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QuiltPlot[{f ,g }, {%x_, xmin_, Xmax , nx }, {y_, ymin , ymax_, ny }1
Module[
{dx, dy, grid, ix, iy},
SeedRandom 1] ;
dx= (xmax-xmin) /nx;
dy=(ymax-ymin)/ny;
grid = Table[
{x -> xmin+ix*dx, y -> ymin+iy*dy},
{ix, 0, nx}, {iy, 0, ny}
1
grid = Mapl { £, g} /. #)&, grid, {2}];
Show[ .
Graphics[ Table[
{
RGBColor][ Random[ ] , Random[], Random[]],
Polygon[ {
gridl [ ix, 1iyll,
grid[ [ ix+1, iyll,
grid[ [ ix+1, iy+111,
gridl [ ix, iy+1]]
}]
} o,
{ix, nx}, {iy, ny}
11,
Frame —-> True

]

QuiltPlot[{x, v}, {x, -10, 10, 8, {y, 5, 10, 8}]
QuiltPlot[ { x*2-y~2, 2*x*y}, {x, -10, 10, 8, {y, 5, 10, 8}]
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Mathematica 2.0 for SPARC
pyright 1988-91 Wolfram Research,
—— Terminal graphics initialized —-—

Inc.

<< Miscellaneous/ChemicalElements.m
1=N[ ( ({AtomicNumber [#],MeltingPoint [#],BoilingPoint [#],HeatOfFusion[#],
HeatOfVaporization[#],Density[#], ThermalConductivity [#]}&
/@ Elements) /. {Kilo —-> 1, Joule -> 1, Kilogram -> 1,
Meter -> 1, Kelvin -> 1, Watt -> 1, Mole —-> 1}),3]

14., 20.3, 0.12, 0.46, 76., 0.181},

{{1.,
{2., 0.95, 4.22, 0.021, 0.082, 125., 0.152},
{3., 454., 1620., 4.6, 148., 534., 84.7},
{4., 1550., 3240., 9.8, 309., 1850., 200.},
{5., 2570., 3930., 22.2, 504., 2340., 27.},
{6., 3820., 5100., 105., 711., 3510., 1960.},
{7., 63.3, 77.4, 0.72, 5.58, 1030., 0.026},
{8., 54.8, 90.2, 0.444, 6.82, 2000., 0.0267},
{9., 53.5, 85., 1.02, 3.26, 1520., 0.0279},
{10., 24.5, 27.1, 0.324, 1.74, 1440., 0.0493},
{11., 371., 1160., 2.64, 99.2, 971., 141.},
{12., 922., 1360., 9.04, 128., 1740., 156.},
{13., 933., 2740., 10.7, 291., 2700., 237.},
{14., 1680., 2630., 39.6, 383., 2330., 148.},
{15., 317., 553., 2.51, 51.9, 1820., 0.235},
{16., 386., 718., 1.23, 9.62, 2070., 0.269},
{17., 172., 240., 6.41, 20.4, 2030., 0.0089},
{18., 83.8, 87.3, 1.21, 6.53, 1660., 0.0177},
{19., 337., 1050., 2.4, 79.1, 862., 102.},
{20., 1110., 1760., 9.33, 151., 1550., 200.},
{21., 1810., 3100., 15.9, 376., 2990., 15.8},
{22., 1930., 3560., 20.9, 425., 4540., 21.9},
{23., 2160., 3650., 17.6, 460., 6110., 30.7},
{24., 2130., 2940., 15.3, 342., 7190., 93.7},
{25., 1520., 2240., 14.4, 220., 7440., 7.82},
{26., 1810., 3020., 14.9, 340., 7870., 80.2},
{27., 1770., 3140., 15.2, 382., 8900., 100.},
{28., 1730., 3000., 17.6, 375., 8900., 90.7},
{29., 1360., 2840., 13., 307., 8960., 401.},
{30., 693., 1180., 6.67, 114., 7130., 1l6.},
{31., 303., 2680., 5.59, 270., 5910., 40.6},
{32., 1210., 3100., 34.7, 328., 5320., 59.9},
{33., 83.8, 889., 27.7, 31.9, 5780., 50.},
{34., 490., 958., 5.1, 90., 4790., 2.04},
{35., 266., 332., 10.8, 30.5, 4050., 0.122},
{36., 117., 121., 1.64, 9.05, 2820., 0.00949},
{37., 312., 961., 2.2, 75.7, 1530., 58.2},
{38., 1040., 1657., 9.16, 154., 2540., 35.3},
{39., 1790., 3610., 17.2, 367., 4470., 17.2},
{40., 2120., 4650., 23., 567., 6510., 22.7},
{41., 2740., 5010., 27.2, 680., 8570., 53.7},
{42., 2890., 4880., 27.6, 590., 10200., 138.},
{43., 2440., 5150., 23.8, 585., 11500., 50.6},
{44., 2580., 4170., 23.7, 567., 12400., 117.},
{45., 2240., 4000., 21.6, 494., 12400., 150.},
{46., 1820., 3410., 17.2, 361., 12000., 71.8},
{47., 1240., 2490., 11.3, 258., 10500., 429.},
{48., 594., 1040., 6.11, 100., 8650., 96.8},
{49., 429., 2350., 3.27, 232., 7310., 81.6},
{50., 505., 2540., 7.2, 296., 7310., 66.6},
{51., 904., 1910., 20.9, 166., 6690., 243.},
{52., 723., 1260., 13.5, 105., 6240., 2.35},
{53., 387., 458., 15.3, 41.7, 4930., 0.449},
{54., 161., 166., 3.1, 12.7, 3540., 0.00569},
{557 302+, 952., 2.09, 66.5, 1870., 35.9},
{56., 1000., 1910., 7.66, 151., 3590., 18.4},
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£58.,
{59.,
{60.,
{el.,
{62,
{63.,
{64.,
{65y
{66.,
te7.,
{68.,
{69.,
170.,
{71.,
{72.,
{73.,
{74.,
{75.,
{76.,
{77 v
{78.,
t79.,
{80.,
{8l.,
{82.,
{83.,
{84.,
{85.,
{86.,
{87.,
{88.,
{89.,
{90.,
{91.,
{92.,
188,
194.,
{95.,
[96.
{97.,
{98.,
{99.,

{100.
{101.
{102.
{103.

{104.

{105.
{106.

14

S N S = S s

1190.

, 3730., 10., 402., 6150., 13.5},
1070., 3700., 8.87, 398., 8240., 11.4},
1200., 3790., 11.3, 357., 6770., 12.5},
1290., 3340., 7.11, 328., 7010., 16.5},
1440., 3000., 12.6, Unknown, 7220., 17.9},
1350., 2060., 10.9, 165., 7520., 13.3},
1090., 1870., 10.5, 176., 5240., 13.9},
1590., 3540., 15.5, 301., 7900., 10.6},
1630., 3400., 16.3, 391., 8230., 11.1},
1680., 2830., 17.2, 293., 8550., 10.7},
1750., 2970., 17.2, 303., 8800., 16.2},
1800., 3140., 17.2, 280., 9070., 14.3},
1820., 2220., 18.4, 247., 9320., 16.8},
1100., 1470., 9.2, 159., 6970., 34.9},
1940., 3670., 19.2, 428., 9840., 16.4},
2500., 5470., 25.5, 571., 13300., 23.},
3270., 5700., 31.4, 758., 16700., 57.5},
3680., 5930., 35.2, 824., 19300., 174.},
3450., 5900., 33.1, 704., 21000., 47.9},
3330., 5300., 29.3, 738., 22600., 87.6},
2680., 4400., 26.4, 612., 22400., 147.},
2040., 4100., 19.7, 469., 21400., 71.6},
1340., 3080., 12.7, 343., 19300., 317.},
234., 630., 2.33, 59.1, 13500., 8.34},
577., 1730., 4.31, 166., 11800., 46.1},
601., 2010., 5.12, 178., 11300., 35.3},
545., 1880., 10.5, 179., 9750., 7.87},
527., 1230., 10., 101., 9320., 20.},
575., 610., 23.8, Unknown, Unknown, 1.7},
202., 211., 2.7, 18.1, 4400., 0.00364},
300., 950., Unknown, Unknown, Unknown, 15.},
973., 1410., 7.15, 137., 5000., 18.6},
1320., 3470., 14.2, 293., 10100., 12.},
2020., 5060., 19.2, 514., 11700., 54.},
2110., 4300., 16.7, 481., 15400., 47.},
1410., 4020., 15.5, 417., 19000., 27.6},
913., 4170., 9.46, 337., 20200., 6.3},
914., 3500., 2.8, 343., 19800., 6.74},
1270., 2880., 14.4, 239., 13700., 10.},
1610., Unknown, Unknown, Unknown, 13300., 10.},
Unknown, Unknown, Unknown, Unknown, 14800., 10.},
Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
Unknown, Unknown, Unknown, Unknown, Unknown, 10.}%,
Unknown, Unknown, Unknown, Unknown, Unknown, Unknown},
Unknown, Unknown, Unknown, Unknown, Unknown, Unknown},
Unknown, Unknown, Unknown, Unknown, Unknown, Unknown}}
ll=Flatten[Drop[#,1]& /@ 1] /. {Unknown —> 0.};

dl=(RealDigits[#][[1,1]])& /@ 11;
Count [d1l,#]& /@ Range[9]

{199,

103, 79,

41, 45, 2

3, 29, 24,

32}
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Benford's Law

Benford's Law (which was apparently first stated by Simon Newcomb
in 1881) states that if you randomly select a number frgm a table
of physical constants or statistical data, the probability that the
first digit will be a "1" is about 0.301, rather than 0.1 as we
might expect if all digits were equally likely. 1In ggneral, fhe
"law" says that the probability of the first digit being a "d
1.5 :

log 10( 1+ (1/d) )

This implies that a number in a table of physical cops?ants is more
likely to begin with a smaller digit than a larger digit. It was
published by Newcomb in a paper entitled "Note on the Frequepcy of Use
of the Different Digits in Natural Numbers", which appeared in The
American Journal of Mathematics (1881) 4, 39-40. It was re-discovered
by Benford in 1938, and he published an article called "The Law of
Anomalous Numbers" in Proc. Amer. Phil. Soc 78, pp 551—72. Several
other references can be found in Hill's article.
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Benford's Law

Also called the First Digit Law, First Digit Phenomenon, or Leading Digit Phenomenon. In listings, tables of statistics, etc., the Digit 1 tends to

occur with Probability ~ 30%, much greater than the expected 10%. This can be observed, for instance, by examining tables of ogarithms and
noting that the first pages are much more worn and smudged than later pages.

Benford's law applies to data that are not dimensionless, so the numerical values of the data depend on the units. If there exists a universal
probability distribution P(x) over such numbers, then it must be invariant under a change of scale, so

Pk x) = fik) P(x).

If f P(m) de =1 , then j‘ P(iﬂ.fc} dﬂi’ —_ 1;‘% , and normalization implies f(k) = 1/k. Differentiating with respect to & and setting =1
gives
x P'(x) = -P(x),

having solution P(x) = 1/x. Although this is not a proper probability distribution (since it diverges), both the laws of physics and human convention

impose cutoffs. For example, if street addresses are distributed uniformly over the range of 1 to some maximum cutoff value, then they'll obey
something close to Benford's law.

If many decades lie between the cutoffs, then the probability that the first (decimal) digit is D is given by

p._ o Pl)de (2
b= [ Pe)dz ~ 1nl0 °

summarized in the following table.

i i
I Py

|
| , |
1 (030103 [6 [0.0669468 |

2 0176001 |7 10.0579919 |

f

3 (0124939 [8 | 00511525

14 [0.00691 (9 |0.0457575 |
5 [oorotsr2 | [

! i

Indeed, of the 54 million real constants in Plouffe's **Inverse Symbolic Calculator” database, 30% begin with the Digit 1. The table below, taken
from Benford (1938), shows the distribution of first digits taken from several disparate sources.
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i ‘ First Digit | |
[Col. | Title i 1] 2| 3 a5 6 7| 8| osamples
: ; : - site S L el ppesie p e !
‘A |Rivers,Area | 310 164 107 | 113 | 72, 86| 55 42 51 . 335
- NG : : . . =4 et ; 3
'8 |Popuiaon | 339| 204 142 81| 72| 62| 41 37|22| 3250
' [constants | 413| 144| 48[ 86| 106 58| 10 29| 104 |
D [Newspapers | 300 180| 120 00| 80| 60| 60[ 50 100
'E SpecificHeat | 240 | 184| 162] 146| 06| 41| 32| 48] 1389 |
|F | Pressure " 296| 183| 128 98| 83 64| 57 44 703 |
G [HP. Lost | s00| 184 19| 108 81 70| s1] 51| 690
[H | Mol. wat. " 2e7| 22| 54| 108 67| 51| a1 28] 1800 |
I |Drainage 1| 9| 138| 126 82 50| 50| 25| 159
v [Aomicwgt. | 472[ 187 55| 44| 66| 44| 33| 44 o1
| I AR R |
Ll ; ! ; | !
EK I /n | 257| 203| 97| 68| 66| 68| 72 - &8 5000 |
1o b Lo é l ; 1 i \ ,
'L |Design | 28| 148 143 75| 83| 84 70 73 560 |
M [ReadersDigest| 334 185| 124 75| 714 65| 55[ 49 308
N [Costbata | 324| 88| 04| 101 98| 55 47| 5531 741
[0 |xRayvots | o279 175| 144 90| 81| 74, 51| 58 707
L S S o | r ! 1 w ! S| |
A H T M\_‘ H | e
P |Am.league | 327| 176] 126 98| 74| 64| 49| 56 | 1458
'@ [Blackbody | 310 73] 141 | e7| es| 70| 52 47][54] 1165 |
[R |Addresses | 289| 192[ 26| 88| 85| 64| 56 50| 50| 342
f I T i 7 T T i T " T
ts i, n2e ol | 25.3% 16.0 ‘ 120 } 00 85 88 68 T é 55 900
[T [pesthRate | 20| 186 157 94| 67| 65| 72| 48 41 418
[ | Average [ 306! 185 124 94| 80| 64| 51| 49 47| 1011
| | i | - | 1 . | | | ]
T lapa |2 | 4 [ 4 109 102 |02 (203 | | n
i { Probable Error % +0.8 i 0.4 5 +04 % +0.3 l +0.2 1 +0.2 % +0.2 E +0.3 t 5 ’
| 5 % i ! oo 5 Lo ; |

In fact, the first Significant Digit seems to follow a Logarithmic Distribution, with

P(n) = log(n + 1) - logn

for n=1, ..., 9. One explanation uses Central Limit-like theorems for the Mantissas of random variables under Multiplication. As the number of
variables increases, the density function approaches that of a Logarithmic Distribution.
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Mathematica 2.0 for SPARC 1190., 3730., 10., 402., 6150., 13.5},
Copyright 1988-91 Wolfram Research, Inc. , 3700., 8.87, 398., 8240., 11.4}, o
-- Terminal graphics initialized --— , 3790., 11.3, 357., 6770., 12.5},

» 3340., 7.11, 328., 7010., 16.5},
, 3000., 12.6, Unknown, 7220., 17.9},
s 2060u, 109, 165., 71520., 13.3},

<< Miscellaneous/ChemicalElements.m
1=N[ ( ({AtomicNumber [#] \menwbﬁmowsn [#],BoilingPoint [#],HeatOfFusion[#],

mmwnom<mvonHdeHo:~fLum:m_..nw.:I\.Hsmnamu_.oo:aznﬁwcwn%;_:, {63., 1090., 1870., 10.5, 176., 5240., 13.9},
/@ Elements) /. {Kilo -> 1, Joule -> 1, Kilogram —> 1, {64., 1590., 3540., 15.5, 301., 7900., 10.6},
Meter -> 1, Kelvin -> 1, Watt -> 1, Mole —> 1}),3] {65., 1630., 3400., 16.3, 391., 8230., 11.1},
{66., 1680., 2830., 17.2, 293., 8550., 10.7},
{{1., 14., 20.3, 0.12, 0.46, 76., 0.181}, {67., 1750., 2970., 17.2, 303., 8800., 16.2},
{2., 0.95, 4.22, 0.021, 0.082, 125., 0.152}, {68., 1800., 3140., 17.2, 280., 9070., 14.3},
{3., 454., 1620., 4.6, 148., 534., 84.7}, {69., 1820., 2220., 18.4, 247., 9320., 16.8},
{4., 1550., 3240., 9.8, 309., 1850., 200.}, {70., 1100.; 1470., 9.2, 159., 6970., 34.9},
{5., 2570., 3930., 22.2, 504., 2340., 27.}, ‘{71., 1940., 3670., 19.2, 428., 9840., 16.4},
{6., 3820., 5100., 105., 711., 3510., 1960.}, {12., 2500.; 5470., 25.5, 571., 13300., 23.},
{7., 63.3, 77.4, 0.72, 5.58, 1030., 0.026}, {73., 3270., 5700., 31.4, 758., 16700., 57.5},
(8., 54.8, 90.2, 0.444, 6.82, 2000., 0.0267}, {74., 3680., 5930., 35.2, 824., 19300., 174.},
{9., 53.5, 85., 1.02, 3.26, 1520., 0.0279}, (75., 3450., 5900., 33.1, 704., 21000., 47.9},
{10., 24.5, 27.1, 0.324, 1.74, 1440., 0.0493}, {76., 3330., 5300., 29.3, 738., 22600., 87.6},
{11., 371., 1160., 2.64, 99.2, 971., 141.}, {77., 2680., 4400., 26.4, 612., 22400., 147.},
{12., 922., 1360., 9.04, 128., 1740., 156.}, N {78., 2040., 4100., 19.7, 469., 21400., 716}y
{13., 933., 2740., 10.7, 291., 2700., 237.}, {79., 1340., 3080., 12.7, 343., 19300., 317.},
{14., 1680., 2630., 39.6, 383., 2330., 148.}, {80., 234., 630., 2.33, 59.1, 13500., 8.34},
[15.; 317«; 553., 2.51, 51.9, 1820., 0.235}, {81., 577., 1730., 4.31, 166., 11800., 46.1},
{16., 386., 718., 1.23, 9.62, 2070., 0.263}, {82., 601., 2010., 5.12, 178., 11300., 35.3},
{17., 172., 240., 6.41, 20.4, 2030., 0.0089}, {83., 545., 1880., 10.5, 179., 9750., 7.87},
{18.; B83.8, 87.3; 1.21, 6.53, 1660., 0.0177}, {84., 527., 1230., 10., 101., 9320., 20.},
{19, 337., 1050.,; 2.4, 79.1, 862., 102.}, | {85., 575., 610., 23.8, Unknown, Unknown, 1.7},
{20., 1110., 1760 9.33, 151., 1550., 200.}, - {86., 202., 211., 2.7, 18.1, 4400., 0.00364}, s
{21., 1810., 3100., 15.9, 376., 2990., 15.8}, {87., 300., 950., Unknown, Unknown, Unknown, 15.}, =
{22., 1930., 3560., 20.9, 425., 4540., 21.9}, {88., 973., 1410., 7.15, 137., 5000., 18.6},
{23., 2160., 3650., 17.6, 460., 6110., 30.7}, {89., 1320., 3470., 14.2, 293., 10100., 12.},
{24., 2130., 2940., 15.3, 342., 7190., 93.7}, {90., 2020., 5060., 19.2, 514., 11700., 54.},
{25., 1520., 2240., 14.4, 220., 7440., 7.82}, ! {91., 2110., 4300., 16.7, 481., 15400., 47.},
{26., 1810., 3020., 14.9, 340., 7870., 80.2}, | {92., 1410., 4020., 15.5, 417., 19000., 27.6},
{27., 1770., 3140., 15.2, 382., 8900., 100.}, ! {93., 913., 4170., 9.46, 337., 20200., 6.3},
{28., 1730., 3000., 17.6, 375., 8900., 90.7}, {94., 914., 3500., 2.8, 343., 19800., 6.74},
{29., 1360., 2840., 13., 307., 8960., 401.}, {95., 1270., 2880., 14.4, 239., 13700., 10.},
{30., 693., 1180., 6.67, 114., 7130., 116.}, {96., 1610., Unknown, Unknown, Unknown, 13300., 10.}, .
{31., 303., 2680., 5.59, 270., 5910., 40.6}, {97., Unknown, Unknown, Unknown, Unknown, 14800., 10.},
{32., 1210., 3100., 34.7, 328., 5320., 59.9}, {98., Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
{33., 83.8, 889., 27.7, 31.9, 5780., 50.}, {99., Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
{34., 490., 958., 5.1, 90., 4790., 2.04}, {100., Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
{35., 266., 332., 10.8, 30.5, 4050., 0.122}, {101., Unknown, Unknown, Unknown, Unknown, Unknown, 10 }#
{36., 117., 121., 1.64, 9.05, 2820., 0.00949}, {102., Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
{37., 312., 961., 2.2, 75.7, 1530., 58.2}, » {103., Unknown, Unknown, Unknown, Unknown, Unknown, 10.1},
{38., 1040., 1657., 9.16, 154., 2540., 35.3}, ® {104., Unknown, Unknown, Unknown, Unknown, Unknown, Unknown},
{39., 1790., 3610., 17.2, 367., 4470., 17.2}, {105., Unknown, Unknown, Unknown, Unknown, Unknown, Unknown},
{40., 2120., 4650., 23., 567., 6510., 22.7}, {106., Unknown, Unknown, Unknown, Unknown, Unknown, Unknown}}
{41., 2740., 5010., 27.2, 680., 8570., 53.7},
{42., 2890., 4880., 27.6, 590., 10200., 138.}, ll=Flatten (Drop[#,1]1& /@ 1] /. {Unknown —-> 0.};
{43., 2440., 5150., 23.8, 585., 11500., 50.6}, . dl=(RealDigits[#][[1,1]1]1)& /@ 11;
(44., 2580., 4170., 23.7, 567., 12400., 117.}, i Count [d1, #]& /@ Range[9]
{45., 2240., 4000., 21.6, 494., 12400., 150.},
{46., 1820., 3410., 17.2, 361., 12000., 71.8}, {199, 103, 79, 41, 45, 23, 29, 24, 32}

{47., 1240., 2490., 11.3, 258., 10500., 429.},
{48., 594., 1040., 6.11, 100., 8650., 96.8},
{49., 429., 2350., 3.27, 232., 7310., 8l.6},
{50., 505., 2540., 7.2, 296., 7310., 66.6},
{51., 904., 1910., 20.9, 166., 6690., 243.},
{52., 723., 1260., 13.5, 105., 6240., 2.35},
{53., 387., 458., 15.3, 41.7, 4930., 0.449},
{54., 161., 166., 3.1, 12.7, 3540., 0.00569},
{55., 302., 952., 2.09, 66.5, 1870., 35.9},
{56., 1000., 1910., 7.66, 151., 3590., 18.4},
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Benford's aw

Benford's Law (which was apparently first stated by Simon Newcomb
in 1881) states that if you randomly select a number from a table
of physical constants or statistical data, the probability that the
first digit will be a "1" is about 0.301, rather than 0.1 as we
might expect if all digits were equally likely. In general, the
"law" says that the probability of the first digit being a "d"
is

log_10( 1+ (1/d) )

This implies that a number in a table of physical constants is more
likely to begin with a smaller digit than a larger digit. It was
published by Newcomb in a paper entitled "Note on the Frequency of Use
of the Different Digits in Natural Numbers", which appeared in The
American Journal of Mathematics (1881) 4, 39-40. It was re-discovered
by Benford in 1938, and he published an article called "The Law of
Anomalous Numbers" in Proc. Amer. Phil. Soc 78, pp 551-72. Several
other references can be found in Hill's article.

enford's Law
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Benford's Law

Also called the First Digit Law, First Digit Phenomenon, or Leading Digit Phenomenon. In listings, tables of statistics, etc., the Digit 1 A.m:n_m to
occur with Probability ~ 30%, much greater than the expected 10%. This can be observed, for instance, by examining tables of Logarithms and
noting that the first pages are much more worn and smudged than later pages.

Benford's law applies to data that are 70 dimensionless, so the numerical values of the data depend on the units. If there exists a universal
probability distribution P(x) over such numbers, then it must be invariant under a change of scale, so

P(k x) = flk) P(x).
If n—. MNAHV de =1 , then -ﬁ. ﬁQnHv dz = H\Nﬂ , and normalization implies f{k) = 1/k. Differentiating with respect to k and setting k=1
gives
x P(x) =-P(x),
having solution P(x) = 1/x. Although this is not a proper probability distribution (since it diverges), both the laws of physics and human convention

impose cutoffs. For example, if street addresses are distributed uniformly over the range of 1 to some maximum cutoff value, then they'll obey
something close to Benford's law.

If many decades lie between the cutoffs, then the probability that the first (decimal) digit is D is given by

m-%tzg&liw%;
o= mo.v?v& ~ In10

summarized in the following table.

b 2 ple, i
{1 [030103 [6 [0.0669468 A,

[2 [oa7s001 [7 [0.0579019 _
[3 [0.124939 |8 [0.0511525 _

[4 Jooseor [0 [0.0457575

[5 [oorota12 |

Indeed, of the 54 million real constants in Plouffe's ""Inverse Symbolic Calculator" database, 30% begin with the Digit 1. The table below, taken
from Benford (1938), shows the distribution of first digits taken from several disparate sources.

Benford's Law

20f3
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| 0.8 “Hob To.» | £03 [£02 | £0.2 | £0.2
i | W , |

i First Digit | |
[ Titte | 1] 2. 3| 41 5 [ 6] mmmmau_mmw
TRivers, Aea | 310 | 164 07| 113 72[ 86| 335 |

: — T L |
{Population | 339 | 204| 142| 81 72 62 3259 |
[Constants [ 413 144 48 85 106 58] 104
i Newspapers W 300 | 18.0 120 | 10.0 | 8.0 6.0 ; 100 |
[Specific Heat | 240 184 | 162] 146 106 41 1389
= T T
[Pressure [ 298] 183 128 98] 83| 4] 703

G |HP.Lost | s00[ 184 119] 108 81| 70| 690 |

— T i f |

[H Mol wgt. | 267 ﬁ 252 154 108, 67| 51 1800 |
| Drainage [ 271 239| 138 126 82, 50 159 |

U TAomicwgt. | 472| 187| 55| 44| 66| 44 o1 |
| “ | I , W
{rh | 257 203| 97 88 66| 68 5000
i | | | o | I | !
 Design | 28] 18] 143] 75 83| 84, 560 |

f : : ; |
{Readers Digest| 334 [ 185] 124] 75 711 65 308 |
| Cost Data [ 324 188 101] 101, 98| 55 741 |
W —— ﬂ
[XRayVots | 279[ 175 144| 90 81| 74 707 |
i , ! |
[Am.League | 27| 176| 126| 98 74| 64 1458 |
[Blackbody [ 3t0] 73] 11| 87, 68 [ 70 1165 |
Addresses [ 28| 192] 126 88 85| 64 342 |

's 2.l | 253 | 160 M 120 100 85 ” 858 90 |

i 1 | &>

T |DeathRate 70| 186] 157 94! 67] 65 418 W

| | | | | i i |
[Average [ 06| 185 124 94, 80| 64 1011 |

f [ 7

In fact, the first Significant Digit seems to follow a Logarithmic Distribution, with

P(n) ~log(n+1) — logn

lication. As the number of

for n=1, ..., 9. One explanation uses Central Limit-like theorems for the Mantissas of random variables under Mull
variables increases, the density function approaches that of a Logarithmic Distribution.
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