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Pensieve header: Computations in 1-pole chord diagrams mod 1ss, Continues pensieve://Peo-
ple/Hogan A detailed writeup with conclusions a full solution set for $\Phi$ in PSS is in PhilnPSS.pdf.
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O[f, g] stands for O, ,[f + t g].
in[-1:= CF[O[f_, g 1] := O[Simplify[f], Simplify[g /. X1 = X1 + X3 - X3]]
mnf-]1:= O[f1_, g1 ] =0[f2 , g2 ] :=Simplify[ (f1 = f2) A (g1 =g2)]

mnf-]= © /:O[f1_, gl ]1**x0O[f2 , g2 ] :=
(FI1-(f1/.%-»%X2)) ((f2/.X>X3) - (f2/. {X3 > X1, X2 »X3}))

+

CF@o[fl £2,
X2 = Xz
F192491 (F2 /. (X3 K15 X2 > %2}) |

in[-]:= O[F[X2], O] #% O [Xy, 0]

Out[«]=
O[f[x2] X1, -f[x2] +F[X3]]
in[-]:= {hl, h2, h3} = {O[f1[X1, X2], 81[X1, X2, X1, X211,
O[f2[x1, X215 82[X1s X25 X1, X211, O[F3[X1, X2, 83[X1s X25 X1, X21]}
Out[e]=
{(D [-Fl[xl) XZ] b gl[xl) X2, Y1.s YZ} ] ]
O[f2[X1, X2], 82[X1, X2, X1, X211, O[f3[X1, X2], 83[X1, X2, X1, X211}
in[-1:= h1 %% h2
Out[«]=

O|f1[xy, X2] F2[x1, X271,
f2[x1 + X2 - X2, X3] 8L[X1, Xo, X1+ X2 =Xz, Xo] + FL[X1, Xo] 82[X1, Xz, X1+ X2 - X2, X3] +
(FL[x1, X2] - FL1[x1, X3]) (f2[x1, Xa] - F2[X1 + X2 - X2, X2])

Xz - X3
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in[-1:= 1hs = (h1l *% h2) %% h3

Out[e]=
‘D[Fl[xl; Xp] F2[x1, 2] £3[X1, X271,

f1x1, X2] f2[X1, X2] 83[X1, X2, X1+ Xz =Xz, X2] + F3[X1 + X3 - X2, X3]
('Fz[x1 + Xy - X2, X2] 8L[X1, Xa, X1+ Xy =Xz, Xo] +FL[X1, Xa] 82[X1, Xz, X1+ X2 - X2, X3] +

(FL{X1, X2] - FL[X1, X3]) (f2[X1, X2] - F2[X1 + X - X3, X2])

Xz—Yz
(f1[x1, X2] F2[x1, X2] - f1l[x1, X2] F2[x1, X2]) (F3[X1, X2] - £3[X1 + X2 - X2, X2])

XZ_YZ

in[-]:= rhs = hl *% (h2 % h3)
Out[~]=

‘D[fl[xl; Xp] F2[x1, 2] £3[x1, X271,
f2[x1+ X2 - Xa, Xp] F3[Xy + X - X, Xo] 81[X1, X2, X1+ X2 - Xo, Xp] + F1[Xg, X3]

('F3[X1+X2 - X2, X2] B2[X1, Xz, X1+ Xa - Xa, Xp] +F2[X1, X2] 83[X1, Xo, X3 + X3 - Xp, X2] +

(F2[X1, X2] - F2[X1, Xp]) (f3[X1, X2] - F3[X1 + X - X3, X2])

Xy — X

(FL{x1, X2] - F1[X1, X3]) (f2[x1, Xa] f3[X1, Xo] - F2[X3 + X, - X, X2] F3[X1 + X2 - X2, X3])

Xy — X5

in[-]-= 1lhs = rhs
Out[e]=
True

ni- el2[a ] 1= 0[e” Cae), e Lar) gl ]

in[-1:= 1lhs = (8,#) & /@el2[a]

Out[e]=
0[e” P27 (xg + %), € 7 gla] (xy+ %) + e 7 g [a] ]
in[-]:= rhs = el2[a] ** O [X; + X3, O]
Out[«]=

O[e” ") (x5 + %), € (~e® 2+ e 1 e gla] (X +X)) )]

;i1 FullSimplify[e® ®+*?) g[a] /. DSolve[lhs = rhs Ag[@] =@, g[al, a][1]]

Out[-]=
e (Xarx2) (—1 +e® (%) | gx, - O(Y2>
Xy — Yz
a (x1+72) - e (X1+X3)
[ ]- e12 [Q’_] ) [ea (X1+X3) s —ae” (X1+Xz)]

X3 - X3

http://drorbn.net/AcademicPensieve/People/Kuno/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: People: Kuno: ComputingPhiInEmergentChordDiagrams.nb 2023-11-01 20:14:29

il 1~ 1hs = CF[ (8, #) & /@el2[a]]

Out[e]=
_ e (X1+X2) o (X1+X7) e
0| e X2 (x5 +xp), —e® 1) _e® D) o (x4 xp) + h arx) re (X147X2>}
- X2 +Y2
mn[-1:= rhs = e12[a] ** O [X;1 + X, O]
Out[«]=
a (X1+Xz) o (X1+X2) o (X1+X3) (X1 + %) <(ea pare) - e ) - e el g (X2 =X2) )
Ole (X1 +X2), —e + € + ]
X2 _YZ

in[-]-= lhs = rhs
out[e]=
True

il FullSimplify[g2[Xs, X2, X2] /.
Solve [‘D[f[xl: X215 8[X1s X2, X1, X2]] #% O ['F [X1, XZ]_l: 82[X1, X3, YZ]] =0][1, 0],
82[x1, X2, X21] [11]

Out[«]=
— 1 1
B[ X1,X2,X1+X2-X2,X3] . (Flxa,x2] Fxa, %20 f[xlayz]if[xl*XZ’;Z:Yz])
FIX1+X2-X2,%3] X=Xz
f X1, X2]
_ 1 1
— — - f/ XX -
g/ «X1X1+X2-X2 " (f (f 27 z)) [f/.xr»?z f/.{xlax,«xriz,xpiz}]
1 1 F1 o {XaX1+X2 =Xz 5 X2, } X2-X3
nr- 0 /:00f, g 17 =0, - ]

f

mil- ©[1, g1t
out[e]=
0[1, -g]

inf-]:- h3 %% h3™!

Out[e]=
01, 0]
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in[-]:= @ = O[1, ¢[X1, X2, YZ]]
Out[e]=
O[1, &[X1, X2, X2]]

In[«]:= rhslist = {§_1, O[exl, 0], 3, 0[1, 1/2], CF[§_1 /. {Xl = Xz, X3 = X3, Yl—)iz, Yz —)Yl}],

0[e®, @], CF[a /. {X1 - X2, X2 » X1, X3 » X2, X2 » X1}1, O[1, -1/2]}

Out[]=
— X — 1
{O[l) ’(Z)[Xl.v X2, XZ]}J O[e 1: 0]: (D[lz @[Xlz X2, XZ}]) (D{l: ;])
— X — 1
O[1, -d[X2, X1, X1+ X2 -X2]], O[e™?, @], O[1, ¢[Xa, X1, X1 + X2 - X2]], ‘D{l: *EH
in[-]1:= rhs = NonCommutativeMultiply @@ rhslist
Out[«]=
1 _
0|7, —— & (2 -e*) (1+20[X1, X2, X2] -2 [Xz, X1, x1+x2—fz]>]
2
mn[-1:= lhs = e12[1]
Out[e]=
7<EX1+X2 + exyiz
0 ex1+xz’ *@X1+XZ .
*XZJrYZ
in[-1:= 1lhs = rhs
Out[]=
1 2 (eXZfeXZ) _
X1 X2 X2 Xa — —
— e -2e +7+(€ -e )<1+2¢[X1,X2,X2]—2®[X2,X1,X1+X2—X2]) =0
2 XZ_YZ
2 (exZ—eYZ) _
In[-]:= Apar‘t[g /. First@Solve[—z @+ ———— + (e -e) (1+2g) =0, g]]
X2 - X3
Out[]=
exz 2+X2—Y2
—e e 2 (X2-Xp)
exz 2+X2—Y2 —_ — — —_ - >
In[«]:= Apaf‘t[— — - /. {Xl_)XZJ X2 = X1, X1 = X3, X2->X1} /- Xl—)X1+X2—X2]
e+ e 2 (X2-X3)
out[e]=
@XZ 2+X2*Y2
— +
—e® e’ 2 (X2 -X3)
-1 e*? 2+x2-x2b
Inf- = Simplify[ (lhs = rhs) /. ¢[_, x2_, x2b ] = — + ]
2 (e +e*® 2 (x2-x2b)
Out[«]=

True
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exZ/Z 2+X2—Y2 _
Inf«]:= §=O[1J¢=' — - — +@[X1, X2, X2] +
e+ 4 (X2-X3)

(@[X1s X25 X2] 7+ {X1 = X2, X2 = X1, X3 = X2, X3 = X3} /. 71->X1+X2-72)]3
lhs = el12[1]
rhs = 7! **O[exl, 0] *%*BxxO[1, 1/ 2] #* (§_1 /e {X1 2 X3, X3 = X1, X1 = X2, X2 —)71}) *%

O[exz, 0] *% (8 /. {X1 2 Xz, Xg > X1, X1 = X, X > X1}) **x0[1, -1/ 2]

lhs = rhs
Out[«]=
_(ex1+x2 + (EX“YZ
0 [ex1+xz, _eXatXa
- X2 +Y2
Out[e]=
e (e - e - e xy + €2 %)
X1 +X:
O[e 1 2; — :|
X2 = X2
Out[e]=
True
In[«]:= lhs = 812[—1]
r‘hS = §_1 **O[e_xl, 0] **§**0[1, -1 / 2] * % (§_1 /. {Xl = Xz, X3 = X3, i]_ - iz, iz —)Yl}) * %
O[e, 8] #% (8 /. {X1 > Xz5 X2 > X1, X1 » Xp, X » X1}) #*0[1, 1/2]
lhs = rhs
out[e]=
_e-xrxz + e-XrYz
0 [e'xl'“, e ey —
- X + X3
Out[«]=
e XX <— e+ eX2 4+ X x, - X Yz)
O[E*Xr)‘z ]
Xy — X
Out[«]=
True
In[-]:= @ %% (MapAt[—# &, §, 2] /. {Xl = =X1, X3 = =Xz, Y]_ e _Yl) Yz - —Yz})
out[e]=
e* e* 1 _
0|1, — + — + — —0[-X1, -X2, -X2] +
2e2-2e2 2e%2-2e%2 -X2+X;

©[X1, X2, X2] =0 [-Xz, =X1, =X1 =Xz +X2] + @ [Xz, X1, X3 + X3 -~ X3]
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exz 2+X2—Y2
In[«]:= ¢=— — - — +(p[X1, Xz,Y2]+(P[Xz, Xl: X1+X2—Yz]+7+a1X1+aZX2+52Y2
2 (—ex2+ex2) 4 (X3 - X3)
Out[]=
(EXZ 2+X2—Y2 _
7-———————— +arXg+ @ Xp- ————— + A Xp + 0 [X1, Xz, X2] + ©[X2, X1, X1+ X2~ X3]
2 (e +e™) 4 (X3 - X3)

In[«]:= (% t12 * ) Simplify[cb = (¢ /. {X1 > X1, X3 > X3 + X3, Yl—)fj_, iz—)Y2+X3}) /. Yl—)X1+X2—Y2]
Out[-]=
A X3+ Xz A2+ Q[X1, Xa+ X3, X3+Xp] +@[Xp+ X3, X1, X1+ X2 -X3] =

O [X1, X2, X2] + @ [X2, X1, X1 + X2 = X3 ]

nf-1= (% t2 «) SImplify[ (@ /. {Xg = Xg + X2, X2 = X3, X3 = X3 + Xa, Xa > X3}) =

(@ /7. {Xg = Xz, X2 2 X3, X3 = X3, X2 > X3}) /.« X3 = Xz + X3 - X3]

Out[«]=
a1 X1+ @ [Xy + Xz, X3, X3] + 0 [X3, Xg+ Xz, Xg +Xo+X3-X3] = @[X2, X3, X3] + ©[X3, X2, Xz + X3 = X3]
In[«]:= (=% t13 *> Simpli'Fy[(¢ /. {Xl—)X1+X2, X = X3, il—)i1+X2, Yz—)i3}) ==
(¢/. {Xl—)xl, Xy = X3 + X3, Yl_’il) iz—))(z+i3}) /.il—)X1+X3—Y3]
Out[e]=

A1 Xo + O [X1 + X2, X3, X3] + @ [X3, X3+ X, X1+ Xz +X3-X3] ==

A2 Xz + Xp A2 + P [Xgy Xa + X3, X+ X3] + @ [Xa + X3, X1, X1 + X3 - X3]
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