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Pensieve Header: Trying to remember how FreeLie works....

Preliminaries

in[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\People\\Kuno"];
<< FreeLie.m

FreeLie® implements / extends
{*, +, **, $SeriesShowDegree, (), j, =, ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,
AllWords, Arbitrator, AS, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop,
cw, CW, CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE,
Exp, Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,
t, tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, T', ¢, A, O, A, —, ,\}.

FreeLie® is in the public domain. Dror Bar-Natan is committed

to support it within reason until July 15, 2022. This is version 150814.

in[-]:= AllLyndonWords [3, {x, y}] // FullForm

Out[+]//FullForm=
List[LW[x, x, y], LW[X, ¥, ¥]]

mn[-]:= t1 = Total [AllLyndonWords [3, {X, y}1]

out[e]=

XXy + Xyy

nl]- t2 = LS[t1]

Out[«]=
LS|09, 0, XXy + XYY, ...
In[«]:= t2[6]
Out[e]=
0

in[-1:= t2 // FullForm
Out[+]//FullForm=
LieSeries[LieSeries$13]

in[-]-= LieSeries[t1]

$RecursionLimit: Recursion depth of 4096 exceeded.

1

in[-]:= LieSeries$13[3] // FullForm

Out[+]//FullForm=
Plus[LW[x, X, ¥], LW[X, ¥, ¥]]

Out[e]=
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mn[-]:= Rs[a_, b_] := Es[{(a > LS[@], b - LS[LW@a]), CWS[O]];
a=LS[{x, y}, as]; B=LS[{x, y}, Bs]; ¥y = CWS[{x, ¥y}, ¥s];
V=Es[{(x>a, Y- B), ¥];
Kk =CWS[{x}, xs]; Cap = ES[(x > LS[0O]), x];
R4EQn = V x* (Rs[x, z] // dA[X, X, Y]) = Rs[y, z] **Rs[x, z] *»V ;
UnitarityEqn = (V% (V // dA[x] // dA[y]) = ES[(x - LS[@], y - LS[@]), CWS[@]]);
CapEgn = ((V*x (Cap // dA[X, X, y]) // dc[x] // dc[y]) =

(Cap * (Cap // do[x, y]) // dc[x] // dc[y]));

Bs[x] = 1/2; Bs[y] =0;
SeriesSolve[{a, B, ¥, x}, (h™*R4Eqn) & UnitarityEqn && CapEqn];
{V, x}

SeriesSolve: In degree 1 arbitrarily setting {ks[x] - 0}.

SeriesSolve: In degree 3 arbitrarily setting {as[x, y, y] -» 0}.

Out[e]=

Xy X Xy Xy
{Est»Ls{e, 27 e, }, y»LS{—, -27 o, ]>, cws{e, -2 e, H,
24 2 12 48
XX
cws[e,f—,e, ]}
96
in[-1:=  logF = V[1] // do[{X, Y} » {y, X}1]
logFe {4}
Out[«]=
Yy Xy xy
<x»LS[—, ~2 o, }, y»LS{@, ~7 o, H
2 12 24
Out[«]=
Y Xy 1 — 1 T ——= Xyyy
<x+LS[—,—,0,——xxxy +—— X XYYy - ]
2 12 720 720 5760
Xy XXXy 7XXyy 7Xyyy
y-isle, —, e, - N - H
24 1440 5760 5760
in[-]:= AWEXpy; [£_ ] := Module[{t =AW[]},
AW[] +Sum[t = Expand[t ** £ / k] /. a_AW /; Length[a] >d > 0, {k, d}]
1
Testing
In[«]:= d=4
out[e]=
4
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in[-]:= 1hs = Sum[AW, @@ Table[x, k] / k!, {k, @, d}] // FA[X > X +Y]

Out[e]=

1 1 1
AWg [T +AWg [X] + AW1 [y] + — AWg [X, X] + — AWy [X, Y] + — AWy [y, X] +
2 2 2

1 1 1 1
AW1 [y, Y] + — AWy [X, X, X] + — AWy [X, X, Y] + — AWy [X, Y, X] + — AW [X, Y, Y] +
6 6 6 6
1 1 1
AW [y, X, X] + g AWy [y, X, y] + g AWy [y, ¥y, X] + A AWy [y, ¥y, y] +

(=

R, N

1 1 1
AWp [X, X, X, X] + — AWy [X, X, X, Y] + — AWp [X, X, ¥, X] + — AW [X, X, Y, Y] +
24 24 24
1 1 1
— AW]_[X, Y, X, X} + — AWl[X, Y, X, y} +— Awl[x) Yy, Y, X} +— Awl[x) Yy, Y, y} +
24 24 24 24
1 1 1 1
- Awl[y) X, X, X} + Awl[y) X, X, y} +— Awl[)/; X, Y, X} + — AW1[Y; X, Y, y} +
24 24 24 24
1 1 1 1

— AW1[Y, Y, X, X] +— AW1[Y, Y, X, Y]+ — AW1[Y, Y, ¥, X] + — AW1[Y, Y, ¥, Y]
24 24 24 24

Hﬁ\l—to‘

/1= rhsl = AWEXpy[Plus @@ . [Ad[x /. logF[1]] [LN@x]]@{d}] /. AW - AW,

Out[«]=

1 1 1 1
AWg [T + AWg [X] + E AW [X, X] - ; AWy [X, Y] + E AWy [y, X] + g AW [X, X, X] -

1 1 1
AWi [X, X, y] + g AW; [X, y, X] + g AWy [X, Yy, y] + g AW [y, X, X] -

1 1 1
AW1[Y; X, Y] + = AW1[Y: Y, X] + Awl [X) X, X, X] - Awl[X, X, X, y} +
8 24 8

= DR, Wk

1 1 1

— AW [X, X, Y, X+ — AW1 [X, X, ¥, Y] +— AW [X, Y, X, X] - — AWy [X, Y, X, Y] -
24 12 24 24

1 1 1 1

— Awl [X) Y, Y, Y] +— Awl [y) X, X, X} - Awl [y; X, X, Y] + Awl [Y; X5 Y, X] +
48 24 8 24

1 1 1 1

— AW Y, X, Y, Y]+ — AW1[Y, ¥, X, X] = — AWy [y, ¥, X, Y] + — AW [y, ¥, ¥, X]
16 24 16 48

il - rhs2 = ANExpy [P1lus @@  [Ad[y /. logF[2]] [LW@y]]@{d}] /. AW —» AW,

Out[e]=

1 1 1
AWp [] + AWp [Y] + — AWp [y, Y] + — AW [X, Y, Y] - — AWa [y, X, Y] +
2 24 12

1 1 1 1

— AW [Y, Y, X] + — AWa [y, Y, Y] + — AW [X, Y, ¥, Y] - — AW [y, X, ¥, Y] -
24 6 48 48

1 1 1

— AW Y, Y, X, Y]+ — AWa [y, Y, ¥, X] + — AWa Y, Y, Y, Y]
48 48 24
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in[-]:= rhs = (Expand[rhsl = rhs2] //my >,) /. AWy [w___] /; Lengthe{w} >d:= 0

Out[«]=
1 1 1
AWy [ + AWg [X] + AW [y] + 5 AW [Xx, X] + 5 AWy [Xx, y] + 5 AWy [y, X] +

1 1 1 1 1
— AW1 [y, Y] +— AW1 [X, X, X] + — AW1 [X, X, Y] +— AW1 [X, ¥, X] + — AWy [X, ¥, Y] +
2 6 6 6 6
1 1 1 1
— AWy [y, X, X] + — AW [y, X, Y] +— AW [y, ¥, X] + — AW [y, ¥, Y] +
6 6 6 6
1 1 1 1

AW [X, X, X, X] + — A1 [X, X, X, Y] + AW [X, X, ¥, X] + — A1 [X, X, ¥, Y] +
24 24 24 24
1 1 1 1

AWy [X, Y5 X, X] + — AWL[X, Y, X, Y] + AWy [X, Y5 Y5 X] + — AWL[X, Y, Y, Y] +
24 24 24 24
1 1 1 1

AWp [y, X, X, X] +— AW [y, X, X, Y] + AWy [y, X, ¥, X] +— AW [y, X, ¥, Y] +
24 24 24 24
1 1 1 1

AWL Y, Y5 X, XT +— AWL[Y, ¥, X, Y] + — AWg [Y, Y, ¥, X] + — AWy [Y, Y, ¥, Y]
24 24 24 24

in[-]:= 1hs == rhs
Out[«]=
True
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