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Pensieve Header: The Algebra of Emergent Chord Diagrams.
Goal: Implement Qed,ps:(},ss:{}[ﬂo[ﬂsess AW ..]] )

+ Xs1<s2 ﬂc[sl,sZ][ﬂsessu{s_l,s_z} AW([ ]] ]

including ®, m; j (only if {i, j} are neighbors), Qs, CF (Canonical Form) and HCF (HOMFLYPT Canonical
Form).

in[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\People\\Kuno"];
<< FreeLie.m
<< AwCalculus.m
<< FAA.m

FreeLie® implements / extends
{*, +, **, $SeriesShowDegree, (), j, =, ad, Ad, adSeries, AllCyclicWords, AllLyndonWords,
AllWords, Arbitrator, AS, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS, CC, Crop,
cw, CW, CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, DK, DKS, DKSeries, EulerE,
Exp, Inverse, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization,
Morphism, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support,
t, tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, T', ¢, A, 0, A, —, ,\}.

FreeLie® is in the public domain. Dror Bar-Natan is committed
to support it within reason until July 15, 2022. This is version 150814.

AwCalculus™ implements / extends {, %%, =, dA, dc, deg, dm, dS, dA, dn, do, E1, Es, hA,
hm, hS, ha, hn, ho, RandomElSeries, RandomEsSeries, tA, tha, tm, tS, ta, tn, to, T, A}.

AwCalculus® is in the public domain. Dror Bar-Natan is committed
to support it within reason until July 15, 2022. This is version 150909.

mi-1= X=LWe"x"; Y=LWNe"y"; U=LWe"u";

{F=LS[{X, Y}, Fs], G=LS[{X, Y}, Gs]}; Fs["y"] =1/2;
Ser‘iesSolve[{F, G},

A1 (LS[X+Y] -BCH[Y, X] = F-G-Ad[-X] [F] +Ad[Y] [G]) A

ad

1
divy [F] +divy[G] = — tru[adSeries[ A X] [U] +
2

e -1

adSer‘ies[eaad_ 1, Y] [U] - adSer‘ies[ead 3 1, BCH[X, Y]] [U] ] ];
{F, G}
Out[-]=
yoxy 1 — Xy 1 —
{LS{;, ?, ” Xyy, }, LS[@, 12, ; Xyy, H
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In[«]:=

Basis, [Opr,ps ,ss ] := Opr,ps,ss /@Flatten[{
Ao /@Basis, ,s [Product [AWs, {s, ss}]],
Table [

Acpsspip) /@ (Basisg.y,ps [Product [AWs, {s, ss}] Awss[[ln] AW_z 0 [1), {i, Length[ss]}],

Table[ﬂc[ss[[l]],ssm] /@ (Ba51sd 1,ps [Pr‘oduct [AW;, {S, S5}] Awss[[1]]] AW = [])

{i, Length[ss] -1}, {j, i+ 1, Lengthess}]

}]

inl-]:= Basis; [Opr, (x,y},11,2]

Out[«]=

In[«]:=

In[«]:=

In[«]:=

{OmR, (x,y}, (1,2} [Ao [AW1 [ ] AWp [X, XT ] 1, Onr,(x,y}, (1,2} [Ae [AWL [] AWz [X, Y]],

OmR, (x,y}, (1,2} [FAo [AWy [] AWa [Y, X] ] ], Oar,x,y}, (1,2} [Ae [AW1 [] AWy [y, Y]]

OnR, (x,y}, (1,2} [Ae [AW1 [X] AW, [X] 11, Oar,(x,y}, (1,2} [FAe [AWy [X] AW, [y] 1],

OmR, (x,y}, (1,2} [Fo [AWL [Y] AWy [X] ] ], Oar, (x,y}, (1,2} [Ae [AW [y] AWo [Y] ] ],

OmR, (x,y1, (1,2} [FAe [AWy [X, XT AW [T 1], Onr,x,y}, (1,2} [Fe [AW1 [X, Y] AW, []] 1],

OnR, {x,y}, (1,2} [Ao [AW1 [y, X] AW2 [1]1, Oar,(x,y}, (1,2} [Ae [AWL [y, Y] AW [] 1],

OmR, (x,y}, (1,2} [Ac1) [AWg [] AW [ ] AWT [X] AW; []1] 1, Onr, ix,y1, (1,23 [Acr1) [AWg [] AW [] AWz [y] A
OnR, {x,y}, (1,2} [Acr1) [AWy [ ] AWy [X] AW [] AW; [T1]1, Onr, (x,y}, (1,2} [Ac1) [AW1 [] AWa [y ] AWg[] Al
OmR, (x,y1, (1,2} [Acray [AWg [X] AWo [ ] AW [ ] AW; []1]1, Onr,x,y1, (1,23 [Acr1y [AWg [y ] AWp [ ] AWg[] A
OmR, (x,y1, (1,2} [Ac2) [AWL [] AW [] AW [X] AW5 []1]1, Onr, (x,y1, (1,2} [Acr2) [AWL [] AW [] AW [y] A
OAR, (x,y1, (1,2} [Acr27 [AWg [ ] AWy [X] AW [T AW5 []1]1, Oar, tx,y1, (1,2} [Acr2] [AWg [] AW [y] AWz [] A
OmR, (x,y1, (1,2} [Acr2) [AWg [X] AWo [ ] AW [ ] AW5 []]1, Onr, ix,y1, (1,2} [Acr2) [AWg [y ] AWp [] AWz [] A
OnR, (x,y}, (1,2} [Acr1,2] [AW1 [ ] AWa [ ] AW [X] AW []]7,

OmR, (x,y1, (1,2} [Acr1,27 [AWg [ ] AW, [ ] AW [y] AWz []]],

OnR, (x,y3, (1,2} [FAcr1,27 [AWy [ ] AWy [X] AWz [] AWz []]],

OmR, (x,y}, (1,2} [Acr1,27 [AWg [ ] AW [y ] AWg[] AWz []]],

OmR, (x,y1, (1,2} [Acr1,27 [AWg [X] AW [ ] AWz [] AWz []]],

OnR, {x,y}, (1,2} [Acr1,2] (AW [Y] AW [ ] AW [] AW [] 1]}

Aq [A1_] + R, [A2_] ~:= A, [Al + A2];
c_*A; [A_] "= A[Expand[c A]];
7 _[0] = 0;

CF [Ored_,ps_,ss_ [X_PLUS] 1:= Ored,ps,ss [red /@X] 5
CF [Or‘ed_,ps_,ss_ [X_] ] = ‘Dr‘ed,ps,ss [red@X]

AR[O] = 0O;
AR[A[A_]] := FAo[A];
AR[Ac(s 1[A_1] :=
Module[{1l, r}, RAcs1[A 7/ Bz, /7 Ms1yz /) Acsaye 1/ Mo /7 Sus1 /7 My 5,5 /7 nz] ] 5
AR[Ac[s1 ,s2 1[A_1] := Module[{1, r},
Rcrss,s21 [A 11 Bgzay,p 1/ Mszyras2 /7 Brsy,e /1 Msg,ens1 1/ S11 1/ My 57,57 /7 s3] ] 5
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in[-1:= HR[O] = @3
HR[A[A_1] := Ae[A];
HR[Ac(s 1 [A 1] :=Module[{1, r}, Aoy [A//m o // tr=z// nz]];
HR[SAcps1_,s2 1 [A_1] 2= Acpsa,s21 [A 77 My 53,60 7/ My 53,6 /1 M5z 1/ N3] 5

in[-]:= D1 = Opg, (x,y,z},{1,2} [
Ao [AW; [X, ¥, X] AW, [X, X, Y]] +
Acr,2] [AW1 [X, y] AWy [y, X] AWz [z] AW [X, y]]

1//CF
Oout[-]=
OmR, (x,y,2}, (1,2} [Ae [AW1 [X, ¥, X] sz[x: X, y]1+

Acr1,2) [AWL [X, Y, X, Y] AW [y, X] AW [z] AWz [] + AW [X, Y, Y] AW [y, X, X] AWg[z] AW [] +
AWy [X, Y, X] AWz [y, X, y} AW [Z] AWz [] + AWq [X, }sz[y) X, X, y} AWT[Z] AW5 [] -
AWy [X, Y, Y] AWy [y, X] AWg[X, Z] AWz [] — AWy [X, Y] AWa [y, X, Y] AWg[X, z] AWz [] -
AW1 [X, Yy, X] AW, [y, X] [ Z] AWz [] - AWy [X, Y] AWa [y, X, X] AWg[y, z] AWz [] +
AWy [x, Y] AWy [y, X] AWz [y, X, z] AWz []]]

inl-]:= D2 = Owr, (x,y,23, (1,2 [
Ap [AWg [X, Y, X] AW, [X, X, Y]] +
Acr1,2) [AWL [X, Y] AWz [y, X] AWg[z] AWz [X, Y]]
1/7/CF

Out[«]=

OHr, (x,y,2}, (1,2} [ Ao [AWL [X, ¥, X] AWy [X, X, Y]] + Acqa,2) [AWL[X, ¥, X, Y] AW [y, X, 2] AW [] AWz []]]
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In[-]:=  Oss [Ored ,ps ,s0s [V_11 /; FreeQ[y, HAp] := CF@Module[{sl, s2},
Ored,ps,ss [
YV /. RAcrsa,s2 1[A1_]1 /5
Position[ss, s1][[1, 1] > Position[ss, s2][1, 1] =» red[Ac(sz2,s17 [A1]]
115
Oss [Ored ,ps_,s0s [Fo[A_]1 +y_.1] := CFe@Module[{i, j, s1, s2, ul, u2},
Ored, ps,ss [PlUS [
Ao [A],
YV /e Repss,s2 1 [A1_] /5
Position[ss, s1][1, 1] > Position[ss, s2]1[1, 1] » red[HAc(s2,s1; [A1]11],
Sum|
If[Position[ses, sl = ss[i] ] [1, 1] < Position[s@s, s2 = ss[jI]10I1, 1T, O,
Sum
red|[fcis1,s21 [Expand [A (AW, [p] AWy, [] - AWy [1 AW, [p])] /7 DIPloy ey, 57 //
D[p] $252,52 /1 Ms1 1581 // msZ,uZ-»sZ] ] >

{p, ps}

]
15

{i, Length[ss] -1}, {j, 1+1, Lengthe@ss}
]
111
In[-]:= OpR, {x,y},{1,2} [Ao [AW1 [X, ¥, Y] AW [X]]1] // 02,1y
Out[«]=
OnR, {x,y}, (2,1} [
Ao [AWL [X, ¥, Y] AWy [X] ] + Acr2,17) [AWL[X, Y, Y] AW [] AWg [] AWg [] + AWy [y, Y] AWy [X] AW [] AWz [] -
2AW1 [X, Y] AWa [y] AW [] AWz [] + 2 AWy [y] AWy [X, Y] AWT[] AWz [] -
AWy [X] AWz [y, Y] AWg[] AWz [] + AWy [] AWy [X, Y, Y] AWg[] AWg [

2
2 AWy [X, y] AWy [] AWg [] AWy [y] — 2 AWy [y ] AW [X] AWg [ ] AWz [y] + 2 AWy [X] AW, [y ] AWg [] AWy [y] -
2 AWy [] AWa [X, y] AW [] AWz [y] — AWy [X] AW [] AW [] AWz [y, y] + AWy [] AW, [x] AWz [] AWz [y, y]]1]

]+

In[«]:= Total@Table[B == (B // 0{2)1,3) // 0(1)2,3}), {B, Basis3 [OAR,{x,y},{l,Z,B}] }]
Out[e]=
320 True
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In[]:=

In[«]:=

Out[«]=

In[«]:=

out[e]=

2023-10-06 10:42:50

Ored_,ps_,ss_[&_] // Mi ,j -k =

CF@Ocd,ps, (k}~Join-Complement [ss, {i,7}] [Fil"St [Ored,ps,ss [E] // O (i, j3-30in~Complement [ss, {i,731] 7« ‘[
Acpi, iy [A_] » Rep [A 11 05,5 /1 W 5 5 11 0] s

A [A_] » Acgey [A 1/ m; 5

i,jok // Oisk // OT-»E] 5

e [AL] = Repry [A 77 M0 17 o5z // 034,;],
Acri,n 1 [AL] 0 Acppxg [A 17/ Mg 5 5 17 0ise]s
Acti,x 1[A_] = Acpr,x [A /1 mi s 1/ 03_,;] s
Aq [A_] » A[A /7 My o]

H

TOtal@Table[ (B // m1)2_,1 // m1’3_,1) ==

320 True

Total@Table[ (B 7/ M3 2,2 // mz,l_,l) ==

320 True

(B// my3,, // My 2,), {B, Basis3[Ong, (x,y},(1,2,3}]}]

(B//my a1 // M3 1,1), {B, Basis3[Opg,(x,y},(1,2,33]}]

lhs = Opg, (x,y}, (1} [Ae [SUm[AW, @@ Table[x, k] / k!, {k, ©, 4}] // FA[X » X +y]]]

1 1
Ons, ey, (37| oAby 1]+ Ay [X] -+ Ay [y~ Ay [X, X] = — AW X, Y]+

1 1 1 1 1

— AWp [y, X] + — AW1 [y, Y] + — AWp [X, X, X] + — AWy [X, X, Y] + — AW [X, ¥y, X] +

2 2 6 6 6

1 1 1 1 1

— AWy [X, ¥, Y] +— AW [y, X, X] +— AW [y, X, Y] +— AW [y, ¥, X] + — AW [y, ¥, Y] +
6 6 6 6 6

1 1 1 1

— AW [X, X, X, X] +— AW [X, X, X, Y] + — AW1 [X, X, ¥, X] + — AWi [X, X, ¥, ¥y] +
24 24 24 24

1 1 1 1

— AW [X, Xy, X]+ — AWg [X, ¥, X, Y]+ — AW [X, Y, Y, X] + — AW [X, Y, Y, Y] +
24 24 24 24

1 1 1 1

— AW [y, Xy X] +— AW1 [y, X, X, Y] + — AW [y, X, ¥, X] + — AWi [y, X, ¥y, y] +
24 24 24 24

1 1 1 1

— ALY, Y, X, X] 5 ALY, Y, X, Y]+ ALY, Y, Y, X] 5 — ALY, Y, Y, Y] ]
24 24 24 24

in[-]:= AWEXpy [£_] := Module[{t = AW[]},
AW[] +Sum[t = Expand[t *+ £ /K] /. a AW /; Length[a] > d =@, {k, d}]

]
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in[-]:= rhsl = AWExp, [Plus @@ L [Ad[F] [X]]1@{4}] /. AW - AW,

Out[e]=

1 1 1 1
AWp [T +AWg [X] + — AW [X, X] - — AW [X, Y] + — AWy [y, X] + — AW1 [X, X, X] -
2 2 2 6
5 1 1 1 1
— AWp [X, X, Y] + = AWp [X, Y, X] + — AW1 [X, Yy, Y] + — AW [y, X, X] - — AW [y, X, y] +
12 3 8 12 4
1 1 1 1
— AWy [Y, ¥, X] +— AW1 [X, X, X, X] = — AWy [X, X, X, Y] + — AW; [X, X, Y, X] +
8 24 6 12
1 1 1 1
— AW [X, X, Y, Y]+ — AW1[X, ¥, X, X] = — AWy [X, Y, ¥, Y] - — AW1 [y, X, X, y] +
16 12 48 8
1 1 1 1

— AW [y, X, Y, Y]+ — AW1[Y, ¥, X, X] = — AWy [y, ¥, X, Y] + — AW [y, Y, ¥, X]
16 16 16 48

il - rhs2 = ANExp, [Plus @@  [Ad[G] [Y]]@{4}] /. AW - AW,

Out[e]=
1 1 1 1 1
AW [] +AWo [Y] + — AWp [y, Y] + — AWa [X, Yy, Y] - — AWa [y, X, Y] + — AW [y, ¥y, X] + — AWa [y, ¥, Y] +
2 12 6 12 6
1 1 1 1
7Aw2[x) Y, Y, Y]**AWz[y, X, Y, Y]+*AW2[YJ Y, X, y]+*AW2[y, Y, Y, Y]
12 6 12 24
in[-]:= (Expand[rhsl x rhs2] // my 5,) /. AWy[w___1 /; Lengthe{w} >4:>0
Out[«]=
1 1 1 1
AWp [] + AWy [X] + AWg [y] +£AW1[X: X] +EAW1[X) yl +EAW1D': X] +EAW1[y: yl +
1 1 1 5 1
— AWy [X, X, X] +— AW [X, X, Y] + — AWy [X, Yy, X] + — AWp [X, Y, Y] + — AW [y, X, X] +
6 12 3 24 12
1 5 1 1
— AW1[Y, X, Y]+ — AW [y, ¥, X] + — AW [y, ¥, Y] + — AWg [X, X, X, X] +
12 24 6 24
1 1 1 1
— AW1 [X, X, ¥, X] = — AW1 [X, X, ¥, Y] + — AW1 [X, ¥, X, X] + — AW [X, ¥, X, Y] +
12 48 12 6
1 5 1 5
— AWL[X, Y, ¥, X] + — AWL[X, Y, ¥, Y] - — AWi [y, X, X, Y] - — AWi [y, X, ¥, Y] +
12 48 24 48
1 7 1 1
— AW1 Y, Y, X, X] +— AW1[Y, Y, X, Y] +— AW1[Y, Y, ¥, X] + — AW1[Y, YV, ¥, Y]
16 48 48 24
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