. Bip non msm’ .

o 1998 m:m ,3’1"1:111“1 "'l\D’D'}‘J’J'IN'!

' - e 80925 :0MD on e
drorbn@math hU.]l ac_.-.ﬂf 02 658-‘4187 309 pvowu -2 9T qg-mq__i_:' o

‘[\’)Dﬂl ﬂW\:l'? 311)’\’) ']J)]J‘?J‘l\’) 3PN ,\()N‘}D DWND Ay ,OPNYA ; ”!b'_'l‘j e
. 28 733519\’) 14:00- -16: 00 wnbw mr v'np n oY

(nvnv\mm m:n) nmwr :

-mﬁm'm bv mm Kjrby v:b-m Pomca;re m»w'\ ,mnnn-n':m mvﬁ’,: :--
' Cas‘;on bw -nmw-n Alexander—Conway Sy owoen
.DMVP DY HOIND DIDVH MNNY

i '_'.Garoufahdxs and .htsukl <) Ohtsuk1 swy MYTHR N9N NI SYHOND DIDON MNBY
oy Dmvy cmwm -nb'm‘:m Hndg}\Vkied Hopf NN Lie MNIDON : sz-n *nmn'_'

: : mmmm pnmam Kontsevich v 710080 .
o - Feynman m» o Chern-Simons: mm .
Bar—Natan, Garoufahdls, Rozanslqz and Thurston a7y Aarhus SNOPN .
11)3:-‘: n:ow TINY cmrt -mn TQFT LMO ':rw -mmh- :

‘

~o N _t_:s_-'i‘.n' 'ln i.u_N .... '_

.M (S Escher -

Ay PaIOONN
1N n‘:m e
o _R3 J’N\'J

- :n:nnn'l _‘Pmncare ﬁwvﬂb w’m Nmrr Nl‘nu anuam:vw )‘nﬁp'm'l :\mm bw ’bm:’mﬂ 'nmbﬂnu mxnb PN 120 D mm nm
htlp flwww, gsom um du/graphmslpllecneml !.nter&ﬁ’mg.tal Artfsu]]wan 120cell) htmluu fﬂhn Sulllva.n i -unm




/?73 4’)/*5 /O \ _)\/f/\/N-—/\J\/«\ J\/Y\')I
QLN (AN Af P[> AN

Wr\// Bm PInIN Rf/\ﬁ ”'\ hﬂﬂ,\/\ L‘A}n% WM \/‘P//\/,B AT

/\,JJB)
/\fJ7CJICWC /\/*\ Qz7 A ;\/ION’()/J(W Y Jﬁ%ﬁ A

Sh T\ gnsind [n5 | s

: } " e 7 % S
et 0/77

Z—);?:SE \\Lf/o S L-—O)l’-:g’?(f“ Vel
N Z’G“’jg% & Ao

{

Y

P ?/ﬂiq:‘f*ﬁ\/ 0k L/ﬁzbm; 7
Py =Lk i

(Tﬁf/{(m )\ﬂh) 0’6!} j'\:) }\J ‘{\'"Qf([/\//;) \ S_
I ds ke

. 9 RUZYEN R RS U )N,

«

IUSTEN ’W’Qf??\, oA ”‘\_\//W }\J 'Lw/\ L “VN’W\ i
" halénh )DQ/“]

S/
My

NaC) B[S S T SYY/

@\D Q}C/ /ﬂ//‘\;/j o
!




(?% ﬁf")/(,) 17 ,//‘?‘/'/\f"/'vj/&,/’\"\f’?’

L Sornd ol Jony Y ) 2ty-2a Jrulp |

M g YK 4 D 0k

[F_ﬂ@,JJ 3 “f\'g\f/ﬂf,\/v. ’1/(','/“7\ Yo/ oY
AP MY, finefsn ) o |

Q7N Do (/\fv[\ Do (,\//J,J \ﬂ[/f\i)) Weo'r .5

9 N ,;"‘(\C:/ T ) /L

Q:‘i f‘iljf? A l}'“s 9(3/\/> /.ﬁJ,fCZf\f NLS{//\; — Z‘,— ‘/5/‘}\ W/ fﬁ NLA -w }/W
0= Yo N g3

WD?/ o S DY) ~ -
Valfe VAF & =
Lol A 5 L S8

M1 ] o
Sy =S 3
3 =
S (\V,%3) =T ok
1 b 2 2 — ) 6 2 = 9% -
SIS ST, ’%)“L(p/q/ ( —gﬁjo)"g?@ 3

-

=2 4@;{ / |
\)@_f }) 5 /‘f_/}\);\_) ;(/




1998 P10 1MI-12 11T .7 TAn-n2n my™1°

JITII 1WRE W T2R 12710 N 20 0P - I 10E°? 111210 10R

T"U2vN 12000 20 7770 - (g ) "1T20 79001 (P ) RN U0Rn 0 7111217 20 MW PN 7900 (0720 "0 U 179181 11172070
OTIRZ 1M 137 ."1WN 20 1070 TR NU21R 00N TR 20 11700 Ut 071 TI0021 00 128 079010 . Neni 100 28 nm2nnn
L2007 1R 7287 R A0 (g = 1 DR . M122) D20 &0 AT 19000 OR . 4 = p/q ST (oo 2°210) 2117%71 19010

010N ITUNY €10 7819 07R0 .27 237 201781 1901 9171782 1100 L1912 1R 237 222 111210 0D 7W08 - TTI121 0D 110
T 0 IPTAN-N2N U717 17740 07121 10U 17010
.o om

L219727 1171 oe-1 117007 2737 .1
:J71Wn o .2

T"2117%1 N0 {020 N0 | :(Right Twist) 1072 217°8 1*T21 . T"0K
I [
‘{((!' Iﬂj Kie = % = V.
L o= %
i =i —?'f‘ f /
| 1 e C R ’ . .
e N ] B
| " | I ?il L -, 1 [ {5
| ] I\ .\
a=1/{1+1/a, ,
([ ]2) a=rlq @'=plG+p) (1280 W TR .0™1Z07 232 01 130
a =a, +|lk(l,i P 2 '
A (L) a'=1/(1+1/a) "oz (Left Twist) 280W? 21170 170 A01T2

(1Pmin 2my (070NN 0TTWn 20 0N - 07020 0°mntia PBHU:—I? 10aRm U1

: ST O ouch ouct
A o T~

| e e i - [ ke o 1 ' P
a=p, —ll(p2 - 1/(p3 *1/(---(17,:71 —llpn)))) Dy v DT ) . oV
X i ¥ Is — N ;
[ IVANE T ' ‘
00T 21T DT ATINAN D000 q0IR? 210 11N 12N My quix Kirby vawn
21077 1 Tem, =1 -2 ammn  MwR-8? 277 1
(I TATNN 970 NR2MNN) N2 on” .2

T30 11707

N1 1@ mMma 07 Morse N"¥R119 00 N°TON-1T nu™™ .1
STTTIN-TITR AU 1120 TN MaEmne 20 2agn

7'2en Morse N'Xpnna 0D NPTOR-D2TR D17 2 ;1272 TTR 01" - Fenn-Rourke 200 MU0
STPTORN-TIZN AU 1120 M mR1ine-2

U™ amg 7au mntl mamn M X L3
oY M TRN-UIR U™ 20 TN¥ &0 1 Tn-1en

T TAN-U1TR U™ 112 10aR [®Im .09un nme | | ‘ |

U™ 20 N900 XOO0X0 T .09l ®27 nmR - [

JITTIN-WN |l | :'
wnhn UM 20 nmal Morse TIPSR 0TIMA L4 &t 1 {1 = -
¥I0” 23RN0 N7 MR 20 0723n0m 0T _ A \ ) /'f
TN MR 20 e - : LTI S |

. ,"222 1x¥n .Cobordism .Morse NN 10T UTM T

JITIDNN 0192 1) 82,107 IX1@ TNt - 2




Torus Knots

These are knots that can be drawn on the surface of a torus without intersections.

Taken from the KnotPlot Site
(http://www.cs.ubc.ca/nest/imager/contributions/scharein/KnotPlot.html)
by Rob Scharein (http://www.csubc.ca/spider/scharein).
Original address:
http://www.cs.ubc.ca/nest/imager/contributions/scharein/torus.html

) Minor modifications by Dror Bar-Natan
(http://www.ma.huji.ac.il/~drorbn) on March 21, 1998.
(Random Dot Stereogram is original. What does it show?)
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Borromean Links Gallery

Three mutually interlocked rings named after the Italian Renaissance family who used
them on their coat of arms. No two rings are linked, so if one of the rings is cut, all three
rings fall apart.

(Pictures taken from http://www.geom.umn.edu)
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1. INTRODUCTION
1.1. The case of knots.
1.1.1. Singular knots, the no\&%,mﬁmza& &, the co-differentiability relation and K,.
1.1.2. Constancy conditions, K,./6K .11, and chord diagrams.
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2 DROR. BAR-NATAN

Lefi, Twist| =

T

Figure 1. The Left Twist (LT).

1.1.3. Integrability conditions, ker §, lassoing double poinds, and four-term relations.

1.1.4. A word on inteyration.
1.2. The case of homology speheres.
1.2.1. The definitions.
1.2.2. The questions.
1.2.3. What'’s in a neme?
1.3. Acknowledgement. [ thank all.
2. PRELIMINARIES

2.1. Surgery and the Kirby calculus.
2.2. The Borromean rings.
2.3. The triple linking numbers p;;;.

3. CONSTANCY CONDITIONS OR M, /0 M, 1

3.1. Statement of the result.

Definition 3.1. Let ), be the unital commutative algebra over Z generated by symbols
Vi for distinet indices 1 < ¢, j, k& < n, modulo the anti-cyclicity relations Yi; =¥ L= Vi

Warning 3.2. Below we will mostly regard ), as an Z-module, and not as an algebra. Thus
we will only use the product of ), as a convenient way of writing certain elements and linear
combinations of elements. The subspaces of ), that we will consider will be subspaces in
the linear sense, but not ideals or subalgebras, and similarly for quotients and maps from or

0 V.
It is easy to define a map p: M, /6 M, — V,. For an n-link L set
k(T
wly= T[] v
1fi<j<hksn
It follows from Section 2.3 that this definition descends to the guotient of M,, by the co-
derivatives of (n+ 1)-links.

Theorem 1. The thus defined map p: My /6My — YV, is an isomorphism.
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3.2. On a connected space, polynomials are determined by their values at any
given point.

3.3. Homotopy invariance and pure braids.

Figure 2. The Mask

3.4. The mask and the interchange move.

3.5. Reducing third commutators.

4. INTEGRABILITY CONDITIONS OR ker &

Al
7

41, +1 and —1 surgeries are opposites.

‘C1

_C:.::.:

Figure 3. A 3-mask.

= - [mr ]

Figure 4. The co-derivative of a 3-mask.
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\\fx

Figure 5. The Bundle Left Twist (BLT) is the same as the Left Twist, only that the strands
within each "bundle” are not twisted internally.

1 MMM Y
7 /// A// /
X-& KKK

Figure 6. Undoing a Bundle Left Twist one crossing at a time.
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Figure 7. The Total Twist Relation (TTR).

L -1 -1 4

Figure 8. The Total Twist Relation (TTR).

Il ([

4.2. A total twist is a composition of many little ones.
4.3. The two ways of building an interchange.

4.4. Lassoing a Borromean link and the THX relation.
N.%M\U.%AK.%M\E@ - K.% - Eav &= uz\ﬁ.ahp\q.noc\ﬂ.%ﬁ% - M\E_&
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Figure 9. The Monster

| |

Figure 10. Lassoing a Borromean link.
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(The last equality holds because in the two error terms, Y,.,,Y.. and ¥, the component p
is unknoftted). Now reduce the component + using the total twist relation. Only the first
term is affected, and 3 of the 6 terms that are produced from its reduction cancel against
the 3 remaining terms of the above equation. The result is:

S hu\d.avwﬁ.na = u\m,:.v - *évvw\_sev = u\q.aom\q.hﬁﬁ@% - M\vt_"..

The last term here drops out because in it the component r is unknotted, and so the end
result is YigpYippYom- In graphical terms, this is precisely the graph I' Cyclically permuting
the roles of r, g, and b, we find that we have proven the JH X relation.
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