Math 134 Course Description
Calculus on Manifolds, Fall 1993

Time and place: MWF 12 noon, Science Center 216.

Instructor: Dror Bar—Natqn, Science Center 426G, 5-8797, dror@math.
Office hours: Mondays at 2PM, Wednesdays 1PM, Fridays 11AM.
Teaching fellow: Matteo Paris (paris@math, 3—‘[%'1[3%.

Review sessions: 8PM Tuesday, Science Center room 309 (tentative). The review sessions
will be open ended and students are expected not to leave before all their questions had
been answered.

Textbooks: M. Spivak, Calculus on Manifolds (required), and V. Guillemin, A. Pollack,
Differential Topology (recommended).

Goals: Develop calculus on differentiable manifolds (“curved spaces”) in the framework of
differential forms. Hopefully see some good examples for such manifolds.

Intended for: Math and theoretical physics majors. Math 25b graduates have seen most of
this material already; graduates of 22b have seen many of the ideas but almost none of the
technical details. People that took math 21 and any additional 100-level analysis course
should do wonderfully here. Those who only took math 21 should be able to survive 134,
alas with difficulty.

Course plan: Yet unknown. There are a few possibilities, and only after the first class I
will know which of them is the best suited to the audience.

Things that we must know by the end: the general topology of R™, continuous functions,
derivatives and the differential, the inverse and implicit function theorems, integration of
functions, differential form, integration of forms, chains, manifolds, and Stokes’ theorem,
all as in Spivak’s book.

Homework will be assigned weekly and due the following week.

Grading: There is a total of 500 points available to you in this course. During the semester,
you can earn up to 350 points: The first midterm can get you up to 150 points, the second
midterm is worth 100 points, and the homework assignments are worth an additional 100
points. The final exam then counts for the difference between 500 and the number of points
you earned during the semester, meaning that at no point along the term do you loose your
hope of getting an A for the course, and that at any point along the term you may increase
the chance of that happening by working. I reserve my right to deviate from this formula
in a small number of special cases.

Important dates: First midterm: around October 29th. Second midterm: around November
24th. Final: probably January 21st.
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The purpose of thlS paper is to call attention to a result of Wthh many
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Homework #4 Handout

Math 134
22 October 1993

3.38 First, some convergence things. We say that a series > -2 ; a, con-
verges if its sequence of partial sums converge. The reason we have to define
convergence in this way is the content of the next two definitions. A series
3%, an converges absolutely if it converges and Y22, |a,| also converges.
(The second of course implies the first.) For example, any convergent series
with all positive terms converges absolutely. On the other hand, a series
converges conditionally if it converges but 322 ; |a,| diverges. The standard
example of this is 3 _Tln It’s a cool fact that a conditionally convergent
series can be rearranged to converge to any real number at all.

Therefore, if we choose a partition of unity and want to use it to define
the integral of a function f, we have to make sure that 3", [ ¢,|f| converges
(see Spivak p. 65), otherwise we’re not going to get a well-defined integral:
rearranging the order of summation will give a different value.

It can actually happen that for a specific partition of unity {¢,}, the sum
Yo J ¢af converges absolutely (which means Y, | [ ¢.f| converges), but that
the integral still isn’t well-defined. In such a case, it doesn’t matter how you
rearrange the terms in the sum, but the result you get still depends on the
partition of unity you chose—an important subtlety! So problem 3.38 shows
that to define the integral using partitions of unity, we really do need to be
sure that ), [ ¢|f| converges, which is the strongest possible statement we
could make.

3.41 As I mentioned to many of you, the most important part of this
problem was the change o’ variables formula. A fun way to do part e is to
notice that B, C C, C B, ,. From this we get a nice inequality of integrals,
which sandwiches when you take the limit.




To show RP" is a C*™ manifold, we just need to specify a set of coordinate
charts and show that the transition maps are C®. Let [0, ..., Tn] be the
homogenous-coordinates on RP™. (Think of a point in RP" as an equivalence
class of points in R™*!, namely those on a line through the origin.). Let U;
be the set in RP™ where x; # 0, and

To Ti—1 Ti41 Z
¢i([x07"'71’.n]) = (x_i7.“’ ;Z bl ;Z 7"°7$_7;)'

Because of the way we’ve set up RP", ¢; is naturally a homeomorphism.
The transition function 7;; = ¢; 0 ¢; " from ¢;(U;) to ¢;(U;), which is defined
only on the intersection, is clearly C*:

Tij(U0y ooy Un) = Pj([Uoy ooy Uity 1y Ui 1y veey Un)) =
U i1 1 Ui Uil Ujpl Unp,

= (_7"'7 5 - B 3 seey ) a"'a_)
Uj Uj U U Uy Uj Uj
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Math 134 Midterm
November 1st, 1993
Dror Bar-Natan

You have 120 minutes to solve 5 out of the following 6 equally weighted questions. Plan
your time wisely! It is a good idea to read the entire exam before answering any question.
‘You may not use any material other than a pen or a pencil. Don’t forget to write your name
on anything you submit.

Question 1. (1) f: U — R™ is a continuous function, defined in some neighborhood U
of a point @ € R". Give a precise definition of “f is differentiable at a” and of “the
differential of f at a”.

(2) State and prove the chain rule for differentiable functions between Euclidean spaces.

Question 2. State clearly the inverse function theorem and the implicit function theorem,
and explain in detail how the latter follows from the former.

Question 3. Define “immersion” and give an example of an injective immersion of one
manifold into another which is not an embedding.

Question 4. Compute [*° e~ 124z, giving a brief statement (i.e., just the main point,
don’t bother about the precise conditions) of each theorem that you use along the way.

Question 5. A Riemannian metric on a a smooth manifold M is a smoothly varying choice
of a positive definite inner product on each of its tangent spaces T M,. (The words “smoothly
varying” can be given a precise meaning, but let us not bother about that at this point).
Sketch a proof of the fact that every smooth manifold M (or, at least, every compact smooth
manifold M) admits a Riemannian metric. Hint: any linear combination with positive
coeflicients of positive definite inner products is a positive definite inner product.

Question 6. The fake two dimensional complex projective space FFCP? is hereby defined as

follows: ( o ~ )
2 _ 3 20,215, 22) ™~ )\207 /\Zl> }‘ZZ
FCP™=(C \0)/< for any A€ C\ 0 )

(Notice the slight difference from the definition of the usual CP?%, and notice that X is the
complex conjugate of A.)

(1) Show that FCP? is a 4-dimensional smooth manifold by finding three coordinate
charts Up 1,2 C FCP?, computing all transition functions between them and showing
that these transition functions are all smooth.

(2) Is FCP? diffeomorphic to CP?? In other words, can you find a smooth bijection
1 : CP? — F'CP? whose inverse is also smooth?

— GOOD LUCK —
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Math 134 Midterm
December 1st, 1993
Dror Bar-Natan

You have 60 minutes to solve the following 4 questions, whose total value is 100 points.
Plan your time wisely! It is a good idea to read the entire exam before answering any

- question. You may not use any material other than a pen or a pencil. Don’t forget to write

your name on anything you submit.

Question 1. (25 points) Let V be an n-dimensional vector space, and let ¢ be some fixed
non-zero linear functional in V*. For any 0 < k < n define a map e = 4 : AFV* — AFHIY*
(elsewhere called exterior multiplication by ¢) by esw = ¢ A w. Notice that these maps ey
form a nice chain

ROV 2y Ay 2B, p3pe 28, L D8 AT
similar to the chain
Qv 4 oty 4 v 4 S orv
mensioned in class.

(1) Prove that the € cham is a complex”. Le., prove that e4 o e = 0. Notice that this
implies that im e¢ ! C keref.

(2) Prove that the ey complex is “exact”. Le., that for any 0 < k < n, im e¢ = ker ef.
Question 2. (25 points) Define a map 71 : R® — R by

I
T | T2 = T2 — T3,
z3

and then define the two maps 723 : R® — R by cyclicly permuting the indices in the
definition of my; 72 = z3 — 71 and 73 = 71 — 7. Let w € Q'(R,;) be defined by
= d(log z).
(1) Compute w; = mfw for ¢ =1,2,3.
(2) Compute wy Aws +ws Aws +ws Aw;. If the answer you got is more complicated than
the expression you started with, try again!

Question 3. (25 points) Explain in some detail how integration of top forms on an oriented

manifold is defined, why it is well-defined and where exactly is orientability used in the '

process of integration.
Question 4. (25 points) Let w € Q*R? be the form
zdy ANdz+ydz Adzx + zdz A dy,

and let A be the pullback of w to the sphere S? by the standard embedding of S? in R as
the unit sphere. Compute [s. A. You may use Stokes’ theorem (in any form) if you so wish,
but you don’t have to.

— GOOD LUCK —
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You have 60 minutes to solve the following 4 questions, whose total value is 100 points.
Plan your time wisely! It is a good idea to read the entire exam before answering any
question. You may not use any material other than a pen or a pencil. Don’t forget to write
your name on anything you submit.

Question 1. (25 points) Let V be an n-dimensional vector space, and let ¢ be some fixed
non-zero linear functional in V*. For any 0 < k < n define a map ef = e4 : A*V* — AFHY=
(elsewhere called eaterior multiplication by ¢) by eyw = ¢ Aw. Notice that these maps ey
form a nice chain . o o . .
» AV S ALY 22 AZYE 2 5 ATV,
similar to the chain
v -Lav L v L Ly
V) | \mensioned in class. |
; ,.r,rs,} o (1) Prove that the e4 chain is “a complex”. Le., prove that e4 0 eg = 0. Notice that this
' implies that im eg"l C ker eg.
—(2) Prove that the es complex is “exact”. Le., that for any 0 < k<n,im ef,"

Question 2. (25 points) Define a map 7 : R®* — R by

! = ker eg.

T
T | T2 = T2 — T3,
T3
and then define the two maps 733 : R® — R by cyclicly permuting the indices in the
definition of my; 7o = 3 — 27 and T3 = T; — T3, Let w € Q' (R;) be defined by
w = d(log z).

7 (1) Compute w; = mjw forz=1,2,3. .
' (2) Compute wy Aw; 4wy Aws +ws Aw;. If the answer you got is more complicated than
the expression you started with, try again! (—(=) for nof lan§ SO,

Question 3. (25 points) Explain in some detail how integration of top forms on an oriented
manifold is defined, why it is well-defined and where exactly is orientability used in the
process of integration. 7o) ilaht 44 et n Fomdl

Question 4. (25 points) Let w € Q*R? be the form
zdy Adz +ydz Adz + zdz A dy,

and let ) be the pullback of w to the sphere S? by the standard embedding of S?in R? as
the unit sphere. Compute fg; A. You may use Stokes’ theorem (in any form) if you so wish,
but you don’t have to.

— GOOD LUCK —
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Math 134 Final
January 21st, 1994
Dror Bar-Natan

You have 180 minutes to solve 6 of the following equally weighted 8 questions (but notice
that there are restrictions on your choice). Plan your time wisely! It is a good idea to read
‘the entire exam before answering any question. You may not use any material other than a
pen or a pencil. Don’t forget to write your name on anything you submit.

Do exactly one of questions 1 and 2:

Question 1. It is well known to every beginning topologist that dim H*;(S'7) = 0 for all
k except 0 and 17, and that dim H3z(S'") = dim H}%5(S'") = 1. Use this fact as well as a
cleverly set Mayer-Vietoris sequence to compute the de-Rham cohomology of S8, Justify
all the steps of your computations by referring to lemmas and theorems proven in class.

Question 2.

L 3 v

0 ; An+1 ; Bn+1 ; Cn+1 N 0

d d d

0 — An+2 - 5 Bn+2 oy On+2 — 5 0
A

e the squares are commutative,
e the rows are exact,
e and going down two steps in a column gives 0 (d o d = 0).

In the above diagram,

Define a map § : H"(C') — H™t'(A), explaining along the way why:
(1) The image of § is really in H™t1(A).
(2) ¢ is independent of a choice made in A™1,
(3) ¢ is independent of a choice made in B™.
(4) é depends only on a class in H"(C), and not on a particular representative of it.
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Do exactly one of questions 3 and 4:

Question 3.

Explain why are the two circles f and g in the above figure are linked. l.e., explain why
there does not exist a pair of smooth homotopies Fy, Gy : S* — R3 (¢ € [0, 1]) for which
e For each fixed t € [0,1], F; and G are both embeddings of S! in R?, and their images
are disjoint.
e The pair (Fo, Go) is the pair (f,g) in the above figure.
e The pair (F1,G1) is described by the figure below:

O O

You don’t need to show computational details, but the plan of your proof should be clear
and complete.

Hint: A pair (F;, Gy) as above defines a map (F; — G;) : [0,1] x ST x ST — R3 — 0. Use this
map to pull back the closed form

zdyANdz+ydzANdzx+ zdr Ady

(z2 + y? _|_22)3/2
integrate, and try to get useful information regarding the integrals on the two boundaries of
that cylinder. Now re-evaluate these integrals by other means; the integral I, for the second
figure can be done explicitly without computation, and the integral I; for the first figure
came out to be 47 on my computer. Why is it relevant? You can earn some extra credit by
proving that my computer was actually right this time.

w =

€0?(R*-0),

Question 4. Prove that if M is a smooth oriented compact n-dimensional manifold with
no boundary, then both dim Hlz(M) and dim H7,(M) are at least 1.

Do all of the following questions (5-8):

Question 5. Formulate and prove the “chains” (“cubes”) version of Stokes’ theorem. You
may assume as known all the necessary definitions and lemmas regarding differentiation,
integration, forms, orientations, etc.

Question 6. Explain in some detail why every compact smooth manifold of dimension n
can be embedded in R?>*. (You are allowed to skip technical details, but the main points
should be clear).
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Question 7. Let V be an n-dimensional vector space, and let v be some fixed non-zero
vector in V. For any 0 < k < n define a map 4, : AFV* — AF~1V* (elsewhere called interior
maultiplication by v) by (zqu w)(viy... ,Vk-1) = w(v,vy,... ,vk-1). Notice that these maps 2,
form a nice chain

ARV ey gnetye e, pndye o, e, pops
-Prove that this chain of maps is exact.

Question 8. Let F' : R® — R™ be a smooth map whose differential at 0 is the identity
(dflo = Inxn). Prove that the image of any neighborhood of 0 via F' contains some neigh-
borhood of F'(0). You are not allowed to use the inverse function theorem as this statement
is a lemma used in the proof of that theorem.

— GOOD LUCK —




Math 134 Final
January 21st, 1994
Dror Bar-Natan

You have 180 minutes to solve 6 of the following equally weighted 8 questions (but notice
that there are restrictions on your choice). Plan your time wisely! It is a good idea to read
the entire exam before answering any question. You may not use any material other than a
pen or a pencil. Don’t forget to write your name on anything you submit.

Do exactly one of questions 1 and 2:

Question 1. It is well known to every beginning topologist that dim HE(SY) =0 for all
k except 0 and 17, and that dim H3z(S'") = dim Hj3(S'") = 1. Use this fact as well as a
cleverly set Mayer-Vietoris sequence to compute the de-Rham cohomology of S8, Justify
all the steps of your computations by referring to lemmas and theorems proven in class.

Question 2.
I |

0 —— An—l _O‘_) Bn—l _ﬁ__) Cn—l —s 0

{4

0——+A"-—i—>B"——ﬁ—-—>C’"———>O

{4

0 — An¥l @, pntl P cnHl 5 0

0 — 5 Ant? %, pnt2 B ot
| | |

e the squares are commutative,
e the rows are exact,
B o and going down two steps in a column gives 0 (dod = 0).
b f‘l{/ Define a map 6 : H"(C) — H™**(A), explaining along the way why:
~ (1) The image of § is really in H"**(A).
{ (ﬁ; (2) & is independent of a choice made in A™+1.
~\ (3) 6 is independent of a choice made in B".
< (4) & depends only on a class in H"(C), and not on a particular representative of it.

In the above diagram,

= N I
> 3 o [N
2. .‘),\A))ﬁ- ¥/
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Do exactly one of questions 3 and 4:

Question 3.

Explain why are the two circles f and g in the above figure are linked. lLe., explain why
there does not exist a pair of smooth homotopies F}, Gy : St — R3 (¢ € [0,1]) for which

e For each fixed ¢ € [0,1], F; and G; are both embeddings of S* in R?, and their images
are disjoint.

e The palr (Fo, G’o) is the pair (f, g) in the above figure.

o The pair (F1,G1) is described by the figure below:

O Or

You don’t need to show computational details, but the plan of your proof should be clear
| and complete.

’ Hint: A pair (Fy,G;) as above defines a map (F; — Gy) : [0,1] x §* x ST — R®—0. Use this
map to pull back the closed form

zdyANdz+ydzANde+2zdz Ady
(:1:2 + y2 -{—22)3/2
integrate, and try to get useful information regarding the integrals on the two boundaries of
that cylinder. Now re-evaluate these integrals by other means; the integral I, for the second
figure can be done explicitly without computation, and the integral I; for the first figure
came out to be 47 on my computer. Why is it relevant? You can earn some extra credit by
proving that my computer was actually right this time.

w =

e’ (R*-0),

Question 4. Prove that if M is a smooth oriented compact n-dimensional manifold with
no boundary, then both dldeRW ) and dim HJg(M) are at least 1. &2 _72»
’7

Do all of the following questions (5-8): i

Question 5. Formulate and prove the “chains” (“cubes”) version of Stokes’ theorem. You
may assume as known all the necessary definitions and lemmas regarding differentiation,
integration, forms, orientations, etc.

Question 6. Explain in some detail why every compact smooth manifold of dimension n
can be embedded in R*"*!. (You are allowed to skip technical details, but the main points
should be clear).
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Question 7. Let V be an n-dimensional vector space, and let v be some fixed non-zero
vector in V. For any 0 < k < n define a map %, : A*V* — AF~1V* (elsewhere called interior
maultiplication by v) by (i,w)(vi,... ,Vk-1) = w(v,v1,...,vk-1). Notice that these maps ¢,
form a nice chain

APV* By ARTIyr Jey An2pr B, A0V
Prove that this chain of maps is exact.

Question 8. Let F' : R® — R" be a smooth map whose differential at 0 is the identity
(df|o = I.xn). Prove that the image of any neighborhood of 0 via F' contains some neigh-
borhood of F'(0). You are not allowed to use the inverse function theorem as this statement
is a lemma used in the proof of that theorem.

— GOOD LUCK —
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Mathematics 134
Professor is Dror Bar-natan
Enrollment is 12

stimulated interest in the subject matte
quality of the reading

course workload overall

fraction of work completed

difficulty overall

competitive atmosphere

pace of course overall

overall course rating’

written assignments were well chosen
comments were helpful

were returned promptly

gave clear well structured presentations
answered questions well

encouraged participation

was- available outside class

used the blackboard well

overall rating for Dror Bar-Natan
fraction attended

sections were well integrated

sections contributed to course meaning
understands subject matter

gave clear presentations

was an effective discussion leader
answered questions well

encouraged participation

was available outside class

used blackboard well

overall rating for Matteo Paris

14:09 Tuesday, December 21,

1993

Std Dev
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Mathematics 134
Professor is Dror Bar-Natan

14:09 Tuesday, December 21,

1993

stimulated interest in the subject matte

INTEREST

Cumulative
Percent

Cumulative
Frequency Percent Frequency
1 9.1 1
1 9.1 2
7 63.6 9
2 18.2 11

quality of the reading

100.

Cumulative
Percent

Cumulative
Frequency Percent Frequency
4 36.4 4
4 36.4 8
2 18.2 ‘10
1 9.1 11

WORKLOAD

course workload overall

100.

Cumulative
Percent

COMPLETE

Cumulative

Frequency Percent Frequency
1 9:1 1
6 54.5 7
4 36.4 i

fraction of work completed

Cumulative
Percent

Cumulative

Frequency Percent Frequency
1 9.1 1
4 36.4 5
6 54.5 11

82




Mathematics 134 14:09 Tuesday, December 21, 1993
Professor is Dror Bar-Natan

difficulty overall

Cumulative Cumulative

DIFFICUL Frequency  Percent Frequency Percent
2 1 9.1 1 9.1
3 3 27.3 4 36.4
4 5 45.5 9 81.8
5 2 18.2 11 100.0

competitive atmosphere

Cumulative Cumulative

ATMOS Frequency Percent Frequency Percent
1 2 18.2 2 18.2
2 5 45.5 7 63.6
3 4 36.4 11 100.0

pace of course overall

Cumulative Cumulative

PACE Frequency Percent Frequency Percent
2 2 18.2 2 18.2
3 3 27.3 5 45.5
4 5 45.5 10 90.9
5 1 9.1 11 100.0

overall course rating

Cumulative Cumulative
OVERALL Frequency Percent Frequency Percent

11 100.
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Mathematics 134 14:09 Tuesday, December 21, 1993

Professor is Dror Bar-Natan

written assignments were well chosen

Cumulative
Percent

Cumulative
Frequency Percent Frequency
2 18:2 2
3 27.3 5
3 . 27.3 8
3 27.3 11

HELPFUL

comments were helpful

Cumulative
Percent

Cumulative

Frequency Percent Frequency
1 9.1 1
8 72.7 9
2 18.2 11

PROMPT

were returned promptly

Cumulative
Percent

Cumulative

Frequency Percent Frequency
1 9.1 1
8 72.7 9
2 18.2 11

gave clear well structured presentations

Cumulative
Percent

Cumulative
Frequency Percent Frequency
2 18.2 2
3 27.3 5
3 27 .3 8
3 27:3 11

84



Mathematics 134 14:09 Tuesday, December 21, 1993 85
Professor is Dror Bar-Natan

answered questions well

Cumulative Cumulative

PAQUEST Frequency Percent Frequency Percent
2 2 18.2 2 18.2
3 2 18.2 4 36.4
4 4 36.4 8 72.7
5 3 27.3 11 100.0

encouraged participation

Cumulative Cumulative

PAPARTIC Frequency Percent Frequency Percent
1 1 9.1 1 9.1
2 1 9.1 2 18.2
3 3 27.3 5 45.5
4 4 36.4 9 81.8
5 2 18.2 11 100.0

was available outside class

Cumulative Cumulative

PAAVATL Frequency Percent Frequency Percent
2 2 18.2 2 18.2
3 2 18.2 4 36.4
4 3 27.3 7 63.6
5 3 27.3 10 909
NA 1 9:1 11 100.0

used the blackboard well

‘ Cumulative Cumulative
PABLACK Frequency Percent Frequency Percent

11 100.



Mathematics 134 14:09 Tues
Professor is Dror Bar-Natan

overall rating for Dror Bar-Natan

day,

December 21,

Cumulative Cumulative

PAOVER Frequency Percent Frequency Percent
2 i 9.1 1 9.1
3 4 36.4 5 45.5
4 3 27 +3 8 72.7
5 3 273 11 100.0

fraction attended

Cumulative Cumulative
Percent

ATTENDED Frequency Percent Frequency
1 2 18.2 2
2 3 27.3 5
3 4 36.4 9
4 2 18.2 11

sections were well integrated

Cumulative Cumulative

ORGANIZE Frequency Percent Frequency Percent

2 2 18.2 2 18.2

3 1 9.4 3 27.3

4 3 27.3 6 54.5

5 3 27.3 9 81.8

NA 2 18.2 13 100.0

sections contributed to course meaning

Cumulative Cumulative

CONTRIB Frequency Percent Frequency Percent

2 3 27.3 3 27.3

3 1 9 .4 4 36.4

4 2 18.2 6 54.5

5 2 18.2 8 72.7

NA 3 27.3 11 100.0

1993
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Professor is Dror Bar-Natan

understands subject matter

Cumulative Cumulative
LAUNDER Frequency Percent Frequency Percent
2 1 > W B 1 9.1
4 4 36.4 5 45.5
5 6 54.5 11 100.0

gave clear presentations

Cumulative Cumulative
LACLEAR Frequency Percent Frequency Percent
2 1 9.1 1 9.1
4 5 45.5 6 54.5
5 3 27.3 9 81.8
NA 2 18.2 11 100.0

was an effective

discussion leader

Cumulative Cumulative

LAEFFECT Frequency Percent Frequency Percent
2 1 9.1 1 9.1
3 2 18.2 3 27.3
4 4 36.4 7 63.6
5 2 18.2 9 81.8
NA 2 18.2 1L 100.0
answered questiong well

Cumulative Cumulative
LAQUEST Frequency Percent Frequency Percent
2 1 9.1 1 9.1
3 2 18.2 3 27.3
4 5 45.5 8 72:7
5 2 18.2 10 90.9
NA il 9.1 11 100.0
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encouraged participation

Cumulative Cumulative

LAPARTIC Frequency Percent Frequency Percent
2 1 9.1 1 9.1
3 1 9 ol 2 18.2
4 5 45.5 7 63.6
5 2 18.2 9 81.8
NA 2 18.2 11 100.0

was available outside class

Cumulative Cumulative

LAAVAIL Frequency  Percent Frequency Percent
2 1 9.1 1 9.1
3 1 9.1 2 18.2
4 5 45.5 7 63.6
5 4 36.4 11 100.0

used blackboard well

Cumulative Cumulative

LABLACK Frequency Percent Frequency Percent
2 2 18.2 2 18.2
4 5 45.5 7 63.6
5 2 18.2 9 81.8
NA 2 18.2 i 100.0

overall rating for Matteo Paris

Cumulative Cumulative

LAOVER Frequency Percent Frequency Percent
2 1 9,1 1 9.1
4 6 54.5 7 63.6
5 3 27.3 10 90.9
NA 1 9.1 11 100.0




AFFILIAT
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Cumulative Cumulative
Frequency Percent Frequency Percent

89




freshman
sophomore
junior
senior

Mathematics 134

Professor is Dror Bar-Natan

Frequency

Percent

Cumulative
Frequency

14:09 Tuesday,

December 21,

Cumulative
Percent

1993
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Mathematics 134

Cumulative
SEX Frequency Percent Frequency

14:09 Tuesday, December
Professor is Dror Bar-Natan

Cumulative
Percent

Frequency Missing

21,

1993
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Cumulative Cumulative

REASON Frequency Percent Frequency Percent
elective 1l 11.1 1 11.1
concentration re 4 44 .4 5 55.6
elective within 4 44 .4 9 100.0

Frequency Missing = 2
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