ¥, Y5 X, X] 1
— AW[X, ¥, ¥ X, ¥, Y] - - AW[X, Y, Y, Y, X, Y]+
840 1512 630
AW[X, Y> Y5 Y5 ¥s X] AW[X: Yy ¥ Y5 Y5 Y] AW[y, X, X, X, X, X] AW[y, Xy Xy Xy X, Y]
_ + + _
2016 5040 30240 2016
AW[y, Xy Xy X5 Y, X] AW[y, X5 X, X, Y, Y] AW[y, X, X, ¥, X, X] 1
- - +7AWD’) X, X, Y, X, Y]*
5040 5040 5040 840
AWTY, X, X, ¥, ¥, X AW[Y, X, X, ¥, ¥, Y] AW[Y, X, ¥, X, X, X] 1
- + +7AW[y, X, Y5 X, X, YJ+
1120 5040 2016 840
1 1 AWLY, X, ¥, Y5 X, X]
— AW[Y, X, ¥, X, ¥, X] + —— AW[Y, X, ¥, X, ¥, Y] - +
840 840 5040
1 AW[y, X5 Y5 Y5 Ys X] /-\W[y, X ¥, Y5 Y, Y] AW[y, Y5 X5 X, X, X]
- AW[)’, X5, Y5 Y5 X, YJ - + - -
840 5040 2016 5040

http://drorbn.net/AcademicPensieve/People/Kuno/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: People: Kuno: V-Alone_Solution.nb 2023-09-28 20:29:35

Aw[yJ y) XJ X’ XJ y] Aw[yJ y) XJ XJ y) X] Aw[yJ yJ X’ XJ y) y} Aw[y’ yJ XJ yJ XJ X]

- - - +
5040 1120 1120 5040
1 AWLY, Y, X, ¥, Y, X] AWLY, ¥, X, Y, Y, Y]
7AW[y: Yo X5 ¥, X, YJ— - +
840 1120 5040
AWLY, ¥, Y, X, X, X] AWLY, ¥, ¥5 X, X, Y] AWLY, ¥, Y5 X, Y, X] AWLY, ¥, Y, X, Y, Y]
- - - +
3780 5040 5040 5040
AWTY, ¥, ¥5 ¥s X5 X AW[Y, Y, Y5 ¥y X, Y] AW[Y, ¥, Y5 Y5 Y XTI AW[Y, ¥, ¥, ¥, Y, Y]
+ - +
3780 2016 5040 30240

m[-]:= {A=LS[{x, y}, As], B=LS[{x, y}, Bsl};
As[x] = 1/2; Bs[y] =0;
msgs = SeriesSolve[{A, B}, a! (b[LWex, A] +b[LWey, B] = Lsgel)|;
Timing[A@19;]
Length[Last[#]] & /@ Read[msgs]

SeriesSolve: In degree 1 arbitrarily setting {As[x] -» 0, As[y] - O, Bs[y] - O}.
SeriesSolve: In degree 3 arbitrarily setting {As[x, y, y] - O}.
SeriesSolve: In degree 5 arbitrarily setting {As[x, X, y, X, y] = 0, Bs[x, X, X, y, y] = 0, Bs[x, X, y, Y, y] » 0}.

General: Further output of SeriesSolve:ArbitrarilySetting will be suppressed during this calculation.

Out[e]=
(0.5, Null)

Out[«]=
(3,0,1,0, 3,0, 6, 4, 13, 12}

in[-]:= Timing [A@15;]
Length[Last[#]] & /@ Read[msgs]

SeriesSolve: In degree 11 arbitrarily setting {As[X, X, X, X, X, X, X, X, X, Y, <155] » 0, As[X, X, X, X, X, X, X, X, ¥, Y, <1>5] = 0, As[X, X, X, X, X,
XXV Y Y, <<155] 5 0, As[X, X, X, X, X, X, Y, X, X, Y, <1>>] 5 0, As[x, X, X, <55, y,y, «1>] 5 0, <1>, «<1> - 0, As[x, X, X, X, X,
Vo X ¥ X Y, <1551 5 0, AS[X, X, X, X, X, Vo X, Vo Y, Y, <155 5 0, AS[X, X, X, X, X, V., Y, Y, V. Y, < 155] - 0, «<27>5}.

SeriesSolve: In degree 12 arbitrarily setting {As[x, X, X, X, X, X, X, X, ¥, X, «<2>>] - 0, As[X, X, X, X, X, X, X, ¥, X, Y, <2>>] = 0, As[X, X, X, X, X,
X VX X Y, <235] 5 0, AS[X, X, X, X, X, X, Y, X, ¥, ¥, <2>>] - 0, As[, X, X, <55, X, y, «2>] - 0, < 1>, <15 - 0, As[X, X, X, X, X,
Vo X VX Y, <2515 0, AS[X, X, X, X, X, V. X, Y, Y, Y, <<25] 5 0, AS[X, X, X, X, X, V. Y, X, Y, Y, <2>] - 0, <30},

SeriesSolve: In degree 13 arbitrarily setting {As[x, X, X, X, X, X, X, X, X, X, <<3>>] = 0, As[X, X, X, X, X, X, X, X, X, X, <<3>>] - 0, As[X, X, X, X, X,
X X X, X, Y, <35>] > 0, AS[X, X, X, X, X, X, X, X, Y, X, «<3>>] = 0, As[X, X, X, <55, y, X, «3>] 5> 0, <1>, «<1> - 0, As[x, X, X, X, X,
X X Y, X Y, «<35] - 0, AS[X, X, X, X, X, X, X, Y, X, Y, «<3>>] - 0, As[X, X, X, X, X, X, X, ¥, Y, ¥, <3>] » 0, «<89>}.

General: Further output of SeriesSolve::ArbitrarilySetting will be suppressed during this calculation.

Out[e]=
(197.516, Null}

outfe]=
{3,0,1,0,3,0,6,4, 13, 12, 37, 40, 99, 140, 284}
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in[-]:= Timing [A@16; ]
Length[Last[#]] & /@ Read[msgs]

SeriesSolve: In degree 16 arbitrarily setting {As[x, X, X, X, X, X, X, X, X, X, <6>>] = 0, As[X, X, X, X, X, X, X, X, X, X, <6>>] = 0, As[x, X, X, X, X,
X X, X, X X, <635>] » 0, AS[X, X, X, X, X, X, X, X, X, X, <6>>] > 0, <35>, As[X, X, X, X, X, X, X, X, X, Y, <6>>] - 0, As[X, X, X, X, X, X, X, X,
X Y, <65>] - 0, As[X, X, X, X, X, X, X, X, X, ¥, «<6>>] » 0, <440>>}.
Out[]=

(449.703, Null}

Out[e]=

{3,90,1,0, 3,0,6, 4, 13, 12, 37, 40, 99, 140, 284, 450}

in[-]:= Timing [A@17;]
Length[Last[#]] & /@ Read[msgs]

SeriesSolve: In degree 17 arbitrarily setting {As[x, X, X, X, X, X, X, X, X, X, <7>>] = 0, As[X, X, X, X, X, X, X, X, X, X, <7>>] = 0, As[x, X, X, X, X,
X, X, X, X, X, <7>] = 0, As[X, X, X, X, X, X, X, X, X, X, <7>] = 0, <35>, As[X, X, X, X, X, X, X, X, X, X, <7>] = 0, As[X, X, X, X, X, X, X, X,
X, X, <«<7>>] > 0, As[X, X, X, X, X, X, X, X, X, X, <7>] - 0, «<878>>}.
Out[«]=

{1621.8, Null}

Out[«]=
{3,0,1,0,3,0,6, 4, 13, 12, 37, 40, 99, 140, 284, 450, 888}

in[-1:= Timing [A@18;]
Length[Last[#]] & /@ Read[msgs]

SeriesSolve: In degree 18 arbitrarily setting {As[x, X, X, X, X, X, X, X, X, X, <8>>] = 0, As[X, X, X, X, X, X, X, X, X, X, <8>>] » 0, As[X, X, X, X, X,
X, X, X, X, X, <8>] =5 0, As[X, X, X, X, X, X, X, X, X, X, <8>] = 0, As[X, X, X, <55, X, X, «8>] 5 0, < 1>, < 1>, As[X, X, X, X, X, X, X,
X, X, X, «<8>] - 0, As[X, X, X, X, X, X, X, X, X, X, <8>>] = 0, As[X, X, X, X, X, X, X, X, X, X, <8>] » 0, «<1460>>}.
outfe]=

(8009., Null}

out[e]=
(3,0,1,0,3,0,6,4, 13, 12, 37, 40, 99, 140, 284, 450, 888, 1470)

in[-1:= tab = Table[Length@AllLyndonWords [k, {x, y}1, {k, 18}]
outfe]=
{2, 1, 2, 3, 6,9, 18, 30, 56, 99, 186, 335, 630, 1161, 2182, 4080, 7710, 14532}

in[-]:= 2 tab - RotateLeft[tab]
Out[]=
{3,0,1, 0, 3,0, 6, 4, 13, 12, 37, 40, 99, 140, 284, 450, 888, 29062}

in[-]:= Timing [A@19;]
Length[Last[#]] & /@ Read[msgs]
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