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Pensieve Header: The Algebra of Emergent Chord Diagrams.
Goal: Implement Qed,ps:(},ss:{}[ﬂo[ﬂsess AW ..]] )

+ Xs1<s2 ﬂc[sl,sZ][ﬂsessu{s_l,s_z} AW([ ]] ]
including ®, m; j (only if {i, j} are neighbors), Qs, CF (Canonical Form) and HCF (HOMFLYPT Canonical

Form).

in[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\People\\Kuno"];
<< FreeLie.m
<< AwCalculus.m
<< FAA.m

FreeLie® implements / extends
{*, +, **, $SeriesShowDegree, (), j, =, ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,
AllWords, Arbitrator, AS, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop,
cw, CW, CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE,
Exp, Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,
t, tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, T', ¢, A, 0, A, —, ,\}.

FreeLie® is in the public domain. Dror Bar-Natan is committed
to support it within reason until July 15, 2022. This is version 150814.

AwCalculus™ implements / extends {, %%, =, dA, dc, deg, dm, dS, dA, dn, do, E1, Es, hA,
hm, hS, ha, hn, ho, RandomElSeries, RandomEsSeries, tA, tha, tm, tS, ta, tn, to, T, A}.

AwCalculus® is in the public domain. Dror Bar-Natan is committed
to support it within reason until July 15, 2022. This is version 150909.

Bases

BaSiSd_ [OAR,ps_,ss_] = PPemgasis [OAR,ps,ss /@Flatten [{
Ap /@Basisy ,; [Product [AWs, {s, ss}11],
Table|
Acpsspip) /@ (Basisy g, [Product [AWs, {s, s5}] Awm] AW_ &0 [1), {i, Length[ss]}],

Table [Ac(sspig,sspiny /@ (Basisg 1, ps [Product [AWs, {s, ss}] AW ] AW ppl]) s
{i, Length[ss] -1}, {j, i+1, Lengthess}]

HI

Basis, [Our,ps ,ss 1 := PPempasis [OHR,,,S,SS /@ Flatten[{
A /@Basis; .. [Product [AWs, {s, ss}]],
Table[
Acpsspip) /@ (Basisy g, ps [Product [AWs, {s, s5}] cwm] AW,z [1), {i, Length[ss]}],
Table[Acsspig,sspjp /@ (Basisa-1,ps [Product [AWs, {s, ss}]] A7 [ 1 AW (1) 5
{i, Length[ss] -1}, {j, i+1, Lengthess}|

HI
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Utilities

Fa [A1_] + R, [A2_] ":= A, [AL1 +A2];
c_*HAg [A_]/; FreeQ[c, A] ":= A, [Expand[c A]];
A _[0] =05

In[-]:= Oped ,ps_,ss_ [x_ 1+ Ored ,ps_,ss_ [y_]":= Ored,ps,ss [ X + Y13
C_*Opred ,ps ,ss_ [x_] "= Ored,ps,ss [Expand[c x]1;
0 [0] =0;

CF [Or‘ed_,ps_,ss_ [X_PLUS] ]:= PPEMCF [ored,ps,ss [red /ex]l;
CF [Ored_,ps_,ss_ [X_] 1 = PPeycr [Ored,ps,ss [red@x] 1

AR: Reductionin A

AR[O] = 0;
AR[A[A_1] := A [A];
AR[Acs 1[A_1] :=
PPensr@Module [ {1, r}, Acpey [A /7 Bzl // Ms105 /1 Desye /1 Meyose /7 Suy /1My 55 /7 nz] ] 5
AR[Acrs1 ,s2 1[A_1] := PPgyp@Module[ {1, r},
Acrst,s21 [A 11 Bszan,e 17 Mszyras2 11 Bisaye /1 Mg rass /7 S1a1 /7 Wy 5357 /7 53] )5

HR: Reduction in the H Quotient

HR[O] = O;

HR[A[A_]1] := Ao [Al;

HR[Ac(s 1[A_1] := PPgwr@Module[ {1, r}, Acsy[A// Mz o, // trss // nz]];
HR[Aciss 52 1[A_1] i= PPemir@Rcrss,s2) [A 1/ Mgy 5,0, /1 My 7,0, /1 57 /1 153] 5
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Reordering strands

Oss_ [Or‘ed_,ps_,ses_ [yV_1]1 /5 FreeQ[y, Ap] := PPy @CF@Module[{s1, s2},

Ored,ps,ss[
Y /. Repss ,s2 1[A1] /5

Position[ss, s1][1, 1] > Position[ss, s2][[1, 1] :» red[Ac;s2,s17 [A1]]
115
Oss [Ored ,ps ,s0s [FAe[A_1+y_ .11 := PP.D@CF@Module[{i, j, s1, s2, ul, u2},
Ored, ps,ss [PlUS [
Ao [A],
YV /e Repss,s2 1[A1_] /5
Position[ss, s1][[1, 1] > Position[ss, s2][1, 1] :» red[&Ac(s2,s11 [A1]1],
Sum|
I-F[Position[ses, sl = ss[i] ] [1, 1] < Position[s@s, s2 = ss[j1][1, 1T, O,
Sum|
red[Ac(si,s2) [Expand [A (AWy; [p] AWz [1 - AWy: [1 AWy [p1)] //
D[Pls1s1,57 // DIPlsruss,55 // Mst,utnst /7 My, s357] |5
{p, ps}

]
],

{i, Length[ss] -1}, {j, 1+1, Lengthess}

]
111

o [Or‘ed_,ps_,ss_ [5_] ] o= oSor't[ss] @Or‘ed,ps,ss [‘3]

Pole Renaming

POy Ly [Ored ,ps_,ss_ [&_ 11 = PPempo@O e, Replace[x-y]/@ps,ss [ // FA[X » Y]]

Strand Renaming

SOi 55 [Ored ,ps ,ss [S.11 ¢

PPEMsa@Ored,ps,Replace[i-»j]/@ss [5 /. Aa_ [A ] (-ﬂReplace[i-»j]/@a [A // Oisj // S // o{_,a’] )]
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Strand Multiplication

sm__[0] = ©;
Ored ,ps ,ss [&.1 /7 sm; 5 ,p := PPeusn@
©@0cq,ps, (k) ~Join-Complement (s, (1,7)] [FAPSt[Ored,ps,ss [E] // O (i, 5)-30in-complement [ss, (1,711 /+ {

Acri,i1 [A_] » Acr [A // o7k /1ms 1] ai_)k] s
Ay [A] o Acp [A 77 my L p /1 0 /] 075]s
Acri1 [A_] » Acprg [A /1m0 11 05,5 17 03__)’;] s
Acri,x 1 [A_] = Acpr,x [A A N Ui-m] ,
Acrg,x 1 [A_] = RAcpr,x [A /1 mg L, 1/ 03_’5] 5
Ao [A_] » A [A /7 My, 5,e]

1
The Unit for Poles

Inl-]:= PNy [Ored ,ps ,ss [&_1]1 := Ored,psyix},ss[E]

The Unit for Strands

In[«]:= 5771'__ [Ored_,ps_,ss_ [8_] 1:= ored,ps,ss~]oin~{i} [s/. 'ﬂa_ [A_] = A [A /7 nil]
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Strand Doubling

SAi 4,k [Ored ,ps_,ss [£.11 := PPensy@Module [ {ul, u2},
O @O0 cqd,ps,Replace [i~Sequence[],k]]/@ss [5 /. {
FolA_] = Aol[A // Disj,k] + Acpj,ry [SUm[Expand [A (AW,; [p] AW, [1 - AW,y [1 AWy, [p1)] 7/
D[pl;,;,7// PIPlo,7,; // Binje /] By 57571 B 55 1/

My Fos /057 1/ Mg /) Mg /1My, 555 {Ps PSY] ]S

Acrx_,i1 [A_] =
ﬂc[x,]] [A /! Al-’J:k // A]_—;J 3 // mk k_;k] +$C[X R] [A // A1_)J,k // Al—)_] ' // mJ J-)J]

Acri,y 1[A_] »
Acli, v [A // Aisj,k 1/ A‘L-)J R 1/ mk k- k] + Ack,y] [A // Aisj,k // A‘L-)] R 1/ mJ _7-»_7]

Acrir [A_] » Acgjy [A 17 Binjye 1/ A58/ B M M /7 M, o

Ak [A 77 Binje 11 Bz 55 17 Byg0 1/ M 5.5 7/ m5,.]+

Ak [A 11 Bisjk 1/ A7 5e /B E /Y M 5u5 /Y Mg // %] *

[ime s lim < /] o

Acrjer [A 11 Bisje 1/ Ar 51/ B 5,3-] J-J]

Ag [A_] = RAG[A /7 Aissj,e]

H

1-)5 k

Pole Doubling

pri-)yi,zi [Ored_,ps_,ss_ [£.1] :=
PPeMpa @O e, Replace [ x—Sequence[y,2z]]/@ps,ss LE / « Aa_ [A_]l »AJ[A// FA[x >y +2]]]

Pole to strand conversion

pzsx_—»i_ [Ored_,ps_,ss_ [5_] 1:= PPEMsz@CF@Or‘ed,DeleteCases[ps,x],{1’}~Join~ss [& /. {
FAo[A_] > Ag[A // FA[Xx > O] // n;] +Sum[
Acpi,s) [A// DI[X]sss,5// FA[X > 0] // ni // n7],
{s, ss}l,
A [A_ 1> AJ[A// FA[x > 0]]
}
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Exterior Multiplication

EMy_[Ored_,ps1_,ss1_[E1_15 Ored_,ps2_,ss2_ [62_11 /5 ss1(1ss2 === {} :=
PPEMEM@Or‘ed,pSIUpsz,ssl~Join~ssZ [Expand [&1%&2] /. {
Fo[Al_] HAg[A2_] » A9 [EM, [AL, A2]],
Ao[A1_]1 A [A2_] > A [EMy_41[AL, A2]],
A1 [_1 A2 [_ 10
}

Interior Multiplication

IMy_ [Ored ,ps_,ss1_[E1_1s Ored_,ps_,ss2_ [£2_11 /5 Sort[ssl] === Sort[ss2] :=
PPgyiv@Module[ {&, v},
& = Ored,ps,ssl [£2];
Do[& =& // SOs,y[s1s {Ss SS2}13;
& = EMy [‘Dred,ps,ssl [£11, €15
Do[& =& // SMg,,(s15ss {Ss SS1}];
&
15
Mg [&1_, &2, &3] := IMy[IMy[ &1, &2], &3]
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