MAT257 Assignment 18 (Forms and Orientations on
Manifolds)

(Author’s name here)
April 1, 2022



1. We are given the set of orthogonal 3 x 3 matrices O(3) := {A € M3y3(R) : ATA = I},
the set of 3-dimensional rotations SO(3) := {A € O(3) : det A = 1}, and the unit sphere
S?:={peR3 : |p| =1}. We are also given specific matrices A € O(3) and B € SO(3).

(a) We will prove that A(S?) = S2.
First, we will show that A(S?) C S2.

ajl a2 Q13
Let us write A in the form | as1 @22 as3 |. Then, from AT A = I, we obtain:

azr asz2 as3

a1 a1 asy a1 a2 a3 100

a2 a2 a3 a1 ay a3 | = 1
a13 a3 as3 agy agz ass 0 01
a3 + a3y + a3, aiirai2 + agi1az2 + azi1azz  a11a13 + a21023 + az1a33 100
a12a11 + az2a21 + az2asz; a3y + a3y + a3y ai2a13 + azzaz3 +asazz | = [0 1 0
a13a11 + a23a21 + 330431 (13012 + A23022 + 433032 a?s + a3s + a3 0 0 1

Comparing the (1, 1)-entries of both sides, we obtain:
aiy + a3 + a3 =1 (1)
Comparing the (2, 2)-entries of both sides, we obtain:
aiy + a3y + a3y =1 (2)
Comparing the (3, 3)-entries of both sides, we obtain:
ais +aj; + a3z =1 (3)
Comparing the (1, 2)-entries or the (2, 1)-entries of both sides, we obtain:
ajiaiz + aziaz + aziazz =0 (4)
Comparing the (1, 3)-entries or the (3, 1)-entries of both sides, we obtain:
ai1aiz + azrags + azazz =0 (5)
Comparing the (2, 3)-entries or the (3, 2)-entries of both sides, we obtain:

a12a13 + a22a23 + azzazz = 0 (6)




Then, for all (a:,y,z)T € S? we obtain:

2
A'<$7yvz)T
2
ail a2 a3 z
az1 a2 ag3 Yy
asy as2 ass z

a11T + a2y + a132
a1 + a2y + ag32
as31x + a2y + a3z

(a112 + a2y + a132)2 + (g1 4 ay + (1232)2 + (ag1x + as2y + a332)2

= (a%lxz + a%zyQ + afng + 2@11a12xy + 2&11@13%2 + 2a12a13yz)

+ (a%le + a%zyQ + a§322 + 2a91a90xy + 2a01a2372 + 2a22a23Y2)

+ (a§1x2 + a§2y2 + a§322 + 2az1a32xy + 2a31a3372 + 2a32a33Y2)

= (af; + a3 + a3))2” + (afy + a3y + a3y)y” + (ais + a3 + ajs)2”

+ 2(ar1a12 + a21a22 + asiaz2)ry + 2(a11a13 + ag1a23 + asiasz)rz + 2(a12a13 + a22a23 + as2a33)yz
22 + % + 2% 4+ Ozy + O0zz 4 Oyz (Applying equations (1) through (6))
1. (Since (z,y,2)" € S%)

Then, we obtain )A : (af,y,z)T’2 =1, so ’A : (a:,y,z)T‘ = 1 since ’A - (z,y,2)T| is nonnegative.
As a result, A- (x,y,2)T € S? for all (z,y,2)T € 5%, so A(S?) C S?, as desired.

Next, given that AT A = I, we will explain why AAT = I. Since AT A = I, where I is surjective,
AT must also be surjective. Then, since AT is a square matrix, it must also be invertible. Taking
the equation AT A = I, if we multiply it by (AT)~! to the left and AT to the right, we obtain
AAT = (AT)=1AT =], as desired.

Next, we will show that A(S?) 2 S?. Since (AT)TAT = AAT = I, we have AT € O(3).
Then, the same proof above shows that AT(S2%) C S?. Next, for all (z,y,2)" € S2, we have

A (AT - (z,y,2)T) = (A AT - (2,y,2)T = (z,y,2)T. Since AT(SQ) C 5%, we also have
AT - (z,y,2)T € 82, so we obtain (z,y,2)T = A- (AT - (z,y,2)T) € A(S?). This shows that
A(S?) D 52

Since A(S?%) C S? and A(S?) D S?, we conclude that A(S?) = S?, as required. O



(b) Given w := zdy A dz + ydz A dx + zdx A dy, we will prove A*w = (det A)w as follows:

A*w
= A" (zdy N dz + ydz N\ dx + zdx A dy)
= (a117 + a12y + a132)d(a21x + agy + az3z) A d(as1x + asay + aszz)
+ (a217 + a2y + azsz)d(az1w + a2y + azzz) A d(ai1x + a2y + a132)
+ (as1z + asey + asszz)d(a11x + aoy + a132) A d(ag1z + azey + aszz)
= (@117 + a12y + a132)(a21dx + azndy + azsdz) A (asidz + asedy + azsdz)
+ (ag17 + a2y + as3z)(asidr + asedy + aszsdz) A (a11dx + ajody + a13dz)
+ (as1x + as2y + assz)(a11de + a1ody + a13dz) A (a1de + agedy + agsdz)
= (anz + a2y + a132)((ag1a32 — azeaz1)dz A dy + (axzass — azzasz)dy A dz + (agzas1 — aziasz)dz A dx)
+ (a212 + a2y + a232)((ai2a31 — arnasz)dr A dy + (a13a32 — a12a33)dy A dz + (a11a33 — a13a31)dz A dx)
+ (az1z + az2y + aszz)((ar1ag2 — aizas1)dr A dy + (a12a23 — a13a22)dy A dz + (a13a21 — a11a23)dz A dzx)
= (a11a21a32 — a11a22031 + 12021431 — (11021032 + A11022031 — A12a21031)rdx A dy

+ (a12a21a32 — a12a22a31 + A12a22a31 — G11a22032 + A11022a32 — A12621a32)ydr A dy

+ (a13a21a32 — a13022a31 + A12a23a31 — G11a23032 + A11022a33 — A12a21a33)2dx A dy
+ (a11a22a33 — a11a23a32 + 13G21a32 — G12a21033 + Q12023031 — A13G22031)xdy A dz
+ (a12a22a33 — a12a23a32 + 13022032 — 12022033 + Q12023032 — A13022032)ydy A dz
+ (a13a22a33 — a13G23032 + a13a23a32 — 412023033 + A12023033 — 13022033)2dy N dz
+ (a11a23a31 — 11621033 + a11a21a33 — G13G21031 + A130421031 — G11023031)Tdz A dw
+ (a12a23a31 — a12G21033 + a11a22a33 — 13022031 + A13021a432 — 11023032)ydz N dx
+ (a13a23a31 — 13021033 + A11a23033 — 13023031 + (13021033 — A11023a33)2d2 A\ dx

= (0x 4+ 0y + (det A)z)dz A dy + ((det A)z + 0y + 0z)dy A dz + (0x + (det A)y + 0z2)dz A dx
= (det A)(zdz A dy + xzdy A dz + ydz A dx)
= (det A)w

Therefore, A*w = (det A)w, as required. O

(c) We will conclude that B*w = w and hence that B is orientation preserving.

First, since B € SO(3) C O(3), the same arguments above show that B*w = (det B)w

Next, since B € SO(3), we also have det B =1, so B*w = 1w = w, as required.

Next, we will explain why w is nowhere zero. Let p = (z,y, z) be an arbitrary point in S2. Then,
let v1 = a10; + 010y + 10, and va = a0, + b20y + 20, be two linearly independent vectors in
the 2-dimensional vector space T,(S5?). We obtain:

((dy A dz)(v1,v2), (dz A dx)(vy,v2), (dz A dy) (v, v2)) = (bica — bacy, crag — coaq, a1be — agby),

which is nonzero since v; and wvg are linearly independent. Moreover, this vector is orthogonal to
v1 because:

(v1, (bica — bacy, crag — cgaq, a1by — agby)) = ay(bica — bacy) + bi(craz — caaq) + ci(arba — agby)
= arbicy — arbacr + agbicr — arbica + ajbacy — agbicy
=0.



Similarly, it is also orthogonal to vy. Since we are on S?, (z,y, z) is also orthogonal to v; and vs.
Thus, (z,y, z) is parallel to ((dy A dz)(vy,v2), (dz A dx)(v1,v2), (dx A dy)(v1,v2)), so we obtain:

‘w(vl, ’1)2)‘ = ‘:L'(dy ANdz)(v1,v9) + y(dz A dz) (v, v2) + z(dx A dy)(vy, ’1)2)‘
= ‘ ((x,y, 2), ((dy A dz)(v1,v2), (dz A dz) (v, v2), (dz A dy)(v1, vg)))‘
= H(:L‘, v, z)H H((dy Adz)(v1,v2), (dz A dx)(vi,v2), (dx A dy) (v, vg))H
=1 H((dy Adz)(v1,v2), (dz A dx)(vi,v2), (dx A dy) (v, UQ))H ,

which is nonzero since ((dy A dz)(v1,v2), (dz A dx)(vi,v2), (dz A dy)(vi,v2)) is nonzero. Thus,
w(v1,v2) is nonzero, so w is nonzero at every point p € 52, s0 w is nowhere zero.

Finally, w is a top form on S? that is nonzero everywhere, so w is an orientation on M. Then,
since B* pulls this orientation w onto itself, B is orientation preserving, as required. O



2. (a) We will show that the following relations hold on S? C R3

ac,y,z:
xdz N dx = ydy N dz, ydx N\ dy = zdz A dz, zdy N\ dz = xdx N\ dy.
First, we showed in class that the following relation is true on S2:
xdx + ydy + zdz = 0. (1)
Next, if we wedge (1) with dz, we obtain:

dz A (zdz + ydy + zdz) = dz A O
xdz Ndx +ydz Ndy + zdz ANdz =0
xdz ANdr —ydy ANdz+0=0
xdz N dr = ydy N dz,

as required.
Next, if we wedge (1) with dz, we obtain:

dz N (vdx + ydy + zdz) = dx AN O
xdx ANdx + ydx ANdy + zde Ndz =0
0+ydx ANdy — zdz Ndx =0
ydx Ndy = zdz A dz,

as required.
Finally, if we wedge (1) with dy, we obtain:

dy A (xdx + ydy + zdz) = dy A0
zdy Ndx + ydy ANdy + zdy ANdz =0
—xdx ANdy+ 0+ zdyNdz=0
zdy N dz = xdx N\ dy,

as required. O

(b) Given w = xdy A dz + ydz A dz + zdx A dy € Q%(S?), we will show that on S? away
from the north and south poles (where z = y = 0),
xdy — ydz



Indeed, we can compute that:

w=xdy \Ndz 4+ ydz A dx + zdx A dy

2(2* + %)
x2 + y?

Tz Yz
=zdy Ndz —ydx Nd —— rxdz ANd —— -ydx Nd
xdy z —ydx Z+m2+y2 rdr y+m2+y2 yax Y

=xdy Ndz — ydx Ndz + dx N\ dy

=xdy Ndz —ydx AN dz + QOiny szdy N dz + nyi_i?ﬂ - zdz N dx (Applying part (a))
52 y2?
—a;dy/\dz—yda:/\dz—i— 21y — 5 dyNdz — mdm/\dz
x Yy
1— 22— 1— a2 92
=xzdy Ndz —ydx Ndz + x - o yzy dy/\dz—y-#da:/\dz (x2+y2+22:1on32)
z Y
:xdy/\dz—ydx/\dz—i-mdy/\dz—xdy/\dz—mdw/\dz—i—ydm/\dz
Y
d d
:M/\d%
22+ y?
as required. ]

(c) We will provide a physical interpretation of this result.
First, we will relate w with the standard area in R3. At any point p = (z,y, z) € S?, if we have
two tangent vectors v1 = a10; + b10y + ¢10;,v2 = 20, + b20y + 20, € Tp(SZ), then we obtain:

((dy A dz)(vi,v2), (dz A dx)(vi,v2), (dz A dy) (v, v2)) = (bica — bac, crag — caaq, a1be — agby),
which is the cross product of v; and vy. Moreover, this vector is orthogonal to v; because:

(v1, (bica — bacy, crag — caar, a1be — agby)) = a1 (bica — bacy) + bi(craz — c2a1) + c1(arba — agby)
= a1bicg — arbacy + agbicr — arbica + arbact — azbicy
=0.

Similarly, it is also orthogonal to vo. Since we are on S?, (z,y, z) is also orthogonal to v; and vs.
Thus, (z,y, z) is parallel to ((dy A dz)(vy,v2), (dz A dx)(vi,v2), (dx A dy)(v1,v2)), so we obtain:

|w(vr,v2)| =|z(dy A dz)(v1,v2) + y(dz A dz)(v1,v2) + 2(dz A dy)(vi,v2)|
= ‘ ((x,y, 2), ((dy A dz)(v1,v2), (dz A dz)(v1,v2), (dz A dy)(v1, vg)))‘
=||(z,y, 2)|| -||((dy A dz)(v1,v2), (dz A dz)(v1, v2), (dz A dy) (v, v2))]|

which is the standard area formed by v; and vy. Thus, w can be treated as a volume form, and
we can find the area of a part of S? by integrating w on it, as desired.

Now, suppose we place a spherical loaf of bread into a bread cutting machine, and suppose that
it cuts a slice between z = a and z = b, with a < b. Then, let us define the 2-cube ¢ : 1> — R3
by:

c(t1,t2) := (/1= (a+ (b—a)tz)2 cos(2mt1), /1 — (a + (b — a)ta)?sin(2nty), a + (b — a)ta).



Here, a + (b — a)t, represents the z-coordinate sliding from a to b, and /1 — (a + (b — a)t2)? is
the radius of the zy-cross section at the z-coordinate. Then, this cube maps onto the crust of
the slice of the bread that gets cut, so the amount of crust on this slice is:

/ / xig +zdx (Applying part (b))
/pc (xii+zdx Adz)
-) (Jﬁ_af e Ql__ e ) Mo+ (b=t
- P e T O ) - )
(R et W Towh ity 0
) \/\l/i_a = (:)2;2 cozll;jztl %I_GL _f)zi;zo;f&zf))Q A(b—a)d@)
- <<ﬁ_1iii“:;iz§>;zi;f:;? RO TP

N V1= (a+ (b—a)t)? cos(27rt1)a— (vV1—(a+ (b — a)tg)?sin(2mty)
(vV1—(a+(b— (L)tz) cos(2mty) (V1= (a+ (b—a)ty)?sin(27t1))?

)
)
el i (b — a)dta A dts
V1= (a+ (b—a)tz)? Sln(27rt1)8itl(\/1 —(a+ (b — a)tg)? cos(2mty))
)? )
) )
)

. (b — a)dt1 A dto

- (V1—(a+(b— a)tg) cos(27t1))2 + (/1 — (a + (b — a)ta)?sin(2nt;))?
2 (/1—(a+ (b — a)te)? cos(2mty)
2

B V1- (a+ b — a)ts)?sin(27t1) 5
(v/1—=(a+ (b—a)tz)2cos(2mt1))? + (/1 — (a + (b — a)ta)?sin(2nt;))?

:/ ( V1= (a+ (b— a)t2)? cos(27ty) - 27r\/1 — (a+ (b — a)ta)? cos(27ty) (b= a)dty A dty +0

. (b — a)dtQ N dtg)

(v/1—(a+ (b—a)tz)?cos(2mt1))? + (/1 — (a + (b — a)tz)?sin(2nt;))?
B V1= (a+ (b—a)t2)?sin(27ty) - 27r\/1 —(a+(b— a)tg) (—sin(27ty)) bh—a B
(v/1—=(a+ (b—a)tz)?cos(2mt1))? + (/1 — (a + (b — a)tz)?sin(2nt;))? (b= a)dty A dtz 0)

_ 2m(1 — (a + (b — a)t2)?)(cos?(27t;) + sin (27Tt1)) b
a /12 (1 — (a+ (b— a)t2)?)(cos?(27t;) + sin®(2nt1)) (b—a)dty Aty

= / 27T(b — a)dt1 A dtoy
12
= 271'([)—@)/ dt1 A dtg
12
=27(b—a).

Thus, the amount of crust that a slice has only depends on the width of the slice. If we assume
that the machine cuts slices of equal width, we conclude that every slice has the same amount of
crust, as required. O



3. We are given a k-dimensional manifold-with-boundary M with an orientation OM. Then, we
defined the induced orientation O?™ on OM as follows: For all p € OM, we picked a normal
vector v(p) € T,(M) perpendicular to T},(OM), then we defined OI‘?M such that, for all bases
(v1,...,v5-1) of T,(OM), (v1,...,vk_1) has orientation (’)gM if and only if (v(p),v1,...,vk—1)
has orientation O}. Then, we will prove that O is well-defined.

For all bases (v1,...,v5—1), (w1, ..., wx_1) of T,(OM), we must check that they have the same
orientation in T,,(0M) if and only if our definition says that they do. In other words, we must
show that they have the same orientation in T,,(0M) if and only if (v(p),v1,...,vk—1) and
(v(p), w1, ..., wk_1) have the same orientation in T),(M). First, forall 1 <i < k—1, let us write
w; in the form Z?;ll a; jvj. Then, we obtain the change of basis matrix A := (a; ;) between
(v1,...,05-1), (w1, ..., wk_1). Next, the change of basis matrix between (v(p),v1,...,v5_1)

and (v(p), w1, ..., wk_1) is the block matrix , which has the same determinant as A.

1 0
0 A
As a result, one change of basis matrix has positive determinant if and only if the other change
of basis matrix also has positive determinant. Therefore, (v1,...,vp_1) and (wy,...,wg_1) have
the same orientation if and only if (v(p),v1,...,vk—1) and (v(p),ws,...,wk—1) have the same
orientation, as required. O

Here is a proof that the outward unit normal vector v(p) is well-defined at all p € 9M, which was
not in my original graded submission but is required to fully solve this problem:

First, we review the definition for v(p). Since dim7T,(M) = k and dimT,(0M) = k — 1,
Axler 6.50 gives us that we have a 1-dimensional vector space in T},(M) orthogonal to T),(OM).
Within this 1-dimensional vector space, we have exactly two vectors of unit length; let us call
them (p,n) and (p, —n). The next part of the definition requires us to choose a coordinate map
f U — M that covers p, where U is an open subset of ]Ri. Given such a coordinate map, there
exist two vectors (f~(p), v), (f 1 (p), —v) € Ty-1,)(R¥) such that f.((f~'(p),v)) = (p,n) and
f((fY(p), =v)) = (p, —n). Note that f maps U N (R*~1 x {0}) to M, so f. pushes vectors
in Tp1p) (RE=1 % {0}) to T,(OM). In other words, if the k™ coordinate of v satisfies vy, = 0,
we would get n € T,(0M), a contradiction since n is perpendicular to T,,(0M). Then, we must
have vy, # 0 instead. If v < 0, then we pick v(p) = n; otherwise, v > 0, so (—v); < 0, and
we pick v(p) = —n. In other words, after we pick the coordinate map f, we define v(p) to be
the unique unit vector in T,,(M) perpendicular to T),(OM) such that (f.)~(v(p)) has a negative
k-coordinate in T-1(, (RF).

Next, we need to prove that v(p) is well-defined by proving that this definition does not depend
on the choice of f. Suppose we have two coordinate maps f: U — M and g : V. — M which
cover p, where U and V are open subsets of R’i. Then, let (p,ns) be the value of v(p) given
by applying the definition using f, so if we let (f~'(p),vs) be the unique vector in Tf71(p)(Rk)
such that fu(f~1(p),vs) = (p,ny), then (vs) < 0. Also, let (g7 *(p),v,) be the unique vector in
Ty1(p) (R¥) such that g.(g~1(p),vy) = (p,ms). Then, to prove that g gives the same definition
for v(p), it suffices to prove that (vg); < 0.

Next, we will examine the differential (g=!o f)’ at f~!(p). First, since p € OM, we have that the
k™ coordinate of f~1(p) is 0 and that the k™" coordinate of (g1 o £)(f~1(p)) = g~ *(p) is also 0.
Next, for all 1 <i <k, if (e1,...,ex) denotes the standard basis for R¥, then we have for small,
positive h that the point f~(p) +h-e; € RY satisfies f(f~1(p)+h-e;) € MNg(V). This means
that g7 (f(f'(p) +h-e;)) €RY, s0 (g7 o f)(f~(p) + h - ;) has a nonnegative k-coordinate.
As a result, % >0at f~1(p) for all 1 <4 < k. Similarly, for all 1 <4 < k — 1, we have



for small, positive h that the point f~!(p) —h-e; € Rﬁ satisfies (g Lo f)(f~1(p) —h-¢;) € }Rﬁ,
o) w < 0at f~!(p). Combined with w > 0, this gives us W =0at f~1(p).
(Note: This does not hold for i = k because f~!(p) — h - ey is no longer in R%). Overall, the
differential (g~ o f)'(f~1(p)) is the following block matrix:

*e—1,k—1  *k—1,1
0 + ’

where *; ; denotes an unknown 7 x j block, and + denotes a single unknown nonnegative entry.
Since f and g are diffeomorphisms, this differential must be invertible, so its final row cannot
contain only zeroes. Thus, the entry labelled “+" is actually positive.

Next, since f.(f~"(p),vs) = (p, 1), we get ny = f'(f~'(p))-vs. Since g.(9~"(p), vg) = (pny),
we also get (97 1)«(p,ny) = (9:) " (ping) = (971 (p), vg), sO:

Vg = (gfly(p) L
= P D) vy
= (g7 ) - L) vy
= (g o )Y (f ) - vy (Chain rule)

_ *k—1,k—1 *k—1,1 v
0 + I

Then, by matrix multiplication, (vy)s is a positive multiple of (vy),. Since (vy)j is negative,
(vg)k is also negative. Thus, g and f agree on the definition for v(p), so v(p) is well-defined, as
required. O
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4. We will prove that a k-manifold M C R"™ is orientable if and only if it has an atlas for which all
transition functions have differentials with positive determinants.
First, for the “=" direction, suppose that M is orientable. Then, let us pick an orientation for
M by picking ) € QF(M) that is nowhere zero. Let any atlas of M be given (such an atlas exists
by definition (C) for manifolds), and let us modify the atlas as follows. Consider an arbitrary
coordinate map f : W — R"™. For all x € W, let ((x,e1),...,(z,e)) be the standard basis
for T,(R¥). Then, for all 1 < i < k, fu((z,&)) = (f(z), f'(2) - &) = (f(z),21E). Since we
assumed rank f/(z) = k in definition (C) for manifolds, it follows that (f«((z,€1)), . . cfol(zyer)))
is linearly independent in T'y(,)(R"), so it is a basis for Ty(,,y(M). Then, since 7 is nowhere zero,
we obtain n(f«((x,e1)),..., fx((z,er))) # 0 for all x € W. Moreover, 7 is continuous, so it

follows that n(f.((z,e1)),..., fx((z,ex))) is either always positive or always negative on W.
If it is positive, then we leave f: W — R™ as it is. Otherwise, let us define the invertible linear
map T : R¥ — RF by T'(x1,29,...,21) := (—x1,22,...,2;) (note that T is its own inverse),

and let us replace f with the coordinate map g := foT : T(W) — R™. Then, for all z € T(W),
we obtain:

1(g+((2,€1)), g (2, €2)); - -, g ((
Fe(Tu((z, 1)), Fo(Tu((2s €2))), s fo(Tl(, €8))))
fo((T(2), T' () - ex)))
T(x),T -eg))) (Since T' is a linear map)

I
SIS

(f(To(

(f+((T(2), T'(z) - e1)), fu(( (337T/(1?)-62))7---
(fel(T (@), T - e1)), fe((T(2), T - €2)), -, fu
(f((T(

(

(T'(=),
= (£ ((T(2), —€1)), £ (T(2), €2)), - - -, f(T(2), 1))
= (= fe((T(2), 1)), ((T(2), €2)), - - -, f(T(2), 1)) (Since f. is linear)
—n(f+((T (@), e1)), [s(T(x), e2)), .., [ (T (), ex))), (Since 7 is k-linear)

which is positive because n(f«((T'(x),e1)), ..., f«((T(x),er))) is negative. This forms a new atlas
of M such that for all coordinate maps f : W — R"™, and forallz € W, n(f«((z,€1)),..., f«((z,ex)))
is positive. In other words, if wy := dx1 A - -+ A dxy denotes the standard k-form on R¥, then we
have that (f*(n))((z,e1),...,(z,ex)) > 0, so f*(n) is a positive multiple of wy.

Next, for all coordinate maps f1 : Wi — R™ and fy : Wy — R™ such that f1 (W) N fo(Wa) # 0,
consider the transition map ¢ := f2_1 ofy: fl_l(fl(Wl) N fa(Wa)) — fg_l(f1<W1) N fo(W2)).
Then, at all points = € f; 1 (f1(W1) N f2(Ws)), we obtain:

fi(n) = (fao @) (n) = &*(f2(n))-

Since fi(n) and f5(n) are both positive multiples of wy, it follows that ¢*(f5(n)) and f5(n)
are both positive multiples of wy, so ¢ is orientation preserving. This means that det ¢’ > 0.
Therefore, if M is orientable, then we showed that M has an atlas for which all transition functions
have differentials with positive determinants, as required for the “=-" direction.

Next, for the “<" direction, suppose that M has an atlas for which all transition functions have
differentials with positive determinants. Then, let us construct an orientation for M as follows: For
all p € M, find a coordinate map f : W — R™ in the given atlas such that p € f(W), then pick the
orientation for T,,(M) given by the ordered basis (f.((f~(p),e1)), ..., f+((f 7' (p),ex))). Then,
f((f7Yp),e1)), - f«((f L (p), exr)) are k smooth vector fields on W which locally represent
our constructed orientation, so such a representation exists at all points on M. Then, to finish
proving that we have constructed a valid orientation for M, it suffices to show that the definitions
induced by overlapping coordinate patches agree with each other.

Suppose f1 : Wi — R™ and fy : W — R™ are coordinate maps such that f1(W7) N fo(Wa) # 0.
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Then, the transition map ¢ := fy ' o fi : f {1 (W1) N fo(Wa)) — f5 H(fi(W1) N f2(W2)) has
a differential with a positive determinant by assumption. Next, we have:

(T )y en))s s (T )y er))) = ((f2 0 0)u((fT () 1)), -, (F2 0 0)u((f1 (D), €r))
((f2) (D (T (0), 1)), - (f2) (D ((f1 (0), n))))-

Since det ¢ > 0, we obtain that ¢ is orientation preserving, so (¢« ((f; *(p),€1)), - -, P« ((f7 1 (D) ex)))
has the same orientation as ((f, '(p),e1),...,(f5 ' (p),ex)) in Tf2_1(p)(Rk). As a result, (f2)«
pushes them to the same orientation in 7),(M). Therefore, the orientations induced by f; and

f2 agree on fi1(W1) N fo(W3), so our orientation on M is well defined, as required for the "<
direction.

Since we proved both directions, we conclude that M is orientable if and only if it has an atlas
whose transition functions all have differentials with positive determinants, as required. O
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5. Given an (n — 1)-dimensional manifold A in R™, we will show that M is orientable if and only if
there exists a consistent nonzero normal field v to M in R™.
First, for the “=" direction, suppose that M is orientable, and suppose that an orientation O,
is chosen at all p € M in a consistent way. Then, let us define the normal field v to M as
follows. Given any p € M, since dim7,(R") = n and dim7,(M) = n — 1, it follows from
Axler 6.50 that we have a 1-dimensional vector space of vectors perpendicular to T),(M) at p.
Within this 1-dimensional vector space, we have exactly two vectors of unit length; let us call
them n; and —ng. Next, let (vi,...,v,—1) be an ordered basis for T,,(M) with orientation
Op. Then, (v1i,...,vp—1,n1) is linearly independent because n; is orthogonal to vy, ..., v,-1, S0
(dziA---Adzxy)(vi, ..., vp—1,n1) is nonzero. As a result, either (dziA---Adxy,)(vi, ..., vp—1,11)
or (dxy A+ ANdxy) (v, ..., vp—1,—n1) is positive, and we will define v(p) := ny or v(p) := —nq,
respectively. In other words, v(p) is defined to be the unique unit vector perpendicular to 7},(M)
such that (v1,...,v,—1,7(p)) has the standard orientation in R".
Next, we must check that v(p) is well-defined by showing that the definition does not depend on the
choice for (v1,...,v,—1). Suppose that we have two ordered bases (v1, ..., vp—1), (W1,..., Wp—1)
for T),(M), both with orientation Op,. Then, for all 1 <i < n — 1, we can write w; in the form
E;:ll a; jv;. Afterward, we obtain the (n—1) x (n—1) change of basis matrix A := (a; ;) between
(v1y...,Up—1) and (w1, ..., wp_1). These bases have the same orientation, we obtain det A > 0.
Additionally, if we consider ny and —n; from the previous paragraph (which are independent of
our choice of basis for T,,(AM)), then the change of basis matrix between (v1,...,v,—1,71) and
61 (1) , whose determinant is also det A > 0. Thus,
(v1,...,0n—1,n1) has the standard orientation of R” if and only if (w,...,w,_1,n1) has the
standard orientation of R™, so the bases (v1,...,v,—1) and (wi,...,w,—1) induce the same
definition for v(p), as required.
Next, we must check that v is smooth on M. Let p € M be arbitrary, and let f: W — R" be
any coordinate map such that p € f(W). Then, for all x € W, let ((x,e1),...,(z,en—1)) be
the standard basis for T;(R"~!). Next, we can define the smooth vector fields Xi,..., X, 1 on
fFW) by Xi(f(z)) :== fu((z,e;)) forall 1 <i <n—1. Then, let us define g : W x R™ — R" by:

g9(z,y) = (Xa(f(@)), (F@),9))s s (X (F (@), (f (@), 9)) |y[* = 1).

Then, g is smooth. Moreover, we have that:

g(fil(p)v V(p)) = (<X1(p)7 V(p)), SRR <Xn_1(p), I/(p)>,

where eacg (Xi(p),v(p)) equals zero since X;(p) € T,(M) and v(p) is orthogonal to T},(M),
and ‘l/(p)’ — 1 = 0 since v(p) is a unit vector. Finally, if we write each X;(p) in the form
(p,aiie1+---+ainey), and if we write v(p) in the form (p,y1e1+ - - -+ ynep), we can compute

(wi,...,wy—1,n1) is the block matrix
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the matrix %Z’y) at (f~X(p), (Y1,---,yn)) as follows:

o91(zy) ..  Ogq(zy)
8?]1 ayn
d9(z,y) : . :
oy | Qgna(@y) . Ogn-_i(zy)
oy1 9yn
8911?%?}) e ag”l(xzy)
oY1 Oyn
3%731(@1,1?/1 + -+ al,nyn) azn (al,lyl +- aLnyn)
a%l(an—Lﬂﬂ + ot an—1.0Yn) - %(%—1,13}1 + o An—1,0Yn)
gt -1 it 1)
a1t Algp
an-1,1 = OGn—-1;n
X1(p)
anl(p)
2v(p)

This matrix has linearly independent rows, so it is invertible. Therefore, all conditions of the
implicit function theorem are satisfied, so there exists a unique smooth function h defined near
f~1(p) such that g(z, h(x)) = 0 and such that (p, h(f~1(p))) = v(p). Then, forall1 <i<n—1,
since g;(w, h(x)) = 0, the vector (f(z),h(z)) € Tf(;)(R") is orthogonal to X;(f(x)) for = near
S7Hp). As a result, (f(z),h(z)) is orthogonal to Ty, (M). Also, since g,(x,h(z)) = 0,
we have that ]h(x)} =1, so (f(x),h(x)) is a unit vector. Finally, if w, denotes the standard
n-form on R", we have that w,(X:1(f(x)),..., Xn—1(f(z)), (f(z),h(z))) is nowhere zero since
X1(f(x)),..., Xn-1(f(x)), (f(x), h(x)) are linearly independent (since (f(x), h(z)) is orthogonal
to Xq1(f(x)),..., Xn—1(f(x))). Then, w,(X1(f(z)),..., Xn-1(f(x)),(f(x),h(x))) has a fixed
sign since it is continuous. Also, at 2 = f~(p), wa(X1(p),..., Xn_1(p),v(p)) > 0 because
we know that (Xi(p),...,Xn—1(p),v(p)) has the standard orientation by definition of p. As
a result, w,(X1(f(2)),..., Xn—1(f(2)), (f(x),h(x))) is positive everywhere, so we obtain that
(X1(f(2))y- .., Xn—1(f(2)), (f(x),h(x))) has the standard orientation. Thus, (f(z),h(x)) is
precisely v(f(z)). Since h is smooth, it follows that v is smooth near p. Since this is true for all
p € M, v is a smooth nonzero vector field normal to M, as required for the “=" direction.
Next, for the “<" direction, suppose that there exists a consistent nonzero normal field v to M in
R™. Then, let us define n € Q" 1(M) as follows: Forallp € M and all vy, ...,v,—1 € T,(M), let
us define n(p)(vi,...,vp—1) := (dx1 A+ Adxy)(vi,...,vh—1,v(p)). Then, n is smooth because
dxy A\--- ANdxy and v are smooth. Moreover, if we pick any basis (e1, ..., e,—1) for T,(M), then
(é1,...,en—1,v(p)) is linearly independent in T},(R™) because v(p) is orthogonal to ey, ..., en_1,
which means that n(p)(e1,...,en—1) = (dz1 A --- Adzy)(e1,...,en—1,v(p)) # 0. As a result, n
is nonzero at every point p € M, so 7 is a valid orientation on M. Therefore, M is orientable if
there exists a consistent nonzero normal field v to M in R™, as required for the "<=" direction.
Since we proved both directions, we conclude that M is orientable if and only if there exists a
consistent nonzero normal field v to M in R”, as required. O
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Notes on intuition

Now, let us develop some intuition on how to approach these problems and motivate these solutions.
(Note: This section was not submitted for grading.)

1. Asnoted in the grader's comments, it is possible to find much cleaner solutions if one is comfortable
enough with clever linear algebra tricks. Otherwise, it is also possible to brute-force this problem
as in my solution, but it is much messier and more time-consuming.

2. For part (a), the given hint (wedge zdz + ydy + zdz = 0 with dz, dy, and dz) solves the problem

immediately. It may also be possible to approach this problem without the hint by working
backwards. For instance, suppose we want to prove that zdz A dz = ydy A dz on S%. This is
equivalent to 0 = xdz A dz — ydy N dz = xdz A dz + ydz N dy = dz A (xdz + ydy). Then, the
(zdzx + ydy) terms could remind you of xdz + ydy + zdz = 0, then we proceed as in the hint.
For part (b), we can approach this problem by working backwards. We want to prove that
w= ﬁdy Ndz + ﬁdz A dzx, so we can compare xQQ’Tyzdy Adz and ﬁdz A dx with the
xdy A dz + ydz N\ dx terms contained in w, and we can see how much dy A dz and dz A dx is
remaining, and we can see how to convert zdxz A dy into the remaining terms.
For part (c), if we interpret w as the volume form, then we want to integrate w over the crust
to find the amount of crust on a slice. To do so, the main idea is that we mainly know how to
integrate on cubes, so we find a 2-cube covering the crust using a polar coordinates approach,
and then we integrate w over the 2-cube to find the amount of crust.

3. For this question, the main idea was to use change-of-basis matrices to compare orientations.
Relating orientations using change-of-basis matrices is a standard idea that we have also seen
earlier in the course, including in Assignment 13 Question 2.

4. One possible approach is to recall that, similarly to Assignment 13 Question 2, a transition function
g o f (where f and g are coordinate maps) has a differential with positive determinant if and
only if it is orientation preserving. Then, one way for g~! o f to be orientation preserving is if
both components, f and g, preserve orientations. This motivates us to pick the atlas such that
all coordinate maps are orientation preserving for the “=" direction, and also to construct an
orientation on M such that all coordinate maps are orientation preserving for the “<" direction.

5. The main intuition for this question is that a normal vector field on M can be used to induce an
orientation of M using an orientation of R"™, similarly to how in Question 3, a normal vector field
on OM induces an orientation of M using an orientation of M. Additionally, to ensure that the
normal vector field v(p) is defined consistently, it was helpful to define v(p) as a unit vector so
that it does not change by a scalar factor based on certain choices. This also helps to ensure that
v(p) is smooth because v(p) does not suddenly extend or contract non-continuously on any point
on the manifold.
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