Course Idea: 12 Definitions of the Alexander Polynomial.

. The "cars" matrix: knots, R-moves, rotation numbers, proof of invariance.
. pi_1 and fox derivatives.
H_1.

. Seifert.

Burau.

. The Moscow definition.

. Conway.

. Meta-monoids.

w.

10. Kontsevich.

11. Hopf/Kerler.

12. Surprise!
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In-math, we often care for things for how well-connected they are. In themselves, 57 and 1729 and 196884 are just members of
an infinitely long dull and monotone procession of "numbers". Yet the Theory of Numbers talks to nearly everything in
mathematics, and everything talks to it. Knots are likewise dull, and Knot Theory is likewise interesting, and within Knot Theory
the Alexander Polynomial plays a special role: it is arguably the most successful "Knot Invariant”, it talks to everything, and
everything talks to it.

In this class we will cover 12 of the 50 or so definitions of the Alexander Polynomial and discuss how they are related to formal
probability and determinants, fundamental groups, and Fox derivatives, homology, covering spaces and finitely presented
modules, Seifert surfaces and linking forms, braids and their Burau representation, exterior algebras and the Berezin integral,
skein relations, tangles and meta-monoids, finite type invariants and the Kontsevich integral, 2-knots in 4D-and the w-expansion
and Hopf algebras and algebraic knot theory.

We will aim to implement in Mathematica almost everything that we will talk about, so this class is also about turning
sophisticated mathematics into concise and effective code.

Prerequisites: Excellent grasp of everything in Core Algebra | (MAT1100) and in Core Topology (MAT1301), and no fear of
computers.

Evaluation: Near-weekly problem sets, a possible full day of student lectures at the end.
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Proposition 3.1 ([Ran81, Proposition 1.7.1]). Let A and B be hermitian matrices
—over Z[t*'] with det(A(1)) = det(B(1)) = £1. Then A(A) = X(B) if and only if A

. . [Ran81, Prop 1.7.1] is Ranicki's book,
~and B are related by a sequence of the following three moves: " A touch read:

(1) replace C by PCP' where P is a matriz over Z[t*] with det(P) = +1,

— (2) replace C by the block sum C @& D where D is a hermitian matriz over Z[tﬂ]i?_:fm:ii",:f;i:m m,e,::::m o oo

B wzth’ dEt'(‘D) = :t]'? R e=symmetr bo o
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We can now prove the following lemma: o~ (stable isomorphism classes of null-cobordant

o o even (-c)-symmetric o

Lemma 3.2. Let A(t) be a hermitian matriz over Z[t*'] with A\(A(t)) = \(K), then li—:l-rmaanuc tormations over A}
split (-c)-guadratic

o sign(A(z)) — sign(A(1)) o.(K), foranyz¢€ S and
- null(A(z)) n.(K), for any z € C\ {0,1}.

~ Proof. First let D(t) be any hermitian matrix over Z[t*!]. It is well-known that the
function

- S - Z
z + sign(D(z))
~is constant outside of the set of zeros of D(t). In particular if det(D(¢)) = £1, then
~ the signature function is constant. It now follows easily from Proposition 2.1 that if
A(t) and B(t) are hermitian matrices over Z[t*'] with A(A(t)) = A(B(t)), then

o sign(A(z)) — sign(A(1)) = sign(B(z)) — sign(B(1)) for any z € S*.

~ The first claim now follows from (2.4) and Proposition 2.1. The proof of the second
~ statement also follows from a similar argument. O
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lhs = Ro [1, i k] Re[1, i, k+] Re[1, i+: j+]
EQP[-psXi + (1-T) pye= Xz + TPs= Xs — P X5 + T Py= Xy +

(1-T) Pr= X5 - P Xk + Pk~ Xk + TPy== X3= + (1 =T) pPy== X4~ -
R - Pjo- X;- - RS - Py-- X BREERGE, O |

rhs =Ry [1, i, j] Re[1, i+: k] Ra [1, j+: k+]

EQP[-ps X; + TPs= Xs + (1= T) pj= X; - Py X5 +
Pj= X3 = Pi Xi + P~ Xic + T Py== X3~ ~ iy + (mppass
Tpyes X5= + (1= T) pyes Xy~ WOGEIEE - D, -~ X~ Mggmas® , O
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Collect[Suu[NomaloSeries[:—: e " THxg, (e, 0, 4}]; {n, e, m}] s

e, Simplify]

See https://oeis.org/A008277, "Stirling numbers of the second kind"
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1= Ihs = KSI[PD[X.2,5,4,-1, X-3,7,6,-5, X_6,9,8,-4]] /- M= -1

Out[=]=
o (s
Cs((-3,7,9,8,-1,-2}] [

i 1= rhs = KSI[PD[X.3,5,4,-2, X.4,6,8,-15 X-5,7,9,-6]1 /- M= -1
Out[=]=

GB[(-3,7,9,8,-1,-2}] [
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lhs[1] - rhs[1]




