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~ A STL)

[D, D')(z;) = (DD’ — D'D)(x;) = D|x;,al] — D'[x;,a;] =

= [[11,',;, ﬂ,,;],a;] + [‘Ti! Dﬂ,i] - }[Ei! a,;'.]!ai] - [3:1': Dtﬂ'i] = [x,;,Da; - D!a’i + [G,,;, ﬂ,;]].
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[Example 3¢. Mﬁm(xx)x}x)

— _r% R
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— [Example 3. With ¥ € & and Nani P
Ap(y) its ascending realization oA L
s a bottom tangle and A, (y) its — g

ascending dcmcndm

descending realization as a bottom Langle we get
— 53 @ — a@|a|. Closing the first component and \
anti-symmetrizing, this is the Turaev cobracket. scending  descending

— Example 4 [Ma]. With ¥ € & and Ay(y) its ) N
ascending outer double and A,;(y) its ascen- - '
—ding inner double we getny: ¥ = 7@ 7. A- | < = ﬂ - m o= xxx @y —exyx @+
fter some massaging, it too becomes the Tu- A = =)
—raev cobracket. ' | |
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~ Unignoring the Complications. We need Ay and 4, such that:
1. A;(y) is obtained from Ag(y) by flipping all self-intersections -]
from ascending to descending. N = fi: ()\0 —'A;) /
2 (H-p—te-'en}agm:-u) Aj(y) is obtained from Ay(y) by a gloha] / N ’
 flip. o /1

3 Z((y)) is computable from W(y) and /1 (4i(y)) = W». ascending descending S"j. < 2( A f ¥ )J*= j( Wiy )) /\/
- : [ I {
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7E:ey 1L W: Il = |Alis Z)) : K} (O) = AL (©O).

ey 2 (Schematic). Suppose dg,A;: |7 = K(O) are two ways
of lifting plane curves into knots in PDS, (namely, P o 4; = I).

Then for y € |7, Lemma 1. “Division by i is well-defined.
- 1) = (Ao(y) = 4(Y)/h € K} (OO) = |7l @ |7

fand we get an operation 5 on plane curves. If Kontsevich likes Ay

——fand A, (namely if there are A% with Z/2(1;(y)) = A4(W(y))), then
i will have a compatible algebraic companion 7*:

o 7'(@) = (A(@) - A@)/h € AY(OO) = Al ® Al

ne— X
S b

0

For indeed, in A7 we have iW((y)) = hZ(n(y)) = Z(Ao(y)) —

) = (W) - A[(Wy) = I (W(y)).
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2 Best w-practices:

1. Trivalent tangles are end-labeled, to make a circuit algebra.
—2. Tubes are bare (no colours and/or orientations).

3. Crossings have no signs; filtration is by comparison with vir-

tual crossings.
4. Vertices are oriented and have marked legs: stem (s), upper

(u), and lower (/). They are classical: they satisfy both R4s.

~— 5. Wenjugating interchanges the two vertex types, and adds a vir-
tual / © u crossing.

6. Only stems can be unzipped. Unzipping untwisted edges con-
——  mects u to 1 above a connection of [ to [. Unzipping through a

wen is defined by wenjugating it out.
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