
3 strands 2023/10/20

車
ssis

= fat'at t 3 tt3 )ex
= 1 t t' ' tt ' a b c てるく

州 州 1 H
trpentagoneq " t

's
t23 zat'2 +(atb)t3 +bt

ー

'

s1 tat3tbt
24ict34

t (atc)t
23
t (btc)t24±2ct34

S S

…
…

…
…

…

It a(tはt3
) tbt14+clt24t34 )f

S
S S

i
S

⑦ 0

p √ 1 { Itat'2tbt' 3+ ct23

s S

⑦

S 1～
m

① ⑦ ⑦ ⑤

at
'
t atb )( t
'
3 +2btSS S S

S S SS
0 0

Itat"tblt3tt4 ) tc (t
23
+t24 )

+ (atc)t23 tbtclt24ct
!
…

…
⑩⑪ ①⑩

.

√ll!
.

7 talt
"tt”) +b (t4+t4 ) +ct'4

rea

=⑦

S



y pole & 2 strands
4 ferm relation

1 いl リ ← 1tI. ,it== * tm
pss p s s p 選xi xz

normal form :

n: QQ :ll
:Flx, x2)

,
Glx

, xz) ε④[[4 , xx》1

①
.2 F,xz)() ① ,. 2Gl4 ,x)( )1 =① "FMi'hIAi 'IH ∠F"Y) -F*)))(2 -つC



poo上
× Check that

①2(x"xz ^ ) =① i2
(

amxz ^tt水i -* ) )
× For monomials

,
we compute

①
2(
x.axz

) , ① ,
.2
x
'xsd )(

= ①
,
2(,
a ) ①2. ,① [xd )xi'xi

= ①
0
(i ^ )①2 xz←tに公① nx)(

=①
.

axxi' sd
ff

"z-x"i'xzd-
x(
) )

リ



7(z-)[2
= ① ze "

e
'
s
t t" ei"(①ne

"“ )12 1e 1 リ11 xz -x21 exp lllt1114

ー
- 1

1
proof Let sε④ andwrite① .esit ) =① 2Fs, 剝)

+

t"Gsis)
ー

d① 2esit
)= ① . 2 x+2)① .

.esit )
= ①
.
2(4+xz ) .

① , ュ(Fs(x,x )t ピGslx, x,x, ) }

Ze① 品 )Fs( s,' a )

'

dFeet"d)(

1 Fsx- Fs, な)ピ ((+ε)Gsな}
～eODE

{
IFslaytxz ) = (4+ x2)Fslxutxz ) ー① eds

dsGsa, 't,(2 , ) =Fs( x, ) - Fs (x, 釗 ) ++x2 ) Gs (, x,xx,xs )



with the intitial condition Folx,,xz ) = 1 &Goa,x ,xx,xz ) = 0 .

By ①, Fsa,c) = esiatxs) Then ② becomes

ds Gs = (+2x2)Gs t esitxz )-esー
34t2C2

π
～ ー

A Bls )

By generalities on OPE ,

Gs =esA esABlalds =
esbaz) esz'2- llds

= esut'k ) e-x2 - s + C )(
Since Go =θ , the coustaut Cisequalto =[-xz5!

～e = espars1 e-)
(

G -Putings =ryieldstheresut .
ノLem2



車sWite亜 = s =①. 2 Fla ,x)t ピG,x,x* )/ )
Assumption

車 is group - like e F = exp (f )
,

wheve ft Prim ④u,( )=④x*④s
Let us consider pentagon & hexagon eq . for 亜 .

↓ s → s induces thefollowingmapi
I→l4= 1 fflll- =stt ,tA i→stt”1 1リ 1At→ llt =ts 0

t
"
x = 1Hi →11 d - =11 +IA = t

23
z

Similerly , t2xz(→
t23
x 3
,tx1→t23

ε
,
t
2 x1→

t23s



p S

Q ⑦Pentagon eq :
1" ………
…

S
母

s S S

P S
1
S

@, ⑦⑩

↑
……
…
…
…

↑
. ⑦…… … ッ …Hs = !

(八甘 )× )(
世

二

√ 1"√ 1
⑦

O 0 0 ⑦ , S
pS S S

=① 2Fl4,x2 )+t 2 G(x ,x,xx ,
)

L
×①
,23Flx+(2 ,Ps

)tt3G(4z,+xs, (3 , 5)+t3G>2,4+》(
RHS= 巨品

→烈
s ×
車21

= ① F (x2tt ;xstt 3 )
+t 3 G(zs,ss) )123

×①
'23Fli,patxs)tt2Guit,c+13 ,Ʃtx3) +tるG4 ,c+xsixas)

Taking the finst projection ( the t-degree = 0 part )
;



F (4, 2(2 )Flxi+ x2, x 3 ] =F(xz, x 3 )F ( x,stx3 )
S0
, f : = 10gF satisfies the (additive ) 2- cocycle condition

tu, (2)tflxutx2 ,x3 ) = flaxz,xs ) +flx,xztx3 )

Since we assume that Fis group- like , fe ,y )= axtby (a .btQ )

2ax. t atb )( x2 t bx3 = ax, + (atb )x2 + 2bxz

We obtain a = b = 0
,
whick implies f= 0 f F = 1

.

fbuy) =x"tym
-
Guy)MWloprimitive assumption

,
sat the 2-coydeeq :

Conclusion so far : If 亜= fpsss salisfies the pentagon eq, it must

be of the form 王 = ①
.2
It tGa,, ×z ,) () . Furthermore ,

the pentagon for pss is equivaleut to the following set of three eqs :



坦 : G (x
,
x
,xx , )= G( x,,tx 3,+xs )

坦 : G( +xz
,
* txx, s, 5 ) = G(

x
,
x
,+x3 ,x

+ x5 )
: G ( x+ x2,4t 啊,xs +x5 ) = G (x ,啊,x3 ,s )



(negative ) hexagon eq . Assumption
positive ?

. = ex, 車 = ①
.2 (IttG{a ,s,x,x))

× ツぎ
) 重 = 車pss is of theform

P SS 車一 1

1" 1 +IlL ) (true if 車 sat pentagon )

①
,
zex

+2 )( 匝
Le車=①
.
- t
"

G )(

車
"
e
“ θ= ①. 21

-
t ～G ) (① .el ,① 2 ( lttG )

= ①
.2
e" -
t "Ge *L ① .

2 ( Itt
"G )

= ①
,
ze' " tt '" e-e G )(



ぎe))は IA) 1te"

!x

Therefore
, the RHS is equal to 「 J

( ∞ 「 S

き*感感な ⑱

=①ne'e' it" え e '" e
't - e
) te"e '

eG
' te":e'icー114π

=① z
e
'
"
e'et "e 'ee ' ) / 亡 G

-

G ") 1 e
'fe- exs)

Here
,
Ga" = G (xx,z ,4 ,5 )



On the other hand
,
the LHS is computed by Lem2 . The hexagow

for 巨 = 車ps is equivaleut to
ー

-つ(2

exi+z 1 eCz 1 ) e
"
e-e= ) ( G -GL…- 1

tz -x2

D⇒ s- es = e.e) え+G -G"L )
l

⇒ G - GE
"
=- →
-± … AR
ex-xz)- 1

( ε) : =主 --五=- !zk=- -30…

Since 7 is odd , 7 (ε -xz)
a"
= 7 (*- x ) 7 (

-t-x))== 7(-x2)
.

A speial solution to AI is givew by G = Ihtx - xz )
,
and



{ Solutimsto ☆☆ } = I 7 (s - m) + }1 に州1

Notice that G : =I ( ta -x2 ) safisfies thethreeeqs.世&
だ

G =I7 (xz-xz) t H satisfies the pentagon & hexagon

R H = Hz" & どfor H … AAD

☆ B☆H= forsomeeventet β t*]s -* )(β[
(= β (xz -x2) }

ψ β I ,Usexi -=βe -な )β(-au -
1 )=β- )
eum



③ By 4T, eliminate sandregardH asa fetinVariablesx,5
,
xx

H (x4, x 5, x 2 ) =H(xi , x,x, ) . Let us assume

H = H
121
: H ,x , xz= H ( x2,xitxz-x, x. ) ー①

些 : H {,x , x 2)= H ( x, x , x 2 txs ) ー②

t3 : H (+ x2, x txz , x3 ) = H,x ,+x3 ) 一③ー

坦 : H (i +x2
, 4
t, xs ) = H (x2,啊, x3 ) ー④

② ne= 0 ～ eH ( 4, x , xz ) = H (9 ,x )
1

① : H (x, x ) = H(x
2
,a +x2-* )

:③
"

H( x4+22
,
x +x2 ) = H (x ,x )

④ ' : H(4tx2
,4tx ) = H (x2 ,xz )

⑧- equivaleut byle2



H {24 , )
=

「 (xi -4
,
0 ) β (E ) : = H (Z, 0 ) .

③'wl
x2==C1

1
Since the map=

0

Q[[a1]→④(lx , は1
]
,f(z)f(x- y )

H (0, x4 - xi )
ー Hl5 -x , 0 )

is injective, H (a- x,
0

) = H( 5-x, 0)
ー

l

③ω l implies that β (Z ) = β (-z ) , ie . ,
Bis evew. Putting things

Conclusion : together, we conclude
Solutimstopentagoy&hexagon }forIpsis } H (9,x, 'x ,xz ) =H (x,x )

=H (x -4
,
0 )

① % itt 会クi-x2 )+βa) )(β←
* n} 111 -

)
ル

= β l4-x.

Prop2


