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1. We are given a vector space V' of dimension n, as well as the map ¢ : V' — (V*)* defined by:

forallveV and ¢ € V*.

(a) If (v1,...,vp) is a basis of V and (¢1,...,¢y) is its dual basis, then we will show that
(t(v1),...,t(vy)) is the dual basis of (¢1,...,¢,) and conclude that (¢(¢1),...,t(¢y,)) is a basis
of (V*)*.

First, let any two indices 1 < i,j < n be given. Then, we are given that ¢(v;)(¢;) = ¢;j(vs).
Moreover, since (¢1,...,¢y) is the dual basis of (v1,...,v,), we know that ¢;(v;) =1 ifi=j
and ¢;(v;) = 0 otherwise. Then, «(v;)(¢;) =1 if i = j, and ¢(v;)(¢;) = 0 otherwise. Therefore,
(¢(v1),...,t(vy)) is the dual basis of (¢1,...,¢y), as required.

Finally, by Axler 3.98, it follows that (¢(v1),...,t(v,)) is a basis of (V*)*, as required. O

(b) We will show that ¢ is an isomorphism from the vector space V' to the vector space (V*)*.
Step 1: We will check that ¢ is a linear map.

To do this, we need to check that t(Ajv1 + A2v) = Aje(vr) + Aae(ve) for all Aj, Ay € R and all
v1,v2 € V. To check that they are the same map, we can compute for all ¢ € V* that:

LA1v1 + A202)(d) = d(A1v1 + Agv2)
= A1g(v1) + A2g(v2) (¢ is linear)
= A1(v1)(9) + A2t (v2)(9)
= (A1e(v1) + Aae(v2))(9).

Since we computed that ((Av1 + A2v2)(¢) = (A1e(v1) + Aae(v2)) (@) for all ¢ € V*, we obtain
t(A1v1 + Av2) = Ae(vy) + Age(ve). Since this is true for all Aj, A2 € R and all v1,v3 € V, we
conclude that ¢ is a linear map, as required.

Step 2: We will check that ¢ is injective, and we will conclude that ¢ is an isomorphism between
vector spaces.

Assume for contradiction that ¢ is not injective. Then, since ¢ is a linear map, there exists some
nonzero element v € V' such that ¢(v) = 0. Using the basis (v1,...,v,) of V, we can write v as
v=rcvi + -+ ¢y, Where cq,...,c, € R are not all zero. Then, we obtain:

crvr + -+ cpup) =0
crt(vy) + -+ ent(vy) =0,

where ¢1, ..., ¢, are not all zero. However, we proved in part (a) that (¢(v1),...,t(vy)) is a basis
of (V*)*, so this is not possible. Thus, by contradiction, ¢ is an injective linear map from V to
(V*)*. Since V* has the same dimension as V, and since (V*)* has the same dimension as V*,
we also know that (V*)* has the same dimension as V. Therefore, we conclude that ¢ is a vector
space isomorphism, as required. ]



2. We are given that V is the vector space of polynomials p of degree at most 2 with coefficients in
R. We are also given the elements ¢_1, ¢g, p1 € V*, defined as follows:

¢z(p) = p(x), ze{-1,0,1}.

We will show that 7y := (¢_1, ¢, ¢1) is a basis of V*, and we will find a basis § of V' whose dual
is 7.

Step 1: We will construct a candidate for 3.

First, let us define f_1 € V by f_i(z) = 3z(z — 1). Then, we obtain:

¢-1(f-1) = f-1(—1) ¢o(f-1) = f-1(0) ¢1(f-1) = f-1(1)
1 1 1
= 5(—1)(—1—1) = 5(0)(0—1) :1(1)(1—1)

Next, let us define fo € V by fo(z) = —(x — 1)(x + 1). Then, we obtain:

¢-1(fo) = fo(=1) Po(fo) = fo(0) $1(fo) = fo(1)
= (-1-1)(-1+1) — (00— 1)(0+1) ——(1-1)(1+1)

Next, let us define f; € V by fi(z) = 3z(z + 1). Then, we obtain:

¢-1(f1) = fr(-1) do(f1) = f1(0) ¢1(f1) = f1(1)
1 1 1
= 5(-D(=1+1) =5(0)(0+1) =5MA+1)

To summarize our results, for all 4,5 € {—1,0,1}, we have ¢;(f;) = 1 if i = j, and ¢;(f;) =0
otherwise. Then, let us define 5 := (f_1, fo, f1). If we prove that /3 is a basis for V/, then the
computations above show that + is the dual basis for 5.

Step 2: We will verify that 3 is a basis for V.

First, we will check that 3 is linearly independent. Assume for contradiction that 3 is linearly
dependent. Then, there exist ¢_1,cg,c1 € R, not all zero, such that c_1f_1 + cofo+c1f1 = 0.
As a result:

- %x(:v— D+ co- (—(@—1)@+1)) + 1 - %x(a:—kl) —0

1 1 1 1
c_1- (5332 — 53:) +eo- (=22 +1) +cp - (§x2 + 53:) =0
1 1, 1 1 ,
(§C_1 —co+ icl)m + (—50_1 + 501)3: +co=0z"+0x+0

Comparing coefficients on both sides, we obtain the following system of equations:

1 1
56_1 —co+ 561 =0 (1)

1 1
—50_1 + 561 =0 (2)
co=0 (3)



Adding equations (1) and (2) together, we obtain —co + ¢; = 0. Since equation (3) gives us
cp = 0, we can plug this in to obtain ¢; = 0. Then, plugging ¢; = 0 into equation (2) yields
—%c_l =0, so c_1 = 0. Overall, we obtain c_1 = ¢y = ¢; = 0, contradicting our condition that
c_1,cg,c1 are not all zero. Thus, by contradiction, 3 is linearly independent in V.

Next, since (1,z,22) is a basis for V, we know that V has a dimension of 3. This is equal to
the number of elements in 3, so [ is a basis for V', as required. Combining this with Step 1, we
obtain that « is the dual basis of 3, as required. Finally, it follows from Axler 3.98 that ~ is a

basis of V*, as required. O



3. We are given an n-dimensional vector space V' with a basis (v1, ..., v,). We are also given k € N.
Then, we define B: T*(V) x T*(V) — R as follows:

n

B(T1,To) == > Ti(vi, .- vi)To(vi, - -, vi,)-

U1tk =1

(a) We will show that B € T2(T"(V)); in other words, we will show that B is a bilinear map on
TrEW).

Step 1: First, we will show that B(AS] + pT1,T) = AB(S1,T2) + uB(Ty,T») for all A, u € R
and all S, 71, Ty € TH(V):

n

B(\S + pT1,Tp) = Z (AS1 + puTy) (Vg s - o503 ) T2 (Vg -+ -, 05,)
i1yein=1
n
= Z ()\Sl(vip---»Uik)TQ(Uila---avin)+/«LT1(UZ'1’---avik)TQ(fUip'--avin))
Uyl =1
n n
=A Z S1(Viy sy ) To(Vigs -y vi,) + 1 Z T1(viys o503 ) T2 (Vi - o, 05,)
i1yerip=1 iyerin=1

= /\B(Sl,TQ) + ,UB(TLTQ)y

as desired.
Step 2: Next, we will show that B(T1, ASy + puTz) = AB(T4, S2) + uB(T1,T5) for all A\, u € R
and all Tl,SQ,TQ S Tk(V)

n
B(Tl,)\SQ—FMTg) = Z Tl(vil,...,vik)(/\SQ—i—,uTQ)(vil,...,vik)
i1yip=1
n
= Z ()\Tl(l}il,...,’Uik)SQ(Uil,...,Uik)—l—/,LTl(Uil,...,’Uik)TQ(Uil,...,’Uik))

i1, ip=1

n n
= Z Tl(vilj...,vik)Sg(vil,...,vik.)+,u Z Tl(vil,...,v,-k)Tg(vil,...,vik)

U1yl =1 U150 =1

= AB(Tl, SQ) + /,LB(T17T2),

as desired.

From these two steps, we conclude that B is a bilinear map on 7%(V), as required. O
(b) We will show that B is an inner product.

Step 1: We will show that B is symmetric. In other words, for all T}, T» € T*(V'), we will show
that B(Th,T») = B(1»,T1) as follows:

n
B(Tl,TQ) = Z TI('Uila--'7Uik)T2(Ui1;'-->Uik)
i1yeyip=1
n
= Z To(viyy o5 0i)T1 (Vi s - -+, 04,) (Multiplication of reals is commutative)

i1, ip=1

= B(T27T1)7



as desired.
Step 2: For all T € T*(V), we will verify that B(T,T) > 0 as follows:

n
B(T.T)= Y T(i,...,0,)T(vi,...,0i)

11,0l =1
n

— Z [T(Uil,...,vik)]Z

11,0 =1

n
> > 0
i1,eip=1

=0,

as desired.
Step 3: For all T € T*(V), we will show that B(T,T) = 0 if and only if T = 0.
For the " <" direction, suppose that 7' = 0. Then, we obtain:

n

B(T,T)= Y T(i,..,vi)T(viy, ..., 0i,)

i1yeyip=1

:io-o

i1y ip=1

=0.

Thus, B(T,T)=0if T =0.
Next, for the "=-" direction, suppose that B(T,T') = 0. Then, we obtain:

B(T,T) =0
n
Z T(’Uil,...,Uik)T(vil,...,’Uik):O
11,0tk =1
n
> [Ti,..0,))? =0
01,5t =1

Whenever a sum of squares equals zero, each individual square must equal zero. As a result, we
obtain T'(v;,,...,v;,) =0 forall 1 <iy,...,ip <n.
Next, let uy,...,uy be picked arbitrarily from V. Then, using the basis (v1,...,v,) of V, we can

write uy, ..., Uy as:
n

uj =Y jivij, 1<j<k

ij=1



Then, we can verify that T'(uq, ..., u;) = 0 as follows:

n n n
T(ul, . ,uk) = T( E 0171'11)1‘1, E 6271‘21)1‘2, ey E Ck,ikvik>
11=1

io=1 ip=1

n n n
c1i I viy, g €2,i5Vigs - - - » g Ck,z‘ﬂ%) (Since T is k-linear)

i1=1 i9=1 ip=1
n n n
== C1,iq E CQJQT(UZ‘I,’UQ, ey E Ck,iKUik) (Since T is k:—linear)
i1=1 ig=1 =1
n n n
= g C1,i E C2,iy " " E Ch,iy T (Viy s Vig,s - -, 3y)
i1=1 in=1 ir=1
n n n
= E , Cl,iy E : C2,ig E Chyiy, - 0
i1=1 io=1 =1
Since this is true for all uy,...,u;r € V, we conclude that 7' = 0. This completes our proof that

B(T,T) =0 if and only if T'= 0.
Overall, since we know from part (a) that B is bilinear, and since we proved the other required
properties in Steps 1, 2, and 3, we conclude that B is an inner product, as required. O



Notes on intuition

Now, let us develop some intuition on how to approach these problems and motivate these solutions.
(Note: This section was not submitted for grading.)

1. This problem can be solved by tracing definitions and using standard linear algebra techniques.

2. For this problem, the main challenge is to construct the basis 5 = (f_1, fo, f1) of V whose
dual is v = (¢—1, 00, ¢1). For instance, to construct f_1, we need f_1(—1) = ¢_1(f-1) = 1,
f=1(0) = ¢o(f-1) =0, and f_1(1) = ¢1(f-1) = 0. Then, we know that f_; has roots of 0 and
1. This motivates us to write f_1(x) in factored form as f_j(x) = cx(x — 1), where c is a real
constant. Finally, we plug in z = —1 toobtain 1 = f_1(—1) = ¢(—1)(=1—-1) = 2¢,s0 ¢ = 3. As
a result, we have constructed the basis element f_1(z) = z(z — 1). This same procedure also
allows us to construct fy and f1. Afterwards, we can apply standard linear algebra techniques to
finish the problem.

3. First, part (a) can be solved by tracing definitions.
For part (b), we first perform basic computations to show that B is symmetric, that B(T,T") > 0
for all T € T*(V), and that B(T,T) = 0 if T = 0. Then, the main challenge is to show that
T =0if B(T,T) = 0. First, plugging in the definition of B(T,T) gives us that:

n

2
> [T, 0P =0,
i1,in=1
so each individual T'(v;,,...,v;,) is zero. Next, the key idea is that, for all uq,...,u; € V,
T(uy,...,ux) can be evaluated in terms of individual T'(v;,, ..., v;, ) terms, which all equal zero.

This helps us to prove that 7' = 0 whenever B(T,T') = 0, and then we are done.



