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Abstract. In 1947, Artin found a representation of the braid group on n

strands in the automorphism group of the free group with n generators, and
proved his representation is faithful. In 1986, McCool proved a theorem giving

a presentation for the group of basis-conjugating automorphisms of the free

group with n generators. McCool’s theorem can be reinterpreted as the state-
ment that a natural analogue of Artin’s representation of the braid group is a

faithful representation of the pure welded braid group on n strands. However,

the proof of McCool’s theorem uses Whitehead’s peak reduction lemma, which
has no interpretation in the context of welded braids. In this paper, we apply

a version of Whitehead’s peak reduction lemma suited for welded braids in
order to obtain a simpler proof of McCool’s theorem.

1. Background

Let Bn denote the braid group on n strands, PWBn denote the pure welded
braid group on n strands, Fn denote the free group on n generators, and Aut(Fn)
denote the automorphism group of Fn.

In 1947, Artin [A] found a representation of Bn in Aut(Fn) and proved the repre-
sentation is faithful. In 1986, McCool [M2] proved a theorem giving a presentation
for the group of basis-conjugating automorphisms in Aut(Fn). The statements of
these results are actually closely related, since McCool’s 1986 theorem can be inter-
preted as saying that a natural analogue of Artin’s representation of Bn is a faithful
representation of PWBn. However, the proofs of these results appear to be largely
independent of each other.

Indeed, the ideas in [M2] trace back to Whitehead’s 1936 paper [W], which
settled the problem of algorithmically determining whether or not there exists an
automorphism φ of Fn with φ(u) = u′, given two words u, u′ ∈ Fn. Whitehead’s
proof is topological, relating the problem to three-dimensional CW complexes.

In 1958, Rapaport [R] was able to eliminate the use of topology in Whitehead’s
proof: she instead worked directly with elements and automorphisms of Fn. In
doing so, Rapaport showed how the crux of Whitehead’s proof is actually the proof
of a statement, now called “Whitehead’s peak reduction lemma”, about the finite
generating set of Aut(Fn), now called the set of “Whitehead automorphisms”,
that Whitehead introduced in [W]. In 1974, Higgins and Lyndon [HL] simplified
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Rapaport’s proof of the peak reduction lemma considerably, while still working
directly with elements and automorphisms of Fn.

Shortly after, in 1975, McCool [M1] carefully analyzed Higgins and Lyndon’s
proof of Whitehead’s peak reduction lemma, and used its content to prove a theorem
giving a presentation for the stabilizer in Aut(Fn) of a tuple of cyclic words. Finally,
in 1986, McCool used his theorem from [M1] to prove the aforementioned theorem
in [M2], recognizing that the group of basis-conjugating automorphisms in Aut(Fn)
is the stabilizer of a certain tuple of cyclic words.

Now, as mentioned earlier, McCool’s theorem in [M2] can be interpreted as
saying that the natural analogue of Artin’s representation of Bn is a faithful rep-
resentation of PWBn. However, the issue is that, in the context associated with
PWBn, McCool’s proof no longer has any direct meaning. Indeed, McCool’s proof
in [M2] relies on his theorem in [M1] in an essential way, and his theorem in [M1]
is a general result with no interpretation in the context of welded braids. More-
over, McCool proves his theorem in [M1] using Whitehead’s peak reduction lemma,
which involves Whitehead automorphisms, and Whitehead automorphisms have no
interpretation in the context of welded braids either.

What led to the creation of this paper was reading Bar-Natan, Dancso and
van der Veen’s paper [BNDV], where it is proved that a natural analogue of Artin’s
representation of Bn is a complete invariant for virtual braids. The method of proof
there is an application of the “diamond lemma”, and the proof stays completely
within the context of virtual braids. The similarities between the diamond lemma
and Whitehead’s peak reduction lemma suggested to us that it should be possible
to prove McCool’s 1986 theorem by using a version of Whitehead’s peak reduction
lemma suited to the context of PWBn. This did turn out to be possible, and the
purpose of this paper is to show how it leads to a simpler proof of the theorem in
[M2].

While in the process of writing this paper, we discovered that a proof with the
same ideas as ours, though presented differently, exists and is the main subject of
[FRR]. Interestingly, [FRR] does not cite any of the papers mentioned above, so it
appears that the story told above is only one possible path to our proof of McCool’s
theorem from [M2].

2. Introduction

2.1. Notation for words. Suppose S is a given set of symbols. We let S−1

denote the set consisting of the same symbols as S, but with the superscript −1

added to each. We call a pair of symbols consisting of a symbol s in S along with
its corresponding symbol s−1 in S−1 a pair of inverses. In addition, we naturally
call each symbol in a pair of inverses the inverse of the other symbol.

We let W(S) denote the set of words with letters consisting of symbols from
S ∪ S−1. We call a word in W(S) reduced if no two adjacent letters in the word
constitute a pair of inverses. Given a word w ∈ W(S), we can repeatedly survey w



A SIMPLER PROOF OF MCCOOL’S THEOREM 3

to check if it contains two adjacent letters constituting a pair of inverses, deleting
the pair if it does. Such a process will always end with a reduced word after finitely
many deletions. We call such a process reducing w. Note that there may be several
ways of reducing w, but it is straightforward to verify that they all result in the
same reduced word.

We define an equivalence relation∼ onW(S), where for w1, w2 ∈ W(S), w1 ∼ w2

if reducing w1 and reducing w2 result in the same reduced word. We let F(S) denote
the set of equivalence classes of W(S) under this equivalence relation.

Given two words w1, w2 ∈ W(S), we let w1w2 denote the result of appending w2

to the right end of w1, forming a new word in W(S). The map (w1, w2) 7→ w1w2

is an associative, non-commutative, binary operation on W(S). Also, given a word
w ∈ W(S), we let w−1 ∈ W(S) denote the word obtained from w after reversing
the order of its letters, and then replacing each letter with its inverse.

It is straightforward to check that the binary operation (w1, w2) 7→ w1w2 respects
equivalence classes. Therefore, it translates into a well-defined binary operation on
F(S). It is well-known that F(S) together with this binary operation form a group,
typically called the free group generated by the symbols in S. Furthermore, the
operation w 7→ w−1 on W(S) defined above respects equivalence classes as well,
and the operation on F(S) it translates to is exactly the inverse operation coming
from the aforementioned group structure on F(S).

In this paper, We let Wn denote W({x1, . . . , xn}), Fn denote F({x1, . . . , xn}),
and Aut(Fn) denote the automorphism group of Fn. Moreover, throughout this pa-
per, all words should be understood as elements of W(S) by default, and therefore
any operations on words in an expression should be understood as the aforemen-
tioned operations on W(S). The only caveat is that we will not introduce any
additional notation to separate a word in W(S) from its equivalence class in F(S),
but it will be clear from context when the latter should be considered instead of
the former.

2.2. The pure welded braid group and automorphisms of Fn. Let Σn denote
the set of symbols {σij : 1 ≤ i, j ≤ n, i 6= j}. The pure welded braid group on n
strands, denoted PWBn, is the group F(Σn), modulo the relations:

(A) σijσk` = σk`σij for i, j, k, ` distinct.

(B) σijσik = σikσij for i, j, k distinct.

(C) σijσikσjk = σjkσikσij for i, j, k distinct.

The pure welded braid group is most often understood in a diagrammatic context;
however, the definition above will suffice for our purposes. For readers familiar with
the diagrammatic context, we note that relation (A) corresponds to the “locality”
property of welded braid diagrams, relation (B) corresponds to the fact that over-
crossings commute, and relation (C) corresponds to type-III Reidemeister moves.
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Let φ : Σn∪Σ−1n → Aut(Fn) denote the map with φ(σij) acting on the standard
basis of Fn following the rule:

φ(σij)(xk) =

{
xk if k 6= j

xixjx
−1
i if k = j,

and with φ(σ−1ij ) acting on the standard basis of Fn following the rule:

φ(σ−1ij )(xk) =

{
xk if k 6= j

x−1i xjxi if k = j.

Note that φ(σij) and φ(σ−1ij ) are certainly homomorphisms from Fn to Fn. Since
they are additionally inverses of each other, they are indeed automorphisms of Fn.

The relations (A), (B) and (C) are preserved under φ. Therefore, φ extends to a
group homomorphism Φ : PWBn → Aut(Fn) which is equal to φ on the generating
set Σn ∪ Σ−1n of PWBn.

Hereafter, we will suppress the symbol φ, instead having σ±1ij stand both for a

formal symbol in Σn ∪Σ−1n and for the automorphism φ(σ±1ij ) of Fn defined above.

2.3. Basis-conjugating automorphisms. The automorphism σ±1ij has the prop-

erty that it maps each generator xi of Fn to a conjugate wxiw
−1 of xi in Fn. We

will call automorphisms with this property basis-conjugating, and we denote the set
of all basis-conjugating automorphisms of Fn by BCAn.

The property of being basis-conjugating is preserved under composition of au-
tomorphisms. Therefore, since Φ maps Σn ∪ Σ−1n into BCAn, the image of Φ is
contained in BCAn.

3. The proof of McCool’s theorem

The theorem McCool proved in [M2] is equivalent to the following theorem.

Theorem (McCool). The map Φ : PWBn → Aut(Fn) defined earlier is injective,
and its image is BCAn.

The proof of this theorem will be divided into multiple sections. In the section
3.1, we simply introduce some notation; in section 3.2, we prove a lemma funda-
mental to the overall proof of the theorem; in section 3.3, we prove that the image
of Φ is BCAn; and in section 3.4, we show that Φ is injective.

3.1. Complexity of words and automorphisms. Given a word w in Wn, we
refer to the number of letters in w as its length, and we let `(w) denote the length
of the unique reduced word that results from reducing w.
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For a basis-conjugating automorphism τ , we let c(τ) =
∑n
i=1 `(τ(xi))−n. Intu-

itively, we think of c(τ) as the complexity of the automorphism τ .

3.2. Effect of precomposing with a generator on complexity.

Lemma 1. Let τ be a basis-conjugating automorphism, and for 1 ≤ k ≤ n, let
wk ∈ Wn be such that wkxkw

−1
k is reduced and τ(xk) = wkxkw

−1
k . Then, if wj

starts with wix
∓1
i , c(τ ◦ σ±1ij ) < c(τ). Otherwise, c(τ ◦ σ±1ij ) > c(τ).

Proof. Note that τ ◦ σ±1ij acts on the standard basis of Fn following the rule:

(τ ◦ σ±1ij )(xk) =

{
wkxkw

−1
k if k 6= j

wix
±1
i w−1i wjxjw

−1
j wix

∓1
i w−1i if k = j

.

Hence,

(1) c(τ ◦ σ±1ij ) = c(τ) + `(wix
±1
i w−1i wjxjw

−1
j wix

∓1
i w−1i )− `(wjxjw−1j )

Let W = wix
±1
i w−1i wjxjw

−1
j wix

∓1
i w−1i . We will relate `(W ) to `(wjxjw

−1
j ) so

that we can apply (1). Let u ∈ Wn and m ∈ Z be such that uxj and ux−1j are

reduced (i.e. u is reduced and does not end in xj or x−1j ) and wix
±1
i w−1i wj = uxmj .

For the purpose of computing `(W ), we consider the way of reducing W which
consists of the following steps:

(i) The deletion of all pairs of adjacent inverses in the instance of wix
±1
i w−1i wj

in the expression defining W , resulting in the word uxmj xjw
−1
j wix

∓1
i w−1i .

(ii) The deletion of all pairs of adjacent inverses in the instance of w−1j wix
∓1
i w−1i

in the expression for the word obtained in the previous step, resulting in the
word uxmj xjx

−m
j u−1.

(iii) The deletion of all pairs of adjacent inverses in the instance of xmj xjx
−m
j in

the expression for the word obtained in the previous step, resulting in the
reduced word uxju

−1.

There are now two cases to consider.

Case 1: wj starts with wix
∓1
i .

Then, in step (i) above, at least `(wi) + 1 deletions are performed, since each
letter in the instance of x±1i w−1i in wix

±1
i w−1i wj can be deleted as part of a pair of

adjacent inverses, with the other letter in the pair coming from the instance of wj
in wix

±1
i w−1i wj . By symmetry, at least `(wi) + 1 deletions are performed in step

(ii) as well.

Hence, there are at least 4`(wi) + 4 letters deleted in our above way of reducing
W . Since the length of W is 4`(wi) + 2 + `(wjxjw

−1
j ) (note we chose wj so that

wjxjw
−1
j is reduced), it follows that `(W ) < `(wjxjw

−1
j ). Therefore, by (1), c(τ ◦

σ±1ij ) < c(τ).
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Case 2: wj does not start with wix
∓1
i .

By our choices of wi and wj , wix
±1
i w−1i and wjxjw

−1
j are both reduced. It

follows that each deletion in step (i) must involve one letter from the instance of
wix

±1
i w−1i in wix

±1
i w−1i wj and one letter from the instance of wj . Since we are

assuming wj does not start with wix
∓1
i , it follows that each deletion in step (i)

involves a letter from the instance of w−1i in wix
±1
i w−1i wj . By symmetry, each

deletion in step (ii) involves a letter from the instance of wi in w−1j wix
∓1
i w−1i .

Since wjxjw
−1
j is reduced, it follows that the letters in the instances of xmj and

x−mj in xmj xjx
−m
j from step (iii) are from the instances of w−1i in wix

±1
i w−1i wj

and wi in w−1j wix
∓1
i x−1i respectively. Therefore, we have shown that each deletion

throughout steps (i) to (iii) involves a letter from either the instance of w−1i following

x±1i in the expression defining W or the instance of wi preceding x∓1i .

Overall, it follows that there are at most 2`(wi) deletions of pairs of adjacent
inverses in our above way of reducingW , and so at most 4`(wi) letters deleted. Since
the length of W is 4`(wi) + 2 + `(wjxjw

−1
j ), it follows that `(W ) > `(wjxjw

−1
j ).

Therefore, by (1), c(τ ◦ σ±1ij ) > c(τ).

The cases above and their conclusions form a complete proof of the lemma. �

3.3. The image of Φ. Suppose for a contradiction that the image of Φ is not
BCAn. The image of Φ is contained in BCAn, so BCAn \ im(Φ) must be non-
empty. Let τ be an automorphism in BCAn \ im(Φ) minimizing c(τ). Since τ is
basis-conjugating, for each 1 ≤ r ≤ n, there exists wr ∈ Wn with wrxrw

−1
r reduced

and τ(xr) = wrxrw
−1
r .

For any 1 ≤ i, j ≤ n with i 6= j, it is straightforward to check that τ ◦ σ±1ij must

be in BCAn \ im(Φ). By the minimality of τ , c(τ ◦ σ±1ij ) ≥ c(τ). By lemma 1, it

follows that wj does not begin with wix
±1
i for all 1 ≤ i, j ≤ n with i 6= j.

Claim 1. For any word u ∈ Wn, `(τ(u)) ≥ `(u).

Proof. The result of reducing u is a word that can be written in the form xα1
r1 . . . x

αs
rs ∈

Wn, where rt 6= rt+1 for each 1 ≤ t ≤ s− 1. Then,

τ(u) = wr1x
α1
r1 w

−1
r1 . . . wrsx

αs
rs w

−1
rs .

For each 1 ≤ t ≤ s, by our choice of wrt , wrtxrtw
−1
rt is reduced, which implies

wrtx
αt
rt w

−1
rt is reduced. Moreover, by the observation we made prior to the statement

of claim 1, for each 1 ≤ t ≤ s − 1, wrt does not begin with wrt+1
x±1rt+1

and wrt+1

does not begin with wrtx
±1
rt . It follows that in every possible way of reducing τ(u),

for all 1 ≤ t ≤ s, no letter in the instance of xαt
rt in the expression for τ(u) above is

deleted. Therefore, `(τ(u)) ≥ `(u). �
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By our claim, `(τ(τ−1(xr))) ≥ `(τ−1(xr)) for each 1 ≤ r ≤ n. It follows
that τ−1(xr) = xq for some 1 ≤ q ≤ n. Therefore, τ acts on the standard ba-
sis {x1, . . . , xn} by permuting its elements. However, τ is basis-conjugating, so τ
must be the identity map. Hence, τ ∈ im(Φ), which is a contradiction, thus proving
that the image of Φ is indeed BCAn.

3.4. Injectivity of Φ.

3.4.1. Setup. For a word w = a1 . . . as ∈ W(Σn), where a1, . . . , as are the letters of
w, and 0 ≤ r ≤ s, let:

• φr(w) = a1 ◦ . . . ◦ ar, with φ0(w) being the identity;
• φ(w) = a1 ◦ . . . ◦ as = φs(w), in a slight abuse of notation;
• cr(w) = c(a1 ◦ a2 ◦ . . . ◦ ar) = c(φr(w)); and
• C(w) = (c0(w), . . . , cs(w)), which we call the complexity sequence of W .

We will use a visualization of the complexity sequence of w, which we call the
complexity graph of w, consisting of the points (r, cr(w)) for r = 0, . . . , s plotted,
along with line segments joining consecutive points as in a line graph. An example
of a complexity graph in the case where n = 3 and w = σ−121 σ31σ32σ21σ

−1
12 σ

−1
32 ,

corresponding to the complexity sequence (0, 2, 4, 6, 4, 6, 4), is shown below.

By definition, the complexity sequence of a word w = a1 . . . as ∈ W(Σn) always
begins at 0 (i.e. c0(w) = 0). A slightly more subtle property of C(w) is that for
any 0 ≤ r ≤ s−1, cr+1(w) 6= cr(w). To see this, note that cr+1(w) = c(φr+1(w)) =
c(φr(w) ◦ ar+1). By lemma 1, c(φr(w) ◦ ar+1) 6= c(φr(w)) = cr(w). Therefore,
cr+1(w) 6= cr(w), as desired. Translating to complexity graphs, this fact says that
the complexity graph of w does not contain any horizontal line segments (which
can be seen in the example above).

Since the complexity graph of w does not contain any horizontal line segments,
each of its local maxima must be strict local maxima. We call a local maximum
point a peak of the complexity graph. Translating to complexity sequences, if
cr(w) ≥ cr−1(w) and cr(w) ≥ cr+1(w), then cr(w) > cr−1(w) and cr(w) > cr+1(w),
and we call an index 1 ≤ r ≤ s − 1 a peak of C(w) if cr(w) > cr−1(w) and
cr(w) > cr+1(w).



8 SINA ABBASI

3.4.2. Peak Reduction. The appearance of the word “peak” both in our preceding
definitions and in the phrase “Whitehead’s peak reduction lemma” is no coinci-
dence. Suppose we keep all the definitions in the paper so far, except with

• the set of symbols Σn changed,
• the map φ : Σn ∪ Σ−1n → Aut(Fn) associating symbols to automorphisms

changed significantly,
• the measure of complexity c(τ) changed slightly, and
• the definition of peak changed very slightly.

The details for the changes will not be specified here, but they should be clear
upon consulting [HL]. In this modified context, Whitehead’s peak reduction lemma
translates to the statement that given a word w = a1 . . . as ∈ W (Σn) and a peak
m of C(w), we may replace w with another word w′ such that φ(w′) = φ(w) and
C(w′) is the same as C(w), except with cm(w) replaced by a sequence of smaller
numbers.

In terms of the transition from the complexity graph of w to that of w′, the
peak (m, cm(w)) is replaced with a sequence of points lower (i.e. with smaller y-
coordinates) than it. Informally, the peak m (or the peak (m, cm(w))) is reduced
when replacing w by w′, which explains the name “peak reduction”. An example of
what this looks like visually is shown below, where our version of the peak reduction
lemma (which we haven’t stated yet) is applied to the first peak of the word from
our example of a complexity graph earlier.

peak reduction

Returning to our context, the statement of the main lemma we use to prove the
injectivity of Φ is similar to the translation of Whitehead’s peak reduction lemma
above. Prior to stating this lemma, we recall that the elements of PWBn were
defined to be equivalence classes of F(Σn), and the elements of F(Σn) were defined
to be equivalence classes of W(Σn). Our convention will be to consider elements of
PWBn directly as equivalence classes of W(Σn).

3.4.3. The Main Lemma. With the convention set out in the last paragraph in
mind, the statement of our version of the peak reduction lemma is:

Lemma 2. Let w = a1 . . . as ∈ W(Σn), where a1, . . . , as are the letters of w, and
suppose m is peak of C(w). Then, there exists a word w′ ∈ W(Σn) such that w′ = w
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in PWBn and C(w′) is the same as C(w), except with cm(w) replaced by a sequence
of smaller numbers.

Proof. We begin the proof by claiming that in order to find a w′ as required by the
lemma, it suffices to find a word u ∈ W(Σn) meeting certain requirements.

Claim 2. Suppose there exists a (possibly empty) word u = b1 . . . bt ∈ W(Σn) (t
may be zero) with amam+1 = b1 . . . bt in PWBn, and such that c(φm−1(w)◦φr(u)) <
c(φm(w)) for all 1 ≤ r ≤ t−1. Then, a w′ satisfying the requirements of the lemma
exists.

Proof. If such a u exists, then we can replace amam+1 with u to get the word
a1 . . . am−1uam+2 . . . as ∈ W(Σn). We let w′ = a1 . . . am−1uam+2 . . . as, and show
this choice of w′ meets the requirements of the lemma. Clearly, w′ = w in PWBn
since amam+1 = u in PWBn, so the first requirement of the lemma is met.

Since Φ is a well-defined map on PWBn, amam+1 being equal to u in PWBn
implies that φ(amam+1) = φ(u). It follows that cr(w) = cr−2+t(w

′) for all m+ 1 ≤
r ≤ s. It is also clear that cr(w) = cr(w

′) for all 1 ≤ r ≤ m − 1. For m ≤ r ≤
m+ t−2, cr(w

′) = c(φm−1(w)◦φr−m+1(u)), and c(φm−1(w)◦φr−m+1(u)) < cm(w)
by our hypothesis on u, which implies cr(w

′) < cm(w). We conclude that the
sequence C(w′) = (c0(w′), . . . , cs+t−2(w′)) is the same as C(w), except with cm(w)
replaced by the sequence of smaller numbers (cm(w′), . . . , cm+t−2(w′)). Therefore,
w′ meets the second requirement of the lemma as well, which proves our claim. �

Now, we prove that a u satisfying the conditions of claim 2 always exists. Our
choice of u will depend on am and am+1. Specifically, since m is a peak for C(w),
cm−1(w) < cm(w) and cm+1(w) < cm(w). As cm(w) = c(φm(w)), cm+1(w) =
c(φm+1(w)) = c(φm(w) ◦ am+1) and cm−1(w) = c(φm−1(w)) = c(φm(w) ◦ a−1m ), we
have that c(φm(w) ◦ am+1) < c(φm(w)) and c(φm(w) ◦ a−1m ) < c(φm(w)).

Therefore, fixing am and am+1 allows use to use the facts that c(φm(w)◦am+1) <
c(φm(w)) and c(φm(w) ◦ a−1m ) < c(φm(w)), deduced above, in conjunction with
lemma 1 to make conclusions regarding φm(w). We now analyze each possible case
for the identities of am and am+1 to show that a u satisfying the conditions of
claim 2 always exists. Hereafter, for 1 ≤ d ≤ n, we let wd ∈ W(Σn) be such that
wdxdw

−1
d is reduced and φm(w)(xd) = wdxdw

−1
d (note φm(w) is basis-conjugating).

Case 1: am = σαij , am+1 = σβkj , where α, β ∈ {1,−1} and i, j, k ∈ {1, . . . , n} are
distinct.

By lemma 1, wj simultaneously starts with wix
α
i and wkx

−β
k . There are two

subcases to consider.

Subcase A: `(wi) < `(wk).
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Then, wk starts wix
α
i . Therefore, we can write wk = wix

α
i y and wj = wix

α
i yx

−β
k z

for some words y, z ∈ Wn, where wix
α
i y and wix

α
i yx

−β
k z are reduced. Let u =

b1b2b3b4 = σ−αik σβkjσ
α
ijσ

α
ik. Note u = amam+1 in PWBn.

We organize the information relevant to the situation in the diagram on the
next page. The conventions for the diagram are stated below. The diagrams in
subsequent cases should be understood as following these conventions as well.

• In the box labelled with the automorphism τ , the action of τ on the
standard basis of Fn is described inside it, with the convention that for
1 ≤ e ≤ n and v ∈ Wn, we write xe 7−→ v if τ(xe) = vxev

−1 (for brevity).
• An arrow labelled with a symbol g ∈ Σn ∪ Σ−1n is drawn from the box for

the automorphism τ1 to the box for the automorphism τ2 if τ2 = τ1 ◦ g.
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From the diagram below, it is clear that c(φm−1(w) ◦ φr(u)) < c(φm(w)) for
1 ≤ r ≤ 3, so u meets the requirements of claim 2.

φm(w)

xi 7−→ wi
xj 7−→ wix

α
i yx

−β
k z

xk 7−→ wix
α
i y

xd 7−→ wd, d 6= i, j, k

φm−1(w)

xi 7−→ wi
xj 7−→ wiyx

−β
k z

xk 7−→ wix
α
i y

xd 7−→ wd, d 6= i, j, k

φm+1(w)

xi 7−→ wi
xj 7−→ wix

α
i yz

xk 7−→ wix
α
i y

xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ1(u)

xi 7−→ wi
xj 7−→ wiyx

−β
k z

xk 7−→ wiy
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ2(u)

xi 7−→ wi
xj 7−→ wiyz
xk 7−→ wiy
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ3(u)

xi 7−→ wi
xj 7−→ wix

α
i yz

xk 7−→ wiy
xd 7−→ wd, d 6= i, j, k

σαij

σβkj

σ−αik

σβkj

σαij

σαik
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Subcase B: `(wk) < `(wi).

Then, wi starts with wkx
−β
k . Therefore, we can write wi = wkx

−β
k y and wj =

wkx
−β
k yxαi z for some words y, z ∈ Wn, where wkx

−β
k y and wkx

−β
k yxαi z are reduced.

Let u = b1b2b3b4 = σβkiσ
β
kjσ

α
ijσ
−β
ki . Note u = amam+1 in PWBn. We organize the

information relevant to the situation in the diagram below, following the same
conventions as the diagram earlier. From the diagram it is clear that c(φm−1(w) ◦
φr(u)) < c(φm(w)) for 1 ≤ r ≤ 3, so u meets the requirements of claim 2.

φm(w)

xi 7−→ wkx
−β
k y

xj 7−→ wkx
−β
k yxαi z

xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm−1(w)

xi 7−→ wkx
−β
k y

xj 7−→ wkx
−β
k yz

xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm+1(w)

xi 7−→ wkx
−β
k y

xj 7−→ wkyx
α
i z

xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ1(u)

xi 7−→ wky

xj 7−→ wkx
−β
k yz

xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ2(u)

xi 7−→ wky
xj 7−→ wkyz
xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ3(u)

xi 7−→ wky
xj 7−→ wkyx

α
i z

xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

σαij

σβkj

σβki

σβkj

σαij

σ−βki
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Case 2: am = σαij , am+1 = σβjk, where α, β ∈ {1,−1} and i, j, k ∈ {1, . . . , n} are
distinct.

By lemma 1, wj starts with wix
α
i and wk starts with wjx

−β
j . Therefore, we can

write wj = wix
α
i y and wk = wix

α
i yx

−β
j z for some words y, z ∈ Wn, where wix

α
i y

and wix
α
i yx

−β
j z are reduced. Let u = b1b2b3b4 = σ−αik σβjkσ

α
ijσ

α
ik. Note u = amam+1

in PWBn. From the diagram below, it is clear that c(φm−1(w)◦φr(u)) < c(φm(w))
for 1 ≤ r ≤ 3, so u meets the requirements of claim 2.

φm(w)

xi 7−→ wi
xj 7−→ wix

α
i y

xk 7−→ wix
α
i yx

−β
j z

xd 7−→ wd, d 6= i, j, k

φm−1(w)

xi 7−→ wi
xj 7−→ wiy

xk 7−→ wix
α
i yx

−β
j z

xd 7−→ wd, d 6= i, j, k

φm+1(w)

xi 7−→ wi
xj 7−→ wix

α
i y

xk 7−→ wix
α
i yz

xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ1(u)

xi 7−→ wi
xj 7−→ wiy

xk 7−→ wiyx
−β
j z

xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ2(u)

xi 7−→ wi
xj 7−→ wiy
xk 7−→ wiyz
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ3(u)

xi 7−→ wi
xj 7−→ wix

α
i y

xk 7−→ wiyz
xd 7−→ wd, d 6= i, j, k

σαij

σβjk

σ−αik

σβjk

σαij

σαik
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Case 3: am = σαji, am+1 = σβkj , where α, β ∈ {1,−1} and i, j, k ∈ {1, . . . , n} are
distinct.

By lemma 1, wi starts with wjx
α
j and wj starts with wkx

−β
k . Therefore, we can

write wj = wkx
−β
k y and wi = wkx

−β
k yxαj z for some words y, z ∈ Wn, where wkx

−β
k y

and wkx
−β
k yxαj z are reduced. Let u = b1b2b3b4 = σβkiσ

β
kjσ

α
jiσ
−β
ki . Note u = amam+1

in PWBn. From the diagram below, it is clear that c(φm−1(w)◦φr(u)) < c(φm(w))
for 1 ≤ r ≤ 3, so u meets the requirements of claim 2.

φm(w)

xi 7−→ wkx
−β
k yxαj z

xj 7−→ wkx
−β
k y

xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm−1(w)

xi 7−→ wkx
−β
k yz

xj 7−→ wkx
−β
k y

xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm+1(w)

xi 7−→ wkx
−β
k yxαj z

xj 7−→ wky
xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ1(u)

xi 7−→ wkyz

xj 7−→ wkx
−β
k y

xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ2(u)

xi 7−→ wkyz
xj 7−→ wky
xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ3(u)

xi 7−→ wkyx
α
j z

xj 7−→ wky
xk 7−→ wk
xd 7−→ wd, d 6= i, j, k

σαji

σβkj

σβki

σβkj

σαji

σ−βki
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Case 4: am = σαji, am+1 = σβjk, where α, β ∈ {1,−1} and i, j, k ∈ {1, . . . , n} are
distinct.

By lemma 1, wi starts with wjx
α
j and wk starts with wjx

−β
j . Therefore, can

write wi = wjx
α
j y and wk = wjx

−β
j z for some words y, z ∈ Wn, where wjx

α
j y and

wjx
−β
j z are reduced. Let u = b1b2 = σβjkσ

α
ji. Note u = amam+1 in PWBn. From

the diagram below, it is clear that c(φm−1(w) ◦ φ1(u)) < c(φm(w)), so u meets the
requirements of claim 2.

φm(w)

xi 7−→ wjx
α
j y

xj 7−→ wj
xk 7−→ wjx

−β
j z

xd 7−→ wd, d 6= i, j, k

φm−1(w)

xi 7−→ wjy
xj 7−→ wj
xk 7−→ wjx

−β
j z

xd 7−→ wd, d 6= i, j, k

φm+1(w)

xi 7−→ wjx
α
j y

xj 7−→ wj
xk 7−→ wjz
xd 7−→ wd, d 6= i, j, k

φm−1(w) ◦ φ1(u)

xi 7−→ wjy
xj 7−→ wj
xk 7−→ wjz
xd 7−→ wd, d 6= i, j, k

σαji

σβjk

σβjk

σαji
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Case 5: am = σαij , am+1 = σβpq, where α, β ∈ {1,−1} and i, j, p, q ∈ {1, . . . , n} are
distinct.

By lemma 1, wj starts with wix
α
i and wq starts with wpx

−β
p . Therefore, we can

write wj = wix
α
i y and wq = wpx

−β
p z for some words y, z ∈ Wn, where wix

α
i y and

wpx
−β
p z are reduced. Let u = b1b2 = σβpqσ

α
ij . Note u = amam+1 in PWBn. From

the diagram below, it is clear that c(φm−1(w) ◦ φ1(u)) < c(φm(w)), so u meets the
requirements of claim 2.

φm(w)

xi 7−→ wi
xj 7−→ wix

α
i y

xp 7−→ wp
wq 7−→ wpx

−β
p z

xd 7−→ wd, d 6= i, j, p, q

φm−1(w)

xi 7−→ wi
xj 7−→ wiy
xp 7−→ wp
wq 7−→ wpx

−β
p z

xd 7−→ wd, d 6= i, j, p, q

φm+1(w)

xi 7−→ wi
xj 7−→ wix

α
i y

xp 7−→ wp
wq 7−→ wpz
xd 7−→ wd, d 6= i, j, p, q

φm−1(w) ◦ φ1(u)

xi 7−→ wi
xj 7−→ wiy
xp 7−→ wp
wq 7−→ wpz
xd 7−→ wd, d 6= i, j, p, q

σαij

σβpq

σβpq

σαij
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Case 6: am = σαij , am+1 = σβij , where α, β ∈ {1,−1} and i, j ∈ {1, . . . , n} are
distinct.

By lemma 1, wj simultaneously begins with wix
α
i and wix

−β
i . Therefore, α =

−β, which implies amam+1 = 1 in PWBn, so we can take u to be the empty word,
and it is easy to see that this choice of u satisfies the conditions of claim 2.

Case 7: am = σαij , am+1 = σβji, where α, β ∈ {1,−1} and i, j ∈ {1, . . . , n} are
distinct.

By lemma 1, wj starts with wix
α
i and wi starts with wjx

−β
i . Since we can-

not simultaneously have wj starting with wi and wi starting with wj , this case is
impossible.

All possibilities for am and am+1 are exhausted in the analysis above, and in
each valid case we showed that a u satisfying the conditions of claim 2 exists. By
claim 2, the proof of the lemma is complete. �

3.4.4. Conclusion. We now apply lemma 2 in order to show that Φ is injective. We
use the phrase applying peak reduction to refer to the process of using the algorithm
implicit in the proof of lemma 2 to generate a word w′ ∈ W(Σn), given a word
w = a1 . . . as ∈ W(Σn) and a peak r of C(w).

Now, suppose for a contradiction that Φ is not injective. It follows that there
exists a word w ∈ W(Σn) with φ(w) = 1 and w 6= 1 in PWBn. Then, the complexity
sequence of w begins and ends with 0. Now, let v be the result of repeatedly applying
peak reduction to w until it is no longer possible to. Since applying peak reduction
to a word preserves its equivalence class in PWBn, we have that v = w in PWBn.

Since Φ is a well-defined map on PWBn, it follows that φ(v) = φ(w), and so
the complexity sequence of v also begins and ends with 0. Since it is not possible
to apply peak reduction to v, the complexity graph/sequence of v must not have
any peaks. Therefore, the complexity graph of v must start at (0, 0), end at some
(s′, 0), and not have any horizontal line segments. This is only possible if v is the
empty word. Hence, w = v = 1 in PWBn, which is a contradiction, thus showing
that Φ is indeed injective.

We have shown that the image of Φ is BCAn and that Φ is injective. Therefore,
the proof of McCool’s theorem is complete. �
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