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1. If f: R™ — R™ is a function, the graph of f is defined to be I'y = {(z,y) : y = f(z)} C R"*™.
(a) Given a smooth function f : R™ — R™, we will show that I'; is a smooth n-manifold.
We plan to show that I' satisfies definition (Z) for manifolds. First, for all p € T'¢, let us pick the
open neighbourhood U := R™ x R™ around p, and let us pick the function g : R™ x R"™ — R™
defined by g(x,y) := y — f(x). Note that g is smooth because f is smooth. Then, for all
(z,y) € R™ x R™, we have that g(x,y) = 0 if and only if y = f(x), which occurs if and only if
(z,y) € T'y. In other words, g~1(0) =T'y. As a result:

UNT;=R"™™NT;=T; =g 10) =R""™ng 1 (0) =Ung 0),

soUNTy=Ung *0), as desired.
Next, for all (x,y) € I'y, we have:

Oy—fi(z) . O—fi(x)) O—fi(z)) .. On—fi(=))
o1 Ozn oy OYym
g'(z,y) = : . : : - :
Oym=Im (=) .. Oym—fm(@) OIym—fm(x)) . Oym—Im(®))
ox1 Oxn oY1 OYm,
of1(x) O0f1()
_81731:1 . _#ﬂ 1 .. 0
8f.m T . 8f.m x . . '
Ofple) e g . g

Since the last m columns of ¢’(z,y) form the identity matrix of size m, we conclude that ¢’ has
a rank of m = (n+m) — n, as desired.
Overall, T’y satisfies definition (Z) for manifolds, so I'y is a smooth manifold, as required. O

(b) Consider the function f : R! — R! defined by f(z) := z3. Then, we will show that f
is a non-smooth function for which nevertheless I'f is a smooth manifold.
First, f is not differentiable at 0 because:

lim fO+h) = F(0) = limh—?’ = limi2 =00
h—0 h h—0 h h—0 h3

Thus, f is non-smooth, as required.

Next, we plan to show that I'; satisfies definition (Z) for manifolds. For all p € 'y, let us pick
the open neighbourhood U := R? around p, and let us pick the function g : R> — R! defined by
g(z,y) == = — y3. Note that g is smooth because g is a polynomial. Then, for all (z,y) € R?,
we have the following chain of equivalences:

gey)=0ey’=sey=0iey=f(r)e @yl
In other words, g(z,y) = 0 if and only if (z,y) € 'y, so g~1(0) =T, so:

UNT;=R*NT;=T;=¢'0)=R*ng*(0) =UnNg 0),

soUNT;=UnNg 1(0), as desired.

Next, for all (z,y) € T'y, we have ¢'(z,y) = (8(308;:"3), (9(9087—;/3)) = (1, —3y?). Since the first entry
of ¢’(x,y) is always nonzero, we conclude that ¢’ always has a rank of 1 =2 — 1, as desired.
Overall, we proved that I'; satisfies definition (Z) for manifolds. Therefore, f is an example of a

non-smooth function for which I'; is a smooth manifold, as required. O



2. Given a 12-dimensional manifold M in R22, we will prove that M is of measure 0 in R22,

First, for all p € M, we will construct an open neighbourhood U, around p such that U, N M
is of measure 0. To begin, since M satisfies definition (M) for manifolds, there exists an open
neighbourhood U}, around p, an open set V) in R?2, and a diffeomorphism b : U, — V}, such that
WU, N M) = VN (R x {0}). Since p € UJ, we have h(p) € V. Then, there exists a closed
rectangle C), centred at h(p) that is contained in Vp’. Then, this closed rectangle is compact.
Moreover, h~! is smooth, so det(h~1)" is continuous, and it follows that det(h~!)’ is bounded on
C), because C), is compact. Then, if we consider the open rectangle V), := interior(C)) contained
in Cp, then det(h™1)’ is also bounded on V,. In other words, there exists N € R such that
!det(h_l)’(yﬂ < N for all y € V},. Moreover, since C, is centred at h(p) by construction, V), is
also centred at h(p), so V], contains h(p).

Now, let us pick U, := h~1(V,). Since h™! is invertible, it follows that V,, = h(U,). Since h
is continuous and V, is open, it also follows that U, = h™1(V})) is also open. Moreover, since
h(p) € V,, we obtain that U, = h~1(V,) contains p, so U, is an open neighbourhood of p.
Additionally, U, = h='(V},) € h='(V}}) = U,. Then, we obtain h(U, N M) = V, N (R'? x {0})
because:

hUp, N M) = h((U,NU,) N M) (Since U, C U})
= (") N U,NU, N M)
=hH 1 U,)n (hil)*l(U; NM) (Since preimages behave well with intersections)
= h(Up) N h(U, N M)
=V, NV, N (R x {0})
=V, N (R x {0}). (Since V,, € V)
Next, let us define f: V, = R by f(y) := xgi2x {0} (y) -|det(h=1)'(y)|. Then, since R'? x {0} is

of measure 0 in R??, we know that fvp Xr12x {0} = 0. Then, we can show that the upper integral
of f over V, is at most 0 as follows:

U(f) = Ulxgexqo) - |det(h Y )
< Ulxmizeqop- N)  (Since )det(h—l)’

is bounded by N on V,)

=N- U(XR12><{O})
= N.O
=0.

Moreover, L(f) > 0 since f is nonnegative. Therefore, since L(f) < U(f), it follows that
L(f) = U(f) =0, so f is integrable over V;.,, and fh(Up) f= fvp f = 0. .

Now, we wish to apply the Change of Variables formula, so we will check that its hypotheses
hold. First, U, is open. Additionally, since h : U]’7 — Vp’ is 1-1 and continuously differentiable,
hly, : Uy, — V, is also 1-1 and continuously differentiable. Thus, we may apply the version of



Change of Variables without the requirement that det 4’ # 0. It follows that:

/ f={ (foh)|deth|
h(Up) Up

= / (Xmizx {0} © h) -|det((h7)" o h)‘ |det |

p

(xmizx (o} © h) -|det(((h™") o h) - )

I
Q\Cﬁ

p

(Chain rule)

I
S

(Xm12x {0y 0 h) - |det((h~! o b))

P

(Xr12x{0} © h) ~}det id” (Where id denotes identity map)

I
S

p

(XR12><{0} oh)-1

I
S

p

Xh-1(R12% {0}) (Since h(z) € R'? x {0} if and only if z € h™1(R'? x {0}))

I
S

P

XU,Nh—1(R12x{0}) (Since we are integrating over Up)

I
S

P

I
S

Xh=1(V,)Nh=1(R12x{0})
p

= / Xh=1(V,N(R12x{0}))
Up

= / XUpNM -
U,

P

On the other hand, we showed above that fh(Up)f = 0, so it follows that fUp xv,nm = 0.
Therefore, we found an open neighbourhood U, of p such that U, N M is of measure 0, as
desired.

Next, we will show that countably many such U, cover M. For all p € M, let R, be an open
rectangle around p contained in U,,. Since Q is dense in R, we may assume that all coondinates of
all vertices of R, are rational; otherwise, we may shrink R,, until this is true. If we do this over all
p € M, then we form countably many distinct rectangles because there are only countably many
rational numbers available for the coordinates of their vertices. Then, these rectangles form a
countable open cover of M because each p € R, for all p € M. Next, for each rectangle that we
form, select one open set U, containing the rectangle. Since there are countably many rectangles,
we will select countably many sets U, and since the rectangles cover M, the countably many
selected sets U, also cover M. This gives us a countable cover UpeM, U, of M, where M’ is a
countable subset of M, as desired.

Finally, this gives us M = M N U,cp Up = Upepr (Up N M), where each Uy, N M is of measure
0. Therefore, M is measure-0 as a countable union of measure-0 sets, as required. ]



3. We are given the following set:
U(2) = {A € Mays(C) : A" A =T} C Myys(C) = C* = RS,

Then, we will prove that U(2) is a 4-dimensional manifold if treated as a subset of RS,
First, we identify R® with Moy(C) as follows:

a1 +bi1i aiz + bioi
a1 + b211  age +booi |

(a11,b11, a12, b1z, as1, bar, az, ba) = (

ai1 + b1t aiz + bigi

Next, an element A = ) .
ao1 + bo1t  ags + boot

o)

=71
—A'A
_ (1 — bt ax; — byt a1+ bt aiz + bizi
a1z — biat  aga —bagi | \ a1 + ba1i  ago + booi
_ (@11 — b11i)(a11 + b117)
(@12 — bigi) (a1 + b11i)

) is in U(2) if and only if:

+ (a21 — b217)(a21 + b217)  (a11 — b119) (a2 + b12i) + (@21 — b217)(ae + 5221'))
N )

(a2 — bagi) (a1 + ba1i) (@12 — bi2t)(a12 + bi2t) + (age — ba2i)(aze + ba2i)
Comparing the top left corners of both sides, we obtain:
(@11 — biri) (a1 + bi1i) + (ag1 — ba1i)(ag1 + b21i) =1,

which gives us:
aj; + b3, + a3, +b3 —1=0. (1)

Comparing the bottom right corners of both sides, we obtain:
(@12 — bi2i)(a12 + bi2i) + (age — bazi)(age + ba2i) =1,

which gives us:
ajy + b + a5y + b3y — 1 =0. (2)

Comparing the top right corners of both sides, we obtain:

(a11 — b117)(a12 + b12i) + (ag1 — beri)(age + begi) =0

(a11a12 + b11b12 + ag1a2a + ba1ba2) + (a11bi2 — a12b11 + ag1bog — agebay )i = 0.

The real part gives us:
arrai2 + biibia + az1azz + barbay = 0, (3)

and the imaginary part gives us:

a11b12 — a12b11 + a21bag — azba; = 0. (4)



Finally, comparing the bottom left corners of both sides we obtain:

(@12 — bi2t) (@11 + bi1t) + (age — bazi)(ag1 + b21i) =0
(a11a12 + bi1b12 + az1a22 + ba1baa) — (ar1bi2 — a12bi1 + ag1b22 — agabe; )i = 0.

Then, we obtain (3) and (4) again.

ail + byt
az1 + b1t

a1 + biat

As a result, a matrix )
a2 + boot

> is in U(2) if and only if equations (1) through (4)

are satisfied.
Next, let us define g : R® — R* by:

g(ai1,bi1,a12, b1, a1, bai, aze, bag)
af) + b} + a3, + b3 — 1
afy + bfy + a3y + b3y — 1
arra12 + biibia + az1azz + barbao
a11b12 — a12b11 + a21b2g — agaba;y

Then, as discussed above, a matrix A € May2(C) is in U(2) if and only if it satisfies (1) through
(4), so A € U(2) if and only if g(A) = 0. As a result, U(2) = g~ 1(0).

Next, we will prove that ¢’(A) is of rank 4 for all A € U(2). We begin by computing ¢’'(A) as
follows:

991(A)  9g1(4) 9g1(A) 0991(A) 991(4) 9g1(4) 9n(A) 9g91(A)
dai1 Ob11 daio Ob1a Oao1 Obay Oaoo Obao
0g2lA)  0g2lA)  DgalA) 0galA)  0galA)  ga(A)  ga(A)  Oga(A)
/ _ a1 ob11 Oaio Ob1o Oas Obo1 Oaso Oboo
G(A) = | ogalhy ogslh) 0gslh) 0gslh) 0galh)  Ogsth) Ogalh) Ogslh)
dar Ob11 darz Ob12 dan1 Obo1 Dana Ob2o
991(A)  094lA) 0gilA) OgulA) Oga(A) OgulA) Bga(A)  DgalA)
da11 Ob11 dai2 Ob12 Oao1 Obaq Oaoo Obas
2a11 2b11 0 0 2(121 2b21 0 0
. 0 0 2a12 2b12 0 0 2a22 2b22
ai2  bi2  ain bin azx b a by
bia —ai2 —bi1 a1 b —ax —ba ax

Now, assume for contradiction that this matrix is not of rank 4 at some point A € U(2). Then,
the four rows of ¢’(A) are linearly dependent. In other words, there exist ¢y, co,c3, ¢4 € R, not all
zero, such that we obtain the following 8 equations, corresponding to the 8 columns of ¢’(A):

2a1101 + ajacg + biacy =0 (5)
2b1101 + b12cg — ajges =0 (6)
2a12¢o +ajicg — byicy =0 (7)
2b12¢2 + biicg +annca =0 (8)
2a9101 + agacs + beaca =0 9)
209101 + baacg — agacs =0 (10)
2a92¢2 + agicg — borcg =0 (11)
2b99c2 + ba1c3 + agics =0 (12)



Then, the linear combination a11 - (5) + b1y - (6) 4+ a21 - (9) + b2y - (10) gives us:

0= 2((1%1 + b%l + a%l + b%1)01 + (a11a12 + b11b1s + as1ass + 521622)03
+ (a11b12 — a12b11 + a21ba2 — agebai)cy
= 2c¢1 + Ocz + Oca. (Applying (1), (3), and (4))

As a result, ¢; = 0.
Next, the linear combination a1z - (7) + b1a - (8) + agg - (11) + bos - (12) gives us:

0= 2(@%2 + b%g + a%z + b%Q)CQ + (a11a12 + b11b12 + a91a90 + b21522)03
+ (—a12b11 + a11b12 — a22ba1 + az1baz)ca
= 2¢9 + 0c3 + Ocy. (Applying (2), (3), and (4))

As a result, ¢ = 0.
Next, the linear combination a1 - (5) + b2 - (6) + agz - (9) + b2 - (10) gives us:

0 = 2(an1a12 + biibi2 + ag1az + barbas)er + (aiy + bia + a3y + b3y)cs
+ (a12b12 — a12b12 + azebaz — azbaa)ca
= 0c; + ¢3 + Ocy. (Applying (3) and (2))

As a result, c3 = 0.
Finally, the linear combination bya - (5) — aj2 - (6) + bag - (9) — az2 - (10) gives us:

0 = 2(a11b12 — a12b11 + ag1boa — agebar)c1 + (a12b12 — a12b12 + asaboe — azebaa)cs
+ (b5 + aty + b3y + ads)ca
= Ocy + Ocz + c4. (Applying (4) and (2))

As a result, ¢4 = 0.

Overall, we proved that ¢; = ¢co = ¢3 = ¢4 = 0, contradicting the condition that ¢y, ¢o, c3, ¢4 are
not all zero. Thus, by contradiction, ¢’(A) is of rank 4 for all A € U(2), as desired.

Finally, let p € U(2) be arbitrary. Then, let us select the open neighbourhood V' := Ms,2(C)
around p. As discussed above, the rank of ¢'(p) is 4. Moreover, we have:

VNU(2) = Maxa(C)NU(2) = U(2) = g7 1(0) = Max2(C) N g~(0) = Vg~ }(0).

Thus, U(2) satisfies definiton (Z) for manifolds. Moreover, since g maps from the 8-dimensional
space May2(C) to the 4-dimensional space R*, the dimension of U(2) is 8—4 = 4, as required. [J



4. We are given open subsets U, V' of ]R’jjr = {x € R¥ : 2, > 0}; in other words, U = R’j NU’ and
V = RE NV’ for some open subsets U’, V' of R*. We are also given a diffeomorphism ¢ : U — V.
Then, we will prove that ¢(U N (RF~1 x {0})) = V N (R¥1 x {0}).

First, we will prove that ¢(U N (R¥1 x {0})) € V N (R*! x {0}). Assume for contradiction
that this is false, so there exists yo € ¢(U N (R¥~1 x {0})) such that yo ¢ V N (R¥=1 x {0}). In
other words, yo is of the form ¢(z¢) for some zy € U such that (z¢)r = 0, but (yo)r > 0. Then,
let us define the open neighbourhood V" := {V' N {y € R* : 4, > 0}} around o, where V" is
open in R* as the intersection of the open sets V’ and {y € R* : . > 0}. Note that V/ C V
because we have for all y € V" that y; > 0 and thus y € R

Next, for all y € V" C V, we have that ¢~ (y) € U C R, so (¢ ')x(y) > 0. In particular, since
(¢ Dr(yo) = (zo)r = 0, we have that (¢~ 1), exhibits a local minimum at yo. Then, at yo, we
obtain for all 1 < j < k that %yik(y) =0.

Next, since ¢ is smooth at xg, it has an extension ¢ : U” — R™ on some open neighbourhood
U" of ¢ such that ¢|yn~y = ¢|yn~u and such that ¢ is differentiable at 2g. Then, since U” is
open in R¥ there exists some € > 0 such that the open ball B.(z¢) is contained in U”. Next,
since V" is an open neighbourhood of 1, and since ¢! is continuous at ¥, there exists § > 0
such that, for all y € R* such that |y — yo| < 0, we have y € V" and ‘cb‘l(y) — qb_l(yo)‘ < €.
In other words, |¢~!(y) — mo| < &, so ¢~ (y) € B.(wo) C U”. We also have for all such y that
¢~ (y) € U because the domain of ¢ is U. Overall, this gives us ¢~'(y) € U” NU, so we obtain:

(¢ (W) = dlurrw (97 W) = Blumru (o™ (y) = v.

In other words, near yo, the map ¢ o ¢! is well-defined and is equal to the identity map. This
gives us that (¢ o ¢~ 1)(yo) is the identity matrix Id. Moreover, by the chain rule, we have:

@00 (%) =8 (67 (%0)) - (671 (o) = & (o) - (6~ 1) (o).

On the other hand, we argued above that %@g’“(y) =0 at gy for all 1 < j < k, so the kth row
of (¢=1)(yo) consists of zeroes, which means that (¢=!)/(yo) is not invertible. This implies that
(oo (yo) =& (o) - (¢~1) (o) is also not invertible, so it cannot equal Id, a contradiction.
Thus, by contradiction, ¢(U N (R*~1 x {0})) € V N (R¥~! x {0}), as desired.

Next, we will show that ¢(UN(R*~1x{0})) 2 VN(R*¥1x{0}). Indeed, since ¢~ : V — U is also
a diffeomorphism, the same proof above also shows that ¢~} (VN(R¥~1x{0})) € UN(R¥~1x{0}).
Then, for all y € VN (RF~! x {0}), we have ¢~ 1(y) € o~ (VNRF1 x {0}) C UN(RF! x {0}).
Since ¢~ 1(y) € U N (R¥! x {0}), it follows that y = ¢(¢7'(y)) € (U N (RF1 x {0})).
Since we showed that y € ¢(U N (R¥~1 x {0})) for all y € V N (R*! x {0}), it follows that
H(U N (RF1 % {0})) D V N (R¥1 x {0}), as desired.

Finally, from ¢(UN(R*1x{0})) C VN(R*1x{0}) and ¢(UN(RF¥~1x{0})) D VN(R* 1 x{0}),
we conclude that ¢(U N (R¥1 x {0})) = V N (R¥=1 x {0}), as required. O



5. (a) Given a k-manifold M C R™ and an [-manifold N C R", both without boundary, we will
prove that M x N is a (k + [)-dimensional manifold without boundary in R™ x R™.
We plan to show that M x N satisfies definition (C) for manifolds. Let p = (p1,p2) € M X N be
arbitrary. Then, since M satisfies definition (C) for manifolds, we obtain an open neighbourhood
U1 around pq, an open set W C R*, and a smooth 1-1 function f1: W1 — R™ such that:

i) fi(Wy) =M NU;.
i) f1_1 : M NU; — Wy is continuous.
iii) For all @ € W1, rank f{(a) = k.

Since N satisfies definition (C) for manifolds, we also obtain an open neighbuorhood U, around
pa2, an open set Wy C R!, and a smooth 1-1 function fo : Wy — R™ such that:

i) fQ(WQ) = NNUs.
i) f2_1 : NN Uy — Wsy is continuous.
iii) For all b € Wy, rank f5(b) = 1.

Next, let us define the open neighbourhood U := U; x Us around p, and let us define the open
set W := Wy x Wy C R¥ xRL. Let us also define f : W — R™ xR™ by f(z,y) := (fi(x), f2(y))
for all z € Wy and all y € W5, Then, f is smooth because f; and fs are smooth. Moreover, f
is 1-1 because f; and fy are 1-1. (In more detail: If we have (z1,41), (x2,y2) € W such that

f(@1,91) = f(x2,92), then (fi(z1), fa(y1)) = (fi(z2), f2(y2)), so we get fi(z1) = fi(z2) and
f2(y1) = fa(y2), which gives us x1 = x9 and y; = ya because f; and fy are 1-1.)
Now, we must show that f satisfies the following three properties:

i) We will show that f(WW) = (M x N)NnU.
To begin, we will show that f(W) C (M x N)NU. For all f(x,y) € f(W), where
(z,y) € W, we have that:

f(z,y) = (fil@), f2ly)) € LWV X fa(Wa) = (MNUy) % (NNUs) = (MxN)N(UyxUs) = (M xN)NU.

Thus, f(x,y) € (M x N)NU for all f(x,y) € f(W),so f(W)C (M xN)NU.
Next, we will show that f(W) D (M x N)NU. For all (a,b) € (M x N)NU, we have:

(a,0) e (M x N)NU = (M x N)N(Uy xUz) = (M NUy) x (NNUy).

Then, a € M NU; = fi1(W7), so there exists x € Wj such that fi(x) = a. Moreover,
b€ NNUy = fao(Ws), so there exists y € Wy such that fo(y) = b. This gives us
F(5,9) = (Fi(@), f2()) = (a,b), where (z,5) € W, 50 (a,b) € f(W). Thus, (a,b) € f(WV)
for all (a,b) e (M x N)NU,so f(W)2D (M x N)NU.

Since we also showed that f(W) C (M x N)NU, we conclude that f(W) = (M x N)NU,
as required.

i) We will show that f=!: (M x N)NU — W is continuous. Let any (a,b) € (M x N)NU
be given, and let any € > 0 be given. Then, we have:

(a,0) e (M x N)NU = (M x N)N(Uy xUz) = (M NUy) x (NNUy).

In other words, a € MNU; and b € NNUsy. Then, since ffl is continuous, there exists 67 > 0
such that for all «’ € M N Uy such that |a’ — a| < &1, we obtain fila) - fila)| < &



Since f2_1 is also continuous, there exists d > 0 such that for all ¥ € N N U, such that
|t/ — b| < &2, we obtain ‘f;l(b’) . f;l(b)’ < & Next, let us pick 6 := min(é1, ) > 0.
Then, for all (a’,b') € (M x N)NU such that |(a’,V') — (a,b)| < &, we obtain:
7Y = 7 @b
=T @) = 7@ ) - S5 0)

i@ - s <t - o)

< \/(;)2 +‘f51(b’) _ f;l(b)‘2 (Since }a’ — a’ < ‘(a’,b’) — (a, b)‘ <6< 01)

<4/(2)2+(2)? (Since [t/ — b <|(d’,V)) — (a,b)| < § < &)

Thus, for all (a,b) € (M x N)NU and all ¢ > 0, we found § > 0 such that for all
(a/,b') € (MxN)NU such that|(a’,V') — (a,b)| < &, we obtain| f~1(a/, ') — f~(a,b)| <e.
We conclude that f~! is continuous, as required.

iii) We will show that rank f’(a,b) = k 4 for all (a,b) € W. Indeed, f'(a,b) is the following
block matrix:

0fi(a) 0Ofi(a) f1(a) 0
— a - !
f'(a,b) = <afaz(b) af%)) = < 0 f3(d))"

da 0b
Since fi(a) is of rank k and fi(b) is of rank [, we conclude that f’(a,b) is of rank k + 1, as
required.
Therefore, M x N satisfies definition (C) for a (k + 1)-manifold, as required. O

(b) We are given a k-manifold M C R™ and an [-manifold N C R", both with boundary.
Then, we will prove that M x N is the disjoint union of a (k + [)-manifold with boundary and a
(k 4+ 1 — 2)-manifold without boundary.

First, OM is a (k—1)-manifold without boundary and 9N is an (I—1)-manifold without boundary,
as explained in lecture. Then, applying part (a), 9M x ON is a (k + [ — 2)-manifold without
boundary. To finish the proof, it suffices to show that (M x N)— (OM x ON) is a (k+1)-manifold
with boundary.

Let (p1,p2) be an arbitrary point in (M x N) — (OM x ON). Then, p; is inside M and ps is
inside N. Moreover, py is outside OM or ps is outside ON. We have the two following cases:
Case 1: p; is outside M. Then, we proceed similarly to part (a). First, since M is a manifold
with boundary, there exists an open neighbourhood U; around p;, an open subset W; of R’i, and
a smooth 1-1 function f; : Wi — R™ such that:

i) fi(Wy)=MnU.
i) f1_1 : M NU; — Wy is continuous.
i) rank f{(a) = k for all a € Wh.

Next, since p; is outside M, we have (f;')i(p1) > 0. Additionally, since Wi is open in
]Ri, there exists an open subset W{ of R such that W; = Wl’ N Rﬁ. Then, let us define
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Wi =W{n{z €RF : x4 >0} > f;*(p1). We have that TV}’ is open in R¥ as the intersection
of the two open sets W{ and {z € R* : z; > 0}. Since W} C {z € R* : x;, > 0} C R%,
it follows that W7 is also open in ]Ri. Then, since f1_1 is continuous, we obtain that fi (W) is
open in M, so there exists an open subset U{ of R" such that f(W{) = U{ N M. Additionally,
since f{ ! (p1) € WY, we have that p; € f(W}) C U}, so U/ is an open neighbourhood of p;.
Next, let us check that the three conditions above hold when we replace Uy and Wi with U{ and
wy

i) fi(W]) =M NU{ by definition.

i) f1_1 was continuous on the domain M N Uq, so it is still continuous on the smaller domain

MnNUY.

iii) For all a € UY, we also have a € Uy, so rank f{(a) = k is still true.

Next, for all a € M NUY, we have that U{ is an open neighbourhood of a, W7’ is an open subset
of R’i, and f1|W1n : W{" — R™ is a smooth, 1-1 function satisfying the three properties above.

Moreover, f;'(a) € W' C {x € RF : x3 > 0}, so (f; )r(p1) > 0. Thus, a € M — dM for all
ace MNUY, so MNU/ C M — 0M, giving us:

MNU!=(M-M)NMNU =(M—-0M)nU.

Next, since N is a manifold with boundary, there exists an open neighbourhood Us around ps, an
open subset W of Rﬂr, and a smooth 1-1 function fo : W5 — R"™ such that:

i) fa(Wa) = NnNUs.

i) f{l : NN Uy — Wy is continuous.

i) rank f5(b) =1 for all b € Wh.
Now, let us define the open neighbourhood U := U}’ x Us around p. Since W/ is open in R* and
Wy is open in R, we can also define the open set W := W}’ x W5 in R* x R}, = Rffrl. Finally,
let us define f : W — R™ x R™ by f(z,y) := (fi(z), f2(y)) for all z € W/ and all y € Ws.

Then, f is smooth and 1-1 because f; and f5 are smooth and 1-1.
Now, we must show that f satisfies the following three properties:

i) We will show that f(W) = (M x N) — (M x ON)) N U.
To begin, we will show that f(W) C (M x N)—(0M xdN))NU. For all f(z,y) € f(W),
where (z,y) € W, we have that:

f,y) = (fi(@), fo(y)) € ALOVT) x fo(W2) = (M AUY) x (NN Ta).
Since M NU{ = (M — OM)NU{, we proceed with:
f(z,y) € (M—0M)NUY)x (NNUs) = (M—0M)xN)N(Uy xUs) C (MxN)—(0M xON))NU.
Thus, f(z,y) € (M x N) — (0M x ON))NU for all f(z,y) € f(W), so we obtain
JW)C (M x N)—(0M x9N))NnU.
Additionally, we will show that f(W) 2 ((M x N) — (O0M x ON)) N U. Indeed, for all
(a,b) € (M x N)— (OM x ON))NU, we have:

(a,0) € (MxN)—(OMxIN)NU € (MxN)NU = (MxN)N(U}xUs) = (MAUY)x (NOUs).
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Then, a € M NUY = f1(W]), so there exists x € W such that fi(z) = a. Moreover,
b € NNUy; = fo(Ws), so there exists y € Wy such that fa(y) = b. This gives us
F(5,9) = (Fi(@), f2()) = (a,b), where (z,) € W, 50 (a,b) € f(W). Thus, (a,b) € f(WV)
for all (a,b) € (M x N) — (0M x ON))NU,so f(W)D (M x N)—(0M x9ON))NU.
Since we also showed that f(W) C ((M x N) — (OM x ON)) N U, we conclude that
fW)=((M x N)—(0M x ON))NU, as required.

i) We will show that f=! : ((M x N) — (OM x ON))NU — W is continuous. Let any
(a,b) € (M x N)—(0M x ON))NU be given, and let any £ > 0 be given. Then, we have:

(a,b) € (MxN)—(OMxdN))NU C (MxN)NU = (M xN)N(U}xUs) = (MNU!)x(NAUs).

In other words, a € M NUJ and b € N NUs. Then, since f;* : M NU! — W] is
continuous, there exists 0, > 0 such that for all @’ € M N U} such that ‘a’ — a‘ < 01, we

obtain

i) - fl_l(a)’ < £. Since f; ! is also continuous, there exists d> > 0 such that

for all b’ € N N U, such that B/ — b| < 42, we obtain ‘f;l(b’) - f;l(b)‘ < £ Next, let us

pick § := min(dq,d2) > 0. Then, for all (a’,0’) € (M x N) — (0M x ON)) N U such that
|(a/,0) = (a,b)| < &, we obtain:

) - )
= @) = 7@ ) - S 0)

_ \Afl_l(a,) _ fl—l(a)f +]f2‘1(b') - fz‘l(b))2

- \/ Gl -fre]  (Sinceld —a] <|@.0) - @b <6< )

<\ JER+C)? (Since |t — 8] < (@, ¥) — (a.b)] < 5 < 52)

Thus, for all (a,b) € (M x N)—(0M x ON))NU and all € > 0, we found 6 > 0 such that
for all (a’,t') € (M x N) — (0M x ON)) N U such that |(a/,b') — (a,b)| < &, we obtain
|f~Ha',b') = f~(a,b)| < e. We conclude that f~! is continuous, as required.

iii) We will show that rank f’(a,b) = k 4 for all (a,b) € W. Indeed, f'(a,b) is the following

block matrix: dfi(a)  dfi(a)
1(a 1(a !
/ (Tpe T | = [fil) O
f'(a,b) = <8f2(b) 8f;Z<b>> - ( 0 fé(b>>'

da

Since f1(a) is of rank k and f5(b) is of rank I, we conclude that f’(a,b) is of rank k + [, as
required.

Thus, we have shown that all requirements hold if p; is outside M.

Case 2: p is outside ON. Then, the proof is analogous to Case 1, with the roles of M and N,
as well as all of their related objects, being swapped.

Therefore, (M x N) — (OM x ON) satisfies the definition for a (k + [)-manifold with boundary.
Overall, we obtain that M x N is the disjoint union of (M x N)— (0M x ON), a (k+1)-manifold
with boundary, and OM x ON, a (k + | — 2)-manifold without boundary, as required. O

12



Notes on intuition

Now, let us develop some intuition on how to approach these problems and motivate these solutions.
(Note: This section was not submitted for grading.)

1. For part (a), since the definition of 'y is in the form “the set of all points satisfying an equation”,

this motivates us to write I's as a zero set for definition (Z). The natural way to do so is to set
g(z,y) =y — f(x) so that T'y := {(x,y) : y — f(x) =0}. Then, it only remains to check that
the details for definition (Z) work out.
For part (b), my idea was that, if g : R™ — R™ is smooth, then the proof above would imply
that {(z,y) : = = g(y)} is also a smooth manifold. If the inverse g~! exists but is not smooth,
then we would be able to write {(z,y) : = =g(y)} = {(x,y) : y =g '(2)} =Ty-1 and finish
the problem. We can make ¢g—' non-smooth by making its derivative diverge to infinity at some
point; we make this happen by defining g(y) = ¥ so that g is “horizontal” at 0, and then g~ ! is
“vertical” at 0. This gives us the function f(z) = g~'(z) = z'/3 that | used in the solution.

2. First, since our definitions for manifolds are entirely local, we cannot expect to prove a global
statement directly. Instead, we break up the global statement into local statements, then show
that the local statements combine to make the global statement true. In this case, this motivates
us to prove that M is "locally of measure 0" (i.e., there is an open neighbourhood U, around
each p € M such that U, N M is of measure 0), then prove that M is a countable union of these
measure-0 pieces so that M is of measure 0.

To prove that M is “locally of measure 0", we know that M locally looks like R'?, which is of
measure 0 in R?2. Then, since we are given a local diffeomorphism h mapping a piece of M onto
R'2, we formally relate the “volume” along M with the “volume” along R!? using Change of
Variables on h.

Finally, we face the problem of proving that finitely many of these open neighbourhoods U,, cover
M. The solution is to recall that this problem also appeared (in a more general form) in last year's
Test 2 rejects (as Question 15). On the sheet of Test 2 rejects, there was also a helpful hint to
consider rectangles whose vertices all have rational coordinates, and we can use the hint to finish
the problem.

3. Similarly to Question 1, U(2) is written in the form “the set of all points satisfying an equation”,
so we can try to write U(2) as a zero set for definition (Z). This time, it is still possible, but it is
quite messy. Eventually, we reach the step where we show that ¢’(A) is of rank 4 for all A € U(2),
which was most likely the hardest step in the question. We want to combine equations (5) through
(12) to obtain ¢; = ¢2 = ¢3 = ¢4 = 0. To figure out which combinations of the equations will
help, we first see that ¢; only appears in (5), (6), (9), and (10), with coefficients of 2a11, 2b11,
2a21, and 2ba1. These coefficients remind us of equation (1): a3y + b3 +a3; +b3; = 1. Then, we
can get a nonzero cj-coefficient using the combination a1 - (5) + b11 - (6) + az1 - (9) + b2y - (10),
and we obtain ¢; = 0. A similar process also helps us prove that co =0, ¢3 =0, and ¢4 = 0.

4. The main idea here is that if ¢(xg) = yo such that z is on the boundary of R’i but g is not,
then ¢! is trying to compress the k-dimensional space around 7 into the half-space around xy,
which does not have enough room. This motivates us to prove that (¢—1) (y0) is not invertible,
meaning that ¢! can no longer be a diffeomorphism. Other than that, it was also important to
be careful with the difference between being “open in R*¥" and being “open in Ri
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5. If we consider part (b) for a moment, we know that we used definition (C) as a framework for
defining manifolds with boundary in lecture. Then, we are forced to that definition for part (b).
Intuitively, parts (a) and (b) will have very similar solutions, so that motivates us to use definition
(C) for part (a).

Next, after we decide to use definition (C) for part (a), we need to give local coordinate systems
on M x N. There is a natural way to do so: Give some coordinates on M, then give some
coordinates on IN. After we accordingly define the coordinate map f : W — R™ x R" by
f(z,y) == (fi(x), f2(y)), where fi is a coordinate map on M and f; is a coordinate map on N,
it only remains to check in detail that definition (C) is satisfied.

Next, for part (b), based on the hint on Crowdmark, let us first understand the case when
M = N = [0,1]. In this case, we have that M x N is the square [0, 1], which looks like a
manifold-with-boundary where the boundary consists of the four edges of the square. However,
with a closer look, we see that there are problems at the four vertices of the square. This is because
the coordinate maps require us to map the half-space {(z1,z2) € R? : x5 > 0} onto [0, 1]?, but at
the vertices, there is only enough room to map the “quarter-space” {(z1,z2) € R? : 21,29 > 0}.
Then, our 2-dimensional manifold-with-boundary would have to exclude the four vertices of the
square, corresponding to OM x ON.

From this example, we can guess that, in the general case, our (k + [)-dimensional manifold-
with-boundary should exclude 9M x ON. Indeed, after solving part (a), it is easy to show that
OM x ON is a (k + | — 2)-dimensional manifold without boundary. Then, it remains to show,
using a similar proof to part (a) with slightly messier details, that (M x N) — (OM x ON) is a
(k 4 1)-dimensional manifold-with-boundary.

(Remark: For step (ii) of each proof, where | showed that f~! is continuous, | could have simplified
the proof greatly by writing f~*(a,b) = (f; *(a), f; (b)), then concluding that f~! is continuous
because fl_1 and f2_1 are continuous.)
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