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Q1 (20 points)

Show that "the volume under the graph of a function is equal to the integral of that function".
Precisely, show that if f: A — IR is continuous, bounded, and non-negative, where A C R" is a
rectangle and ifG C R™! = R? x R, isdefined by G := {(z,9):0 < y < f(z)}, then
f4 (Recall that the volume of a set is the integral of its characteristic function).
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Q2 (20 points)

Show that every open set U in R™ can be presented as the union of a sequence of compact sets
Cy, Cy, Cs, ..., satisfying C}, C int C),,; forallk > 1.
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Q3 (20 points)

Let f: R., — R be a continuous function whose support supp f is a compact subset of R,
where R, denotes the positive real numbers. Define a function g: R” — | R?® — R by g(z) = f(|z|).
Show that [s g = 4 [ 7% f(r)dr
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Q4 (20 points)

For reasons unknown to me, my apartment building has no floors whose number contains the
digit 4. Prove that the set of real numbers between 0 and 1 whose decimal expansion does not

contain the digit 4 is of measure 0.

\>=C
Hint. What's the length of the set C'; of real numbers between 0 and 1 whose first digit after the
C\

decimal point isn't 4?
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Q5 (20 points)

Let g: R? - R? bea continuously differentiable function, and assume that at some point

a € R* we have tha zgz(a) # 0,\where g is the second component of g. Prove that near a
the function g can be written as position of two continuously differentiable functio%defined
on some open sets in R2 and taking values in so pen sets in R2, and such thaf one of those

functions preserves the fir@nd the(other one preserves the second @
T (e 2
2L
R Dy D>

' %t( R; \ ;( OO W), AL 06D
X a by, 4y 6\ V4o
19, N/

—+> &\

Sl e v
(x, 3,_(%,3)5 » J *w\ S (4 (%, ‘Tf\‘(*:%\)\. 3,,\



U\)C& W 4o 48} 4 e /\rbw\ x &

U\‘A— . Qw\b am of\‘&'-

SD

I

2,

"/ - / /\
" ﬁ-- ~ we WY V"'A
&, 311*/3% ® _{‘3 w& TR
J{Mb\i""

SLU‘ 13\)

“ALD,\ Dy e

Se 2 ‘e N sk &("‘3

U\'\M) A
L\_r\b]_é\)\ . L*\sm.r%rg_

we, A wnkel

%thD\L(X’ %7_@‘133\

Let A be a rectangle in R” and let f,g: A — R, where f is integrable on A and g is equal to
S except on finitely many points. Show from basic definitions that g is also integrable on A
and lhalfAfz ng.

Tip. “From basic definitions” means “not using any of the theorems that came after the definitions
that are necessary to make the question meaningful”. In our case those definitions are those of lower

and upper sums, integrability, and the integral. Yet words like “measure-0”, whether or not they are
relevant, are forbidden.

(a) Show that the boundary of a set of content-0 is also of content-0.

(b) Give an example of a set of measure-0 whose boundary is not of measure-0.

e D\(\Q‘qu
> WKL Unon %{ L\b\ﬁ-B\
y&( S L\W&\}
c\““"&

9o KV \'Q(.z&7~ w_‘\(’\i&

—

W .

(5 Tale(u2)). %\

(, 2)



