Math 117 Course Descriptign
Classical and Statistical Mechanics, Spring 1994

Time and place: MWE |PM, Science Center 507.
426G, 5-8797, dror@math.

Dror Bar-Natan, Science Center

v 2-3PM and Friday 12-1PM,

e [nstructor:

e Office hours: Wednesda

o Teaching fellow: David Nowakowski, 3-6932.

o Review sessions: To be determined.

o Textbooks: Gelfand-Fomin’s Calculus of Variations for the first few weeks; about the rest

we'll see later.
<ics that every mathematician should know, from the point
of view of a mathematician. (I wish I could give a course on all the physics that every

mathematician should know, but I don’t know enough physics for that.) There will be
of subjects that I want to understand better by the end of the course.

e Goal: Discuss some of the phy

some over-emphasis
e Intended for: Math majors and beginning math graduate students.

Tentative course plan: (it is conceivable that we will actually follow 1t)

M W F Topics -
Feb 2 4 Introduction: path integrals, F=ma, the Fourier semigroup,
7 9 11 the EPR paradox, Maxwell’s equations.

14 16 18 The first few chapters of Gelfand-Fomin: Euler’s equation,
XX 23 25 constrains, Nother’s theorem, Hamilton’s equations, second

Mar 28 2 4 variations.

£ Eslal
14 16 18 The last chapter of Bamberg-Sternberg - entropy, temperature,

21 23 25 thermodynamics, statistical mechanics.
Apr XX XX XX (Spring recess - no classes)
4.6 8
11 13 15 A little on quantum mechanics - the uncertainty principle,
18 20 22 quantum probability, the hydrogen atom.
25 27 29 Very little on quantum field theory - an introduction
May 2 4 6 to perturbation theory via the Chern-Simons example.
9 11 13 Reading period - I plan to finish everything before that,
16 18 but plans are there only so that they can be changed later.

 Prerequisites: Differential forms and Stokes’ theorem (math 22, 25-55 or math 134 should

d@? really understanding diagonalization of matrices, having heard of Hilbert spaces and
linear operators on them, and no fear of ODEs.

e Homework will be assigned weekly and be due the following week.

e Grading: Two midterms, homework, and a final.

e Dates and weights will be announced



INFORMATION SHEET FOR MATH 117

Name:
Class:
Dorm phone number:

Dorm address:

Electronic mail address:
I want to major 1in:

[’m taking this class because:

I’ve taken the following math courses before:

[’ve taken the following science courses before:

The other math/science courses that I’'m taking this term are:

In short, what did you think of class today? (too fast, too slow, too high, too low, ...)
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WHAT EVERY YOUNG MATHEMATICIAN SHOULD KNOW
BY LORD K. ELVIN

ABSTRACT. We evaluate an interesting definite integral.

The purpose of this paper is to call attention to a result of which many
mathematicians seem to be ignorant.

2 :
THEOREM. The value of ff; enTiazi1s

o 2
[ e % dz = /7.
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Remark: A mathematician is one to whom that is as obvious as that twice
two makes four is to you.
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A little About the Fourier Transform
Math 117, February 4, 1994
Dror Bar-Natan

functz’an on R. Define its Fourier transform [ by:

£ =z f(
f(p) = f_—2?r [_%ﬂ f(z)dz

’ * _, f from [ using:
Theorem 1 (The Fourier inversion theorem) One can reconstruct f from [ q

7 [(p)dp.

Definition 1 Let [ be an inteqrable

e o]

|
f(z) = Worad

Remark Notice that i fr;l]qu that f(.r) = f(-—-:ﬂ) E.tl"ld that. [ = f

] _ap”

() = : Fhfnf,,.(pjﬂ ehidy,
Fﬂﬂt Jgfft- f,; J:) — ,\/tz—ﬂ.; \/‘j;
Claim 1 If f(z) = g(z — zo) then f(p)=e"4(p).
Claim 2 If f(z) = ¢7%g(z), then f(p) = g(p—po).

Definition 2 The convolution of two functions [ and g is defined by:
(Fro)e)= [ dyfe—-wew)= [ dy Sl =)
o0 ¥

Claim 3 f#g = V2r [ and fg = 7:—w-f ¥ (.

1 i : Fl | | F e ”
Remark Pick g = f, and you can prove the Fourier inversion theorem!!

Claim 4 ['(p) — inf(p) and urf(.r)F;ﬂ

dp
Problems:

1 lzl <1

|, Compute the Fourier transform of the function x defined by x(z) = { 0 s

2. Compute the convolution y # x.

3. Check that indeed x # x = V27 x - X

4. Prove the Plancherel identity: Let [ be a complex-valued function on R.

(a) Let g(z) = f(—z). Prove that g(p) = f(p)
(b) Evaluate (f # ¢g)(0) and (E)(UJ and deduce that

[ 1@z = [ |7(p)dp.

(¢) in what sense is the Plancherel identity a variation of the famous theorem of Pytha
goras’

More information can be found in any standard analysis book, such as Rudin’s Funca-
bional Analysis or Real and Complez Analysis.
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Mathematica 2.2 for SPARC
Copyright 1988-93 Wolfram Research, Inc.
-- ppen Look graphice initiallized --

-- Local versicn || =--

In(l]:= << Calculus’Variat lonalMethods’
In[2):= << Calculus’'DSoclve’

In(3):= F=Sqgrt[(l+y’[x]1"2)/¥[x]]

out[3d)= Bgrtl==-=---===- ]

In(d] := EulerEquations(F,y[x],*]

In[5):= DSolvel%,y.x]

Solve: :tdep: The equations appear to lnvolve tranascendental functione of the
variables in an eseentlally non-algebralc way.

1 -y C[1]
Agrbi[========-~- JH (=t d i [10]))
f
ol | e S e e o Rttty ]
2 Bart(c[1)] (=1 + ¥ C[1])
CUE[E]im {HOLV@ [~ —=====m=eee e m e emamme oo mn—ccn = +
2 C[1]
T )
YRELn[Eeans s s |
Y
SR N er i e e e e . == C[2] + #1, ¥],
Sqrt [C[1])]
1 -y C[1)
HQrE === ] (-1 + 2 y C[1])
Y 1 -y Cll]
ST UM AT ool o e i i e =i o o e e | Vo Bqrl e asma e ]
2 8qrt(C(1]] (-1 + y C[1]) y
= L e e e e e - e e e e o e e ==
2 C[1] Sgrt(C(1])]

> C[21 0+ #l,5v])
In(6):= FirstIntegrale(F,y[x],x]

1

E'Ut.[ﬁ]- {"{ """"""""""""" ;—:I]

[ S P 14
y(Xx] 8Qrt[-=======~~]
y (%]

[n(7):= DSolve([Firet [¥])==cl,y,x]

&

Brachistochrone

Solve::tdep: The equations appear to involve transcendental functieons of the
varlables in an essentially non-algebralc way.

2
2oel (=1 . ¢l v)
ArcTan|=====ccccceccc e e rm e c e m = ]
2 2
s IS s - AL 1 - ¢l vy 2
Y SQrl[========- ] Sgrt [--===-=-- Ji(=1 g al
¥ Y
Out (7] = {Solve[----r==-=remc===- - e e e e M s —— e mmm—————————— -
cl &
F e b
2
1 BB ol L Ty
VB[ === s ]
¥
> ¥l ==t QL) ] Solvel={=smama=stsuamaass )+
cl
2
2iel (=1 4 el ¥)
ArcTan([---=--========cccaccccnccannan=x ]
2
1o=0el oy 2
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MATH 117 EVALUATION name: (optional) gag:

What did you think of class today? (fast, Slow, clear, iSS=i boring,
amazing, too rigorous, too vague, . .--:)

Did you feel that you learned something new today?

How is it going in general?

MATH 117 EVALUATION name: (optional) date:

What did you think of class today? (fast, slow, clear, messy, boring,
amazing, too rigorous, too vague, Shy)

Did you feel that you learned something new today?

How is it going in general?

MATH 117 EVALUATION name: (optional) date:

What did you think of class today? (fast, slow, clear, messy, boring,
amazing, too rigorous, too vague, ....)

Did you feel that you learned something new today?

How is it going in general?
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Requiring

equations

fcpa‘#_f { ﬁ (.SI 5 éf(x) a 6.‘2"(;:) 1N 0 1_44
bpilx) " 0[0uei(x)] e

Tt2yisson 2ube/ 0pi(X) 4

Requiring the action to be stationary leads to the generalized Euler-Lagrange
equations %

4 - _ _
Copltd (e S F0S) O (1-44)
ol VS T (0, 0i(¥)

Requiring the action to be stat! l ' |

i ionary leads to the generalized Euler-Lagrange
copléd [ ol _ 0Z(x) 3 0 (x)
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leads to the generalized Euler-Lagrange

Requiring the action to be stationary
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ol a!(x) (x) s (1-44)
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Homework for Math 117, March 14 1994.

ormulation and in the proof of theorem 1, page

1. Find the mistake in the £
91 of Gelfand-Fomin.

! 2. Solve the harmonic oscillator, defined by
2 2
-q + q
QI AT oY '
2

using the Hamilton-Jacobi equation.

gular symmetric n by n matrix, and let F be the

3. Let A be a nonsin
dratic form:

corresponding qua

T
F(q) = q A 4.

the Legendre transform of F, and the Fourier transform of

Compute
exp (1iF) .

4. Do problems 6 and 11 on page 95 of Gelfand-Fomin.

March 14 1994.

Homework for Math 11,
on and in the proof of theorem 1, page

1. Find the mistake in the formulati
91 of Gelfand-Fomin.

I |

2 Solve the harmonic oscillator, defined by

using the Hamilton-Jacobi equation.

3. Let A be a nonsingular symmetric n by n matrix, and let F be the

corresponding quadratic form:

kL
F(a) = 9@ A 4.

Compute the Legendre transform of F, and the Fourier transform of

exp (1F) .

4. Do problems 6 and 1l on page 95 of Gelfand-Fomin.
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Final Project/Lecture — Suggested Topics
Math 117, March 21, 1994
Dror Bar-Natan

Following is a list of suggested topics for a final project/lecture. I may amend this list
later. Notice that all (except for the first and the last) suggestions begin with the word
“understand”. The word “understand” means:

Understand very well (to Dror’s satisfaction), write something proving that you’ve
really understood, and be ready to give a lecture or two in class about what you’ve
understood.

e Dream up (or look up) your own idea, and have it approved by me.

o Understand the Stone-von-Neumann uniqueness theorem, saying that (in some sense)
the only realization of the “canonical commutation relations” [P,Q] = —¢l is P = L 3‘5;:,
O = z. A good place to read about this is idfile

e Understand “strong minimas” as in chapter 6 of Gelfand-Fomin.

o Understand the gravitational two body problem (i.e., the motion of a single planet around
a single star) using Lagrangian and/or Hamiltonian mechanics. What 1s “the Lenz vec-

tor”? You may use any mechanics text as a source, or borrow from me a paper by
Guillemin and Sternberg titled “Variations on a Theme by Kepler”.

o Understand the Hydrogen atom quantum-mechanically from the Schodinger equation.

o Understand Darboux’ theorem, which says that locally every symplectic structure looks

like " dp; A dg;. Arnold’s “Mathematical Methods of Classical Mechanics™ is a good
source, but there are many others.

o Understand “canonical transformations”. Any mechanics book would do.

e Understand “the many-world interpretation of quantum mechanics”.

e Understand Brownian motion as an example of a mathematically rigorous path integral.
What is “the Feynman-Kac formula”?

e Find and understand as many as possible examples for systems which are the most easily
solved using the Hamilton-Jacobi equation.

Please let me know by April 8th which topic you’ve chosen.



Homework Due April 4th
Math 117, March 21, 1994
Dror Bar-Natan

1. Prove the following particular case of “Young’s ineaqulity”:

a b 1 1
qu‘p—'-l—g— whenever p>0, ¢ >0, and — 4+ - = 1.
a b a b

(This inequality is used in the proof of the famous Holder inequality, which 1s itself
used in the proof of the famous Minkowski inequality.)

2. Find the mistake in the proof in page 110 of Gelfand-Fomin and briefly indicate how
(with some effort) it can be fixed without changing the global structure of the proof

(as we did in class).

3. Do exercises 7,8,11,13 on pages 129-130 of Gelfand-Fomin.
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Einstein maintained that quantum metaphysics entails spooky actions
at a distance; experiments have now shown that what bothered Einstein
is not a debatable point but the observed behavior of the real world.

N. David Mermin

Quantum mechanics is magic'

In May 1935, Albert Einstein, Boris
Podolsky and Nathan Rosen published”
an argument that quantum mechanics
fails to provide a complete description
of physical reality. Today, 50 years
later, the EPR paper and the theoreti-
cal and experimental work it inspired
remain remarkable for the vivid illus-
tration they provide of one of the most
bizarre aspects of the world revealed to
us by the quantum theory.
Einstein's talent for saying memora-
ble things did him a disservice when he
declared “God does not play dice,” for 1t
has been held ever since that the basis
for his opposition to quantum mechan-
ics was the claim that a fundamental
understanding of the world can only be
statistical. But the EPR paper, his
most powerful attack on the quantum
theory, focuses on quite a different
aspect: the doctrine that physical prop-
erties have in general no objective
reality independent of the act of obser-
vation. As Pascual Jordan put it’
Observations not only disturb
what has to be measured, they
produce it. . . . We compel [the elec-
tron] to assume a definite posi-
tion. ... We ourselves produce the
results of measurement.
Jordan's statement is something of a
truism for contemporary physicists.
Underlying it, we have all been
taught, is the disruption of what 1S
being measured by the act of measure-
ment, made unavoidable by the exis-
tence of the quantum of action, which
generally makes it impossible even 1n
principle to construct probes that can
yield the information classical intu-

38 PHYSICS TODAY / APRIL 1985

ition expects to be there.

Einstein didn’t like this. He wanted
things out there to have properties,
whether or not they were measured®:

We often discussed his notions on

objective reality. I recall that dur-

ing one walk Einstein suddenly
stopped, turned to me and asked
whether I really believed that the
moon exists only when I look at 1t.

The EPR paper describes a situation
ingeniously contrived to force the quan-
tum theory into asserting that proper-
ties in a space-time region B are the
result of an act of measurement in
another space-time region A, so far
from B that there is no possibility of the
measurement in A exerting an influ-
ence on region B by any known dynami-
cal mechanism. Under these condi-
tions, Einstein maintained that the
properties in A must have existed all
along.

Spooky actions at a distance

Many of his simplest and most explic-
it statements of this position can be
found in Einstein's correspondence
with Max Born.® Throughout the book
(which sometimes reads like a Nabokov
novel), Born, pained by Einstein’s dis-
taste for the statistical character of the
quantum theory, repeatedly fails, both
in his letters and in his later commen-
tary on the correspondence, to under-
stand what is really bothering Ein-
stein. Einstein tries over and over
again, without success, to make himself
clear. In March 1948, for example, he
writes:

That which really exists in B

should ... not depend on what

kind of measurement is carried out

in part of space A; it should also be
independent of whether or not any
measurement at all is carried out
in space A. If one adheres to this
program, one can hardly consider
the quantum-theoretical descrip-
tion as a complete representation
of the physically real. If one tries
to do so in spite of this, one has to
assume that the physically real in

B8 suffers a sudden change as a

result of a measurement in A. My

instinct for physics bristles at this.
Or, in March 1947,

I cannot seriously believe in [the
gquantum theory] because it cannot
be reconciled with the idea that
physics should represent a reality
in time and space, free from spooky
actions at a distance.

The “spooky actions at a distance”
(spukhafte Fernwirkungen) are the ac-
quisition of a definite value of a proper-
ty by the system in region B by virtue of
the measurement carried out in region
A. The EPR paper presents a wave-
function that describes two correlated
particles, localized in regions A and B,
far apart. In this particular two-parti-
cle state one can learn (in the sense of
being able to predict with certainty the

David Mermin is director of the Laboratory of
Atomic and Solid State Physics at Cornell
University. A solid-state theorist, he has
recently come up with some quasithoughts
about quasicrystals. He is known to PHYSICS
TODAY readers as the person who made

“boojum” an internationally accepted scienti-
fic term. With N. W. Ashcroft, he is about to

=",

start updating the world's funniest solid-state
physics text. He says he is bothered by Bell's
theorem, but may have rocks in his head

anyway.

0031-9228 / 85 / 0400 38-10 /801,00 @ 1985 American Institute of Physics
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Non-Commutative (Quantum) Probability
Math 117, April 4 1994
Dror Bar-Natan

Claim: In the quantum probability space (R*,v) where v 18 the unit vector v = Jéi([} 1 =1 0)%,
one has p(A = B) =p(B =C) =p(C = D) = 3 and p(D = A) =0, where A, B, C, and D are

¥
the random variables corresponding to the matrices:

3

/0 OEOSED T (4 Ty U8
e o R
210 0T ’ Tl DS _;% %g |
0 0LN0 =

\ / \ o
e o 1 o e e

# L| =0 RN —¥3 5 o | OSSR
i J.;i 0 % 0 : = | 0r R0 |

- RO
\ 0 ¥ 0 L /

Mathematica 2.0 for SPARC
Copyright 1988-91 Wolfram Research, Inc.
-- Terminal graphics initialized ==

Inf1]:= v=1/2 Sqrt[2] {0, 1, -1, O}; q=1/2 Sqrt [3];

In[2]):= Al=DiagonalMatrix[{1, 1, -1, =-1}]; Ad=DiagonalMatrix[{1, -1, 1, =1}];

Ty s

so={{-1/2, q, 0, 0}, {q, 1/2, 0, 0}, {0, 0, =1/258ak = OGREEE} 1/2}};

In[4]:

a3s{{-1/2, 0, =-q, 0},{0, -1/2, 0, =a¥,{=q, 0, 172,800 {0FNa NG
In[5]:= {Eigenvalues[Al], Eigenvalues[A2], Eigenvalues[A3], Eigenvalues [A4]}
out [6]= {{1, =1, 1, =1}, €1, =1, 1, =1}, {1, =1, 1 =t
In(6]:= {A1.A2==A2.A1, A2.A3==A3.A2, A3.A4==A4.A3, A4.A1==A1, A4}

Out[6]= {True, True, True, True}

In[7]:= pequal [M1_, M2_]:=1-v.(M1-M2).(M1-M2).v / 4

In[8]:= {pequal [A1,A2], pequal [A2,A3], pequal [A3,A4], pequal [A4,A1]}

B

DUt[8]= {-l g Pk 0}
A

More information can be found at N.D. Mermin, Physics Today 39(4) 38 (1985) and D. Ba.rr-
Natan, Foundations of Physics 19(1) 97 (1989). 1 5 VL BEBNS
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Two Examples in Noncommutative Probability

Dror Bar-Natan'-?
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A simple noncommutative probability theory is presented, and two examples for
the difference between that theory and the classical theory are shown. The first
example is the well-known formulation of the Heisenberg uncertainty principle in
terms of a variance inequality and the second example is an interpretation of the
Bell paradox in terms of noncommutative probability.

1. INTRODUCTION

We shall present here a simple yet representative version of the theory of
noncommutative probability, including two examples of the difference
between that theory and the classical probability theory. The first is a
precise formulation of the Heisenberg uncertainty principle, while the
second constitutes a strong indication for the existence of random
phenomena in nature explainable only by assuming that the probability
space in which we live is noncommutative.

2. THE CLASSICAL PROBABILITY THEORY

Definition. A classical probability space is a triple (X, B, p) con-
sisting of
X, a collection of points,
B, a subcollection of the collection of all functions f: X — {0, 1)}

satisfying some simple closure properties, and
p, a probability measure on (X, B).

' Department of Mathematics, Tel Aviv University, Tel Aviv, Israel.
? Current address: Department of Mathematics, Princeton University, Princeton, New Jersey

08544.
97



5 Bes
G'=G-E(G)L. We obtain, after some n:.nanjpulatiun,
V(F) = (w,(F-E(F))*w) - (w,(F-E(F)Dw)? = (w, (E-E(F)I)?w)
=(w,F?w) - (w,Fw)2 = V(F).
In the same manner, one obtains V(G’) = V(G). Now:
VIE)V(G) = V(F)V(G) = (w,F2w)(w,G"2w) = (F'w,F'w)(G'w,G'w)

> [(Fw,G'w) |2 = |(w,F'G'W) |2

2

- [ w, L F.6w) + (w, 1 F.GOw)

2

. [F.Gw) | = EI |EqF,G)) |2,

(W

1
v

where we have used the fact that the anticommutator (F,G’} is always self-adjoint, while
the commutator is always anti-self-adjoint. The corresponding expectation values are there-
fore repectively real and imaginary. We conclude by noting that [F',G’] = [F,G].

In quantum mechanics. a vector w in L%R) represents the state of a quantum particle, the
operator (Fu)(x) = xu(x) represents the random variable whose distribution is the position of

the particle. and the operator
Gu = -iA {% u (% is the Planck constant)

represents the random variable whose distribution is the momentum distribution of the same
particle. The identity [F,G] =iAl now makes our theorem the Heisenberg uncertainty princi-
ple:

"In any state of a quantum particle:
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