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just because this is bounded doesn't
mean it converges yet. you also need
monotone
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Notes on Intuition

Now, let us develop some intuition on how to approach these problems and motivate these solutions.
(Note: This section was not submitted for grading.)

1. First, we notice that the given set {(t, t) : t ∈ Q ∩ [0, 1]} is a subset of the diagonal joining the
points (0, 0) and (1, 1). This diagonal is a 1-dimensional set in the 2-dimensional space R2, which
motivates us to prove that the diagonal has content 0. To do this, we must cover the diagonal
with finitely many rectangles with arbitrarily small total volume. However, since it is a diagonal
and it is not horizontal or vertical, we cannot simply cover it with one very thin rectangle. Instead,
the solution is to cover it with tiny squares. Since the area of a square decreases at a quadratic
rate as its side length decreases, this allows us to decrease the total volume by using a larger
number of smaller squares. Then, we can make the total volume arbitrarily small, as required.

2. Recall that, when we proved Partitions of Unity for open sets U in class, we proved it by expressing
U as a union of a sequence of strongly nested compact sets. We defined these compact sets by:

Ck := {x ∈ Rn : |x| ≤ k and dist(x, U c) ≥ 1

k
}.

Intuitively, the condition ”dist(x, U c) ≥ 1
k” makes the compact sets stay inside U while covering

points that are arbitrarily close to the boundary of U , so the union eventually covers the entire
set U . Moreover, the condition ”|x| ≤ k” is needed so that Ck is bounded.
For the test question, we no longer need the compact sets to be strongly nested, but the same
construction still works.

3. Similarly to Assignment 10 Question 2, this question heavily involves the quantity x2 + y2, which
motivates us to apply Change of Variables with a polar coordinate transformation. After some
computations, we reach a step whre we must evaluate

∫ R
0

1
1+r2

rdr. To do this, we apply the

standard u-substitution u = 1 + r2, with du = 2rdr. After evaluating this integral, we are done.

4. As the question suggests, we begin with a partition of unity Φ = {ϕi}i∈N subordinate to some
open cover U of Rn. Then, to show that f is NT-integrable, we need to show that

∑∞
i=1

∫
ϕi|f |

converges. Since we are given that
∫
R f ≤ M for all rectangles R in Rn no matter how large R

is, we suspect that
∑∞

i=1

∫
ϕi|f | ≤ M . Since the given information only applies for bounded R,

we need to focus our attention on finite sums
∑k

i=1

∫
ϕi|f |. Here, it is important that the open

sets inside U are bounded: That way, the support of each ϕi is also bounded, and we only need to
integrate along a bounded set to evaluate

∑k
i=1

∫
ϕi|f |. This lets us obtain

∑k
i=1

∫
ϕi|f | ≤ M ,

so the finite sums are bounded above by M . Finally, since each term
∫
ϕi|f | is nonnegative, we

know that the finite sums
∑k

i=1

∫
ϕi|f | are nondecreasing as k increases, so the infinite series∑∞

i=1

∫
ϕi|f | converges.

(Note: On the test, I made a minor error where I forgot to mention that the finite sums are
nondecreasing. This is an important condition for the infinite series to converge.)

5. First, we prove that g−1(B) is Jordan-measurable, which requires us to prove that the boundary
of g−1(B) has measure 0. Intuitively, g−1 maps the boundary of B onto the boundary of g−1(B).
Then, since the boundary of B has measure 0, we could cover that boundary with rectangles with
arbitrarily small total volume, then apply g−1 to those rectangles to cover the boundary of g−1(B).
The problem is that the rectangles get mapped to parallelograms, not new rectangles. To solve
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this, we find bounds for these small parallelograms so that we can cover them with rectangles that
are still small enough.
Once we prove that g−1(B) is also Jordan-measurable, we finish by applying Change of Variables.
This application of Change of Variables is motivated by the fact that we need to ”integrate over
g−1(B)” to evaluate its volume.
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