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1. We are given the hemisphere V := {(z,y, 2) € R3: 22+ ¢+ 22 < a?, 2z > 0} for some parameter
a > 0. Then, we will use the spherical coordinate transformation to express fv z as an integral
over an appropriate set in R§¢9.

First, let us define the coordinate transformation g : ]R;Qj 0 R37y . by:
(x,y,2) = go(r,¢,0) := (rcospcosb,rcospsinf, rsin ).

Then, we will find condition on (r, ¢, 8) such that go(r, ¢,0) € V and such that the restriction of
go is 1-1.

First, in the formula (z,y,z) = (rcos¢cosf,rcos¢psinb,rsing), the input r represents the
distance from the origin, as shown in the following computation:

|(z,,2)| = Va2 +y2 + 22
V/(r cos ¢ cos 0)2 + (1 cos ¢ sin 0)2 + (rsin ¢)2

\/7“2 cos? ¢ cos? 6 4 cos? ¢psin? O + sin? ¢)

\/7'2 cos? ¢(cos? § + sin? §) + sin? ¢)

r2(0052 ¢ -1+ sin?¢)
vre-1

=|rl.

Then, since 22 + y% + 22 < a? for all (z,y,2) € V, we need 7? < a?, so —a < 7 < a. Since 7
represents a distance, r should also be positive. Thus, let us select the bounds 0 < r < a for r.
Next, in the formula (z,y,2) = (rcos¢cos,rcos¢sinf,rsing), the input 6 represents the
"longitude” around the hemisphere, so it is bounded as 0 < 6 < 2.

Next, the input ¢ represents the "latitude” above the xy-plane, so it is bounded as —5 < ¢ < 7.
Additionally, all (x,y, z) € V must satisfy z > 0, so the lower half of the hemisphere V' is missing.
Thus, let us select the bounds 0 < ¢ < 5 for ¢.

Overall, we obtained the bounds 0 < r <a, 0 < ¢ < % and 0 < 6 < 2m. Then, let us define the
open set A C Ridxe as the open rectangle (0,a) x (0, 3) x (0,27), and let us define g : A — R? -
to be the restriction go|4. With the bounds that we selected, g is 1-1, and g(A) is approximately
V.

Next, we can compute ¢'(r, ¢,0) for all (r,¢,0) € A as follows:

%r cos ¢ cosf ag)r cos ¢ cosf %r cos ¢ cosf

g (r,¢,0) = %rcosqbsin@ 9" cos gsin %rcoscbsin@

%rsingf) 8¢rsm¢ %Tsinqﬁ
cospcost) —rsingcos —rcos¢psind
= | cos¢sind —rsingsinf rcos¢cosl
sin ¢ 7 COS ¢ 0

All entries of ¢'(r, ¢,0) are continuous, so g is continuously differentiable. Additionally, we can



compute the determinant of ¢'(r, ¢, 6) to be:

det ¢'(r, ¢,0)

= (cos ¢ cos @) (—rsin¢sinf)(0) — (cos ¢ cos ) (r cos ¢ cos B)(r cos ¢p) — (—rsin ¢ cos #)(cos ¢ sin 9)(0)
+ (—rsin¢ cos8)(r cos ¢ cos 0)(sin ¢) + (—r cos ¢ sin ) (cos ¢ sin §)(r cos ¢)
— (=rcos ¢sinf)(—rsin ¢ sin ) (sin ¢)

= —r2cos® ¢ cos? 0 — r?sin? ¢ cos ¢ cos® 0 — 12 cos® ¢ sin® O — 12 sin? ¢ cos psin? 0

= —12 cos p(cos® ¢ + sin® ¢)(cos? O + sin? 6)

= —r? cos ¢.

This determinant is nonzero for all » > 0 and all 0 < ¢ < 7, so it is nonzero for all (r,¢,0) € A.
This means that ¢/(r, ¢, 0) is invertible for all (r,$,0) € A.
Finally, let us define f : V. — R by f(x,y,2) = z; note that f is integrable as a continuous

function. Then, all conditions of the Change of Variables formula are satisfied, so we can apply
this formula to obtain:

9(A)
= [ #at0.0)|det g 6.0)
:/f(rcosqﬁcos@,rcosd)sin@,rsingb)’—rQcosqﬁ’
A
:/rsinqb-chos,(b
A
:/7‘3sin¢cos¢).
A

Therefore, [, z can be rewritten as / 73 sin ¢ cos ¢ |, where A = (0, a) x (0, 5)x(0,2m) C R§¢ Y
A I )

as required. O



2. Let f: Riy — R be defined by f(z,y) := @ Then, we will determine if f is integrable over
Uy :={(z,y) € Rfcﬁy :0 < 2?4+ y% < 1} and over Uy := {(z,y) € R:%:,y ca? +y? > 1)

Step 1: We will show that f is not integrable over Uj.

Assume for contradiction that f is integrable over Uy. First, let us define the polar coordinate
transformation go : R%e — R2, by go(r,0) = (rcos6,rsinf). Then, we will find conditions on
(r,0) such that go(r,0) € Uy and such that the restriction of gg is 1-1.

In the formula (z,y) = go(r,0) = (rcosf,rsind), the input r represents the distance from the

origin, as shown in the following computation:
)] = VT 7
= /(rcosf)? + (rsin )2
= \/r2 (cos? ) + sin? 0)

=VrZ.1

=|r[.

Then, for (x,%y) to be inside Uy, we need 2® +y?> < 1, s0 72 < 1,s0 =1 < r < 1. Since r

represents a distance, r should also be positive. Thus, let us select the bounds 0 < r < 1 for r.
Next, in the formula (x,y) = (rcos@,rsin@), the input 6 represents the angle, so it is bounded
as 0 < 0 < 2m.

Overall, we obtained the bounds 0 < r < 1 and 0 < 8 < 2w. Then, let us define the open set
A C Rfﬁ as the open rectangle (0,1) x (0,27), and let us define g; : A; — Riy to be the
restriction go|a,. With the bounds that we selected, ¢; is 1-1, and g;(A;) is approximately Uj.
Next, we can compute g} (r,8) for all (r,8) € A as follows:

0 o)
, _ (5" cost ggrcost
i(r.0) (ir sinf  g5rsind

_ [cos® —rsinf
~ \sinf® rcos |-
All entries of ¢{(r,8) are continuous, so g; is continuously differentiable. Additionally, we can
compute the determinant of ¢ (r,6) to be:
det ¢} (r,0) = (cos 0)(r cos§) — (—rsin@)(sin ) = r(cos® # + sin? ) = r.

This determinant is always nonzero when r > 0, so this determinant is nonzero for all (r,0) € A;.
This means that g} (r, 0) is invertible at all (r,0) € A;.
Finally, we assumed above that f is integrable over U;. Thus, all conditions of the Change of



Variables formula are satisfied, so we can use this formula to obtain:

1= o

f(g1(r,0))|det g1(r, 0)]
Aq

= f(rcosf,rsinf)|r|
Ay

1
/A1 (rcosf)? + (rsinf)?

1
= - r
/Al r2(cos? 0 + sin? 0)
_ / 1
Aq r
Since % is continuous whenever r > (0, we can apply Fubini’'s theorem to obtain:
1
L,
U1 AT
271'
/ / fdﬁdr
0=2m
= / - dr
= / T ar
= lim / T ar
t—0t

= lim 27Tln\r|

t—0+ =t
= lim 27(In1 —Int)
t—0t

= —27 lim Int.
t—0+

However, this limit does not exist because it diverges, so we obtain a contradiction. Thus, by
contradiction, f is not integrable over Uy, as required.

Step 2: We will show that f is also not integrable over Us.

Assume for contradiction that f is integrable over Us. First, recall the coordinate transformation
go(r,0) = (rcosf,rsinf). We will find conditions on (r, #) such that go(r,8) € Uy and such that
the restriction of gg is 1-1.

Similarly to Step 1, r represents the distance ’(:c,y)} = \/x2 4+ y2. This time, for (z,y) to be
inside Uy, we need 22 +y? > 1, so r > 1. Thus, we pick the bounds 1 < r < co. Moreover,
similarly to Step 1, the angle 6 is bounded as 0 < 6 < 27.

Then, let us define the open set Ay C Rie as the open "unbounded rectangle” (1,00) x (0, 27),
and let us define go : Ay — R2 , to be the restriction gol4,. With the bounds that we selected,
g2 is 1-1, and g2(A3) is approxmately Us.

. : ) 6 —rsinf
Next, similarly to Step 1, we can compute the differential of ¢go to be CF)S e , and
sin@ rcos@
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we can compute det gh(r,0) = r > 0. Then, go is continuously differentiable, and g5(r, @) is
invertible at all (r,0) € As.

Finally, we assumed that f is integrable over Us. Thus, all conditions of the Change of Variables
formula are satisfied, so we can apply this formula. Then, using the same calculations as in Step
1, we obtain [, f = [, ;. We continue with:

IXa

_ / 1
(1,00)x(0,2w) T
1

= lim —.
t—=o0 J(1,6)x(0,2m) T

% is continuous for r > 1, we can use Fubini's theorem to obtain:

t 27 1
£ = lim / / ~ dbdr

t 9 0=27

= lim - dr
t—o0 1T 0—0

)
. T
= lim —dr
t—o0 1 T

Since

r=t

= lim 27 In|r|
t—00

r=1

= lim 27 (Int —In1)
t—00

= 27 lim Int.
t—o00

However, this limit does not exist because it diverges, so we obtain a contradiction. Thus, by
contradiction, f is also not integrable over Us, as required. O



3. We are given the set B = {(z,y) € R}, 12> 0,y > 0,1 <2y < 2,z <y < 4z}. Also, let us
define f: R%y — R by f(z,y) = 2%y3. Then, we will compute [ f.
First, let us define the open set A C R, as the open rectangle (1, Vv2) x (1,2), and let us define
g:A— Rg’y by g(u,v) = (3, uv). We can compute the differential of g to be:

Ou Ou
o= (2 £2)

Here, all partial derivatives of g are continuous on A, so g is continuously differentiable. Moreover,
the determinant of ¢ is det ¢’ = (1)(u) — (—%)(v) = 2%. This determinant is always nonzero
when u € (1,v/2), so ¢'(u,v) is invertible for all (u,v) € A.
Next, we will check that g is 1-1. Suppose that there exist two points (u1,v1), (u2,v2) € A such
that g(u1,v1) = g(uz,v2). Then, we get (31, u1v1) = (32, uav2), so:
Ui U2
- e 1
oL 5y’ (1)
U1V = U2V3. (2)

Multiplying equation (2) by equation (1), we obtain u? = 3, so \/u? = \/17% Since u1,uy are
both positive, it follows that u; = us.

Dividing equation (2) by equation (1), we obtain v? = vZ, so \/v? = \/E Since v1, v9 are both
positive, it follows that v; = vs.

Thus, we get (u1,v1) = (u2,v2) whenever g(uy,v1) = g(ug,v2), so g is 1-1, as required.

Next, we will check that B C g(A). Let any (z,y) € B be given. Then, we have z,y > 0, so

we can define (u,v) := (/= ,\/%) € R2. Since (z,y) € B, we have 1 < zy < 2, so u = /Ty

satisfies 1 < u < /2. Since (z,y) € B, we also have z < y < 42, so 1 < 4'<4,s0v= \/E

T

satisfies 1 < v < 2. Thus, we have 1 < u < +v2and 1 < v < 2, so (u,v) € A. Then, we can
compute g(u,v) to be (%, uv) = (\/ﬁ,\/@ \/g) = (z,y). Therefore, for all (z,y) € B, we
found (u,v) € A such that g(u,v) = (Ix,y), so B C g(A).

Next, we will check that g(A) C B. For all (u,v) € A, we have 1 < u < +2and 1 <wv < 2.
Then, let us define (z,y) = g(u,v) = (5,uv). Since u,v > 0, we have z = ¥ > 0 and
y =uv > 0. Since 1 < u < /2, we get that zy = oouv = u? satisfies 1 < zy < 2. Since
1 < v <2, we also get that % = W — 9? satisfies 1 < % <4,s0x <y <4x. Thus, we have
x>09y>01<zy <2 and z < y < 4z, so (z,y) € B. As a result, g(u,v) € B for all
(u,v) € A, so g(A) C B. This, combined with B C g(A), gives us g(A) = B.

Finally, f is integrable as a continuous function. Thus, all of the conditions of the Change of




Variables formula are satisfied, so we obtain:

/sz [ ]

=/Af(g(u,v))}det9’(uw)|
- /A 7 w)
G e
:[42u6.

Since 2u’ is continuous, we can apply Fubini's theorem to obtain:

/f:/2u6
B A
V2 2
/ /2u6dvdu
1 1
V2 v=2
:/ 2uSv
1

2u
)

du

V2
= / 2uSdu
1
9 u=+2
= 7u7
7 u=1
2 7
= 22 1)
16 2
- —\2-=
7 7
) 16 2 )
Therefore, we obtain / f= 7\/5— 7| as required.
B




4. We are given a tetrahedron T in R3 with vertices (0,0,0), (1,2,3), (0,1,2), and (—1,1,1).

w7y7z
We are also given the function f(x,y,z) := .+ 2y — z. Then, we will compute fT f.

First, let us define the open set A C R3 to be the open tetrahedron with vertices (0,0, 0),

UV,W

(1,0,0), (0,1,0), and (0,0,1). Then, let us defineg: A — Riw to be the linear map represented
1 0 —1
by the matrix [ 2 1 1 |[. By Spivak's Theorem 2-3(2), we obtain that Dg(u,v,w) = g for
3 2 1
all (u,v,w) € A, so:
1 0 -1
Jduv,w)y=12 1 1
3 2 1

First, all entries of ¢'(u,v,w) are continuous, so ¢ is continuously differentiable. Next, the
determinant of ¢’(u,v,w) can be computed as:

det g (u, v,w) = (1)(1)(1) = (1)(2)(1) = (0)(2)(1) + (0)(1)(3) + (=1)(2)(2) - (-H(D)(3) = 2.

This determinant is always nonzero, so ¢'(u, v, w) is invertible at all (u,v,w) € A. This compu-
tation also shows that det g # 0, so g is an invertible linear map; in other words, g is 1-1.

Next, we will verify that g(A) = T. When we apply g to the vertices of the tetrahedron A, we
obtain:

9(0,0,0) = (0,0,0)7,

1 0 -1\ (1
9(1,0,0) = 11 0| =(1,23/7,
32 1 0
1 0 -1\ (0
g(0,1,0)0=12 1 1 1| =1(01,2)7,
3 1
1 0 -1\ [0

9(0,0,1) = 11 0| =(-1,1,1)7.
32 1 1

Overall, g maps the vertices of A to the vertices of 7', so g(A) = T, as desired.
Finally, f is integrable as a continuous function. Thus, all conditions of the Change of Variables
formula are satisfied, so we can use this formula to obtain:

Jo7= !
= / f(g(u, v,w))‘det g/(u,vjw)‘
A
= [ (ar(u0.0) + 20,0, 0) = (. 0.10) |2

:/Az((u_w)ju2(2u+v+w)—(3u+2v+w))

:/4u.
A



Since points (u,v,w) inside the tetrahedron A are bounded under the plane u +v +w = 1, we
have the bounds 0 < u < 1, then we have the bounds 0 < v < 1 —u (since u 4+ v < 1), then we
have the bounds 0 < w <1 —u — v (since u + v+ w < 1). As a result:

o[
T A
1 1—u l—u—v
= / / / 4udwdvdu
0o Jo 0
1 1—u
= / / 4duw
0o Jo
1 1—u
:/ / 4du(l —u — v)dvdu
0o Jo

1 1—u
= / / (4u — 4u® — 4uv)dvdu
0o Jo

1 v=1—u
= / (4uv — 4uPv — 2uv?)
0

w=1—u—v
dvdu
w=0

du

v=0

= /0 (4u(l — u) — 4u*(1 — u) — 2u(l — u)?)du

1
= / (2u? — 4u? + 2u)du
0

1 4 . u=1

= (zu — Zu? +u?)
2 3 w0
1 4

=-—-41
2 3 *

1

=5

: 1 :
Thus, we obtain / f= Gl as required. O
T
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5. We are given parameters 0 < a < b. Then, we construct the disk of radius a around the point
(b,0,0) in the zz-plane, and we construct the solid torus 7" by spinning this disk around the z-axis.
Then, we will compute the volume of T'.

Step 1: Consider the coordinate transformation go : R2, . — R2 defined by:

(z,y,2) = go(r,0,2) := (rcosf,rsinb, z).

Then, we will use this transformation to express vol(T') as an integral over an appropriate set in
3
r,0,2"

To begin, we will find conditions on (r, 6, z) such that go(r, 0, z) € T and such that the restriction
of gg is 1-1.

First, in the formula (x,y, z) = (rcos 0, rsin6, z), the input r represents the " horizontal distance”
of (z,y) from the origin, as shown in the following computation:

|(@,9)] = Va2 + 2
= /(rcos0)? + (rsinf)>
= \/7’2((3082 0 + sin? 0)

=VrZ.1

=Irl.

Then, since T' is constructed by spinning a disk of radius a whose centre is b units away from
the origin, we see that | — b| represents the horizontal distance from the centre of a disk, and |z|
represents the vertical distance from the centre of a disk. Since the disk has radius a, we obtain
the condition (r — b)? + 2% < a?.
Next, 6 represents the "longitude” of (z,y,z), so 6 is bounded as 0 < 6 < 2.
Overall, we obtain the conditions (r—b)?+22 < a? and 0 < § < 27. The bound (r—b)?+2% < a?
represents an open ball in the rz-plane, and appending the bound 0 < 6 < 27 results in an open
cylinder in R?, . Then, let us define the open set A C R}, _ by:

A:={(r,0,2): (r—b)?+2%<a?0< 0 <27},
and let us define g: A — Ri,%z to be the restriction go|a. Under the conditions that we picked,
g is 1-1, and g(A) is approximately 7T
Next, we will show that 7 > 0 for all (r,0,2) € A. If (1,0, 2) € A, then a®? > (r—b)*+2% > (r—b)?,
so —a < r —b < a. In particular, r — b > —a, so r > b — a. Since b > a, it follows that r > 0,
as desired.
Now, we can compute ¢'(r, 0, z) as follows:

9

5.7 cos 0 8@7” cos %r cos
/ _ . . .
g (r0,z)= Wraslnﬁ %rasm9 Erasmﬁ
ar” 26~ 9z

cos@ —rsinf 0
= | sinf rcosf O
0 0 1

Here, all entries of ¢/(r, 0, z) are continuous, so g is continuously differentiable. Moreover, the
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determinant of ¢'(r, 0, z) can be computed as:

det ¢'(r,0, z) = (cos6)(rcos0)(1) — (sin ) (—rsinh)(1)
= r(cos® § 4 sin? 0)
=7
This determinant is nonzero for all » > 0. Since we showed above that » > 0 for all (1,0, z) € A,

it follows that ¢'(r, 6, z) is invertible at all (1,6, z) € A.
Finally, let us define f; : R3 by fi(z,y,z) = 1, note that fi is integrable as a continuous

x?y7z
function. Then, all conditions of the Change of Variables formula are satisfied, so we can use this

formula to obtain:

vol(T) = /T f

- /g(A) h

= / fi(g(r,0,z2)) ‘det g(r,0, z)}
A

[
:/Ar.

Step 2: Consider the coordinate transformation hg : R?I’%,e,¢> — Ri’@z defined by:
(r,0,2) := ho(R,0,¢) := (Rcos ¢ + b,0, Rsin ¢).

(Here, (R, ¢) represent polar coordinates for (r, z), with r being shifted upward by b). Then, we
will use this transformation to finish computing vol(T").

We will begin by finding conditions on (R, 0, ®) such that ho(R,0,¢) € A and such that the
restriction of hg is 1-1.

First, for (1,0, z) to be inside A, we have the condition:

(r—0)?+ 2% < a?

(Rcos ¢)? + (Rsin¢)? < a?
R?(cos® ¢ + sin? ¢) < a?
R? < d®.

Since R is a distance, we have R > 0, so we conclude that 0 < R < a. Moreover, # inherits the
condition 0 < 6 < 27 from A. Finally, ¢ also has the condition 0 < ¢ < 27 because ¢ represents
another angle.

Overall, we obtain the conditions 0 < R < a, 0 < # < 2w, and 0 < ¢ < 27. Then, let us
define the open set B C R?}’%,(w as the open rectangle (0,a) x (0,27) x (0,27), and let us define
h:B — RFI)—M@ as the restriction hg|p. Using the bounds that we picked, & is 1-1, and h(B) is
approximately A.

12



Next, we can compute h/(R, 0, ¢) as follows:

%(RcosgzﬁvL b) %(Rcosqﬁ—i— b) %(chsd) +b)
W (R,0,4) = 20 20 20

cos¢p 0 —Rsing
= 0 1 0
sing 0 Rcos¢

Here, all entries of h/(R, 6, ¢) are continuous, so h is continuously differentiable. Moreover, the
determinant of h/(R, 6, ¢) can be computed as:

det ' (R, 0,¢) = (Rcos ¢)(1)(cos ¢) — (—Rsin ¢)(1)(sin ¢)
= R(cos? ¢ + sin® ¢)
=R.

This determinant is nonzero whenever R > 0, so it is nonzero for all (R,0,¢) € B. Thus,
W(R,0, ) is invertible for all (R, 0, ¢) € B.

Now, let us define fo : R3, by fa(r, 0, z) = r; note that f» is integrable as a continuous function.
Then, all conditions of tHe’ Change of Variables formula are satisfied, so we can use this formula

to obtain:
Vol(T):/T
A
:/ fo
h(B)
- /B f2(h(R.6,))|det (R, 0,0)|
:/f2(Rcos¢+b,9,RSin¢)|R‘
B
:/(Rcos¢+b)-R
B
:/(R2cos¢+bR)-
B
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Since R? cos ¢ + bR is a continuous function, we can apply Fubini's theorem to obtain:
a 2 2
vol(T) = / / / (R? cos ¢ + bR)dpdOdR
o Jo Jo
a 2w ¢=27
= / / (R%sin ¢ + bch)‘ dOdR
o Jo $=0
a 2
= / / ((0R? + 27bR) — (OR* + 0bR))dOdR
0o Jo

a 2
= / / 2nbRdOdAR
0 0

=27
= / 27b RO
0

dR
6=0

= / A7’bRdAR

0

R=a
= 272bR?

R=0
= 27%ba’.

Thus, the volume of T' is .
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Notes on Intuition

Now, let us develop some intuition on how to approach these problems and motivate these solutions.
(Note: This section was not submitted on Crowdmark.)
Due to the computational nature of this assignment, | will include less notes than usual.

1. In case it helps, here is a diagram to help you visualize the spherical coordinate transformation for
the hemisphere:

E7 4

This question illustrates that spherical coordinates are useful for integrating over balls in R3.
This is because spherical coordinates reduce the complicated bound z? + 32 + 22 < a? into the
simple bound r < a. The angles ¢ and @ also have simple bounds (which are 0 < ¢ < 7 and
0 < 0 < 27). Thus, we can use the Change of Variables formula to reduce the original problem

into an integral over a rectangle, which we solve using Fubini's theorem.

2. We are trying to integrate over two sets U; and U, where Uy is a "ball” (with its centre missing)
and U; is the entire plane with a ball carved out. Similarly to Question 1, polar coordinate
transformations are useful for integrating over balls in R?.

3. Similarly to Questions 1 and 2, we want to integrate along a rectangle after applying Change of
Variables to switch to new coordinates (u,v). For this question, we can try to use the bounds
1 <xy <2and 1 < ¥ < 4. To obtain a rectangle to integrate on, we need a coordinate
transformation such that w is in terms of zy and v is in terms of £. As suggested in the hint, the

transformation z = + and y = uv helps us to accomplish this.

4. Unlike Questions 1 to 3, it is difficult to transform a tetrahedron into a rectangle. Instead, our
next-best option is to transform the tetrahedron into another tetrahedron with vertices (0,0, 0),
(1,0,0), (0,1,0), (0,0,1), for which its bounds of integration will be relatively easy to find. We
can do this using a transformation that maps vertices of one tetrahedron to vertices of the other
tetrahedron.

5. This question was more complex because it required two separate "polar transformations” (at
least in my solution). Recall that the torus in the problem was constructed by revolving a disk
around an axis. Then, the first polar transformation accounts for the round trajectory of the disk,
and the second polar transformation accounts for the round disk itself.
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