
Assignment 10 MAT 257

Q1:
First letting A = (0, a)× (0, π

2 )× (0, 2π) we see that g(A) = V \C, for some content 0 set C. Thus by COV∫
g(A)

z =
∫
A
z ◦ g · |detg′|. We see that z ◦ g = rsinϕ Computing g′ get

g′ =

cos θ cosϕ −r sinϕ cos θ −r cosϕ sin θ
cosϕ sin θ −r sinϕ sin θ r cosϕ cos θ

sinϕ r cosϕ 0


We have that |det g′| = r2 cosϕ. This will be nonzero on the domain of g, so we can apply COV. We evaluate:∫

g(A)

z =

∫
A

z ◦ g|det g′| (by COV)

=

∫
A

r3sinϕcosϕ

=

∫ a

0

∫ 2π

0

∫ π
2

0

r3 sinϕ cosϕ dϕdθdr (by Fubini’s Theorem)

=

∫ a

0

∫ 2π

0

r3
sin2 ϕ

2

∣∣∣∣π
2

0

dθdr

=

∫ a

0

∫ 2π

0

r3

2
dθdr

=

∫ a

0

πr3dr

=
πa4

4
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Assignment 10 MAT 257

Q2:
By changing to polar coordinates we can rewrite define V1 = {(r, θ) : r ∈ (0, 1), θ ∈ (0, 2π)} and
V2 = {(r, θ) : r > 1, θ ∈ (0, 2π)}. We see that g(V1) = U1 and g(V2) = U2. We know |det g′| = r, and g
injective on V1 and V2 so by the COV theorem we evaluate:∫

g(V1)

f =

∫
V1

f ◦ g|det g′|

= lim
t→0

∫ 1

t

∫ 2π

0

1

r2
rdθdr (by Fubini’s Theorem and discussion in class)

= lim
t→0

2π

∫ 1

0

1

r
dr

= lim
t→0

2π[log(r)]

∣∣∣∣1
t

= −∞

In other words, for some PO1, {ϕi} ,
∑∫

ϕif diverges so f is not integrable. We now evaluate
∫
g(V2)

f using

the COV theorem.∫
g(V2)

f =

∫
V2

f ◦ g|det g′|

= lim
t→∞

∫ t

1

∫ 2π

0

1

r2
rdθdr (by Fubini’s Theorem, and discussion in class)

= lim
t→∞

2π

∫ t

1

1

r
dr

= lim
t→∞

2π[log(r)]

∣∣∣∣t
1

= ∞

So, for some PO1 of V2,
∑∫

ϕif diverges, so f is not integrable.
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Assignment 10 MAT 257

Q3:
Define A = {(u, v) : 1 < u <

√
2, 1 < v < 2}. Let g(u, v) = (uv , vu). On the set A, g will be 1-1 and onto on

g(A). Note that g(A) = B so we can apply the COV theorem to compute
∫
B
f . We have that g′ =

[
1
v v
−u
v2 u

]
.

Therefore, det g′ = 2u
v . This will always be nonzero in our domain, so by the COV theorem∫

B

f =

∫
A

f ◦ g|det g′|

=

∫
A

u5v · 2u
v

=

∫ 4

1

∫ √
2

1

2u6dudv (by Fubini’s Theorem)

=

∫ 4

1

[
2u7

7
]

∣∣∣∣
√
2

1

dv

=
2

7

∫ 2

1

(8
√
2− 1)dv

=
2

7
(8
√
2− 1)
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Assignment 10 MAT 257

Q4:
Define A = {(x, y, z) ∈ R3 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1− x, 0 ≤ z ≤ 1− x− y}. Choose

g(x, y, z) =

1 0 −1
2 1 1
3 2 1

 ·

xy
z


. Notice that g(A) = T , and g is invertible hence we can apply the COV theorem. Evaluate

∫
g(A)

f as∫
g(A)

f =

∫
A

f ◦ g|det g′|

=

∫
A

4x

=

∫ 1

0

∫ 1−x

0

∫ 1−x−y

0

4x dzdydx (by Fubini’s Theorem)

= 4

∫ 1

0

∫ 1−x

0

x− x2 − xy dydx

= 4

∫ 1

0

x(1− x)− x2(1− x)− 1

2
x(1− x)2dx

=
1

6
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Assignment 10 MAT 257

Q5:
First notice that |det g′| = r > 0. We can apply the COV Theorem to compute the value of the integral.∫

T (A)

1 =

∫
A

1|det g′|

=

∫ 2π

0

∫ b+a

b−a

∫ √
a2−(r−b)2

−
√

a2−(r−b)2
r dzdrdθ (by Fubini’s Theorem)

= 2

∫ 2π

0

∫ b+a

b−a

r
√
a2 − (r − b)2 drdθ

= 2

∫ 2π

0

∫ a

−a

(u+ b)
√

a2 − u2 dudθ (substitution u = r-b)

= 2

∫ 2π

0

∫ a

−a

u
√
a2 − u2 dudθ + 2

∫ 2π

0

∫ a

−a

b
√
a2 − u2 dudθ

= 2

∫ 2π

0

∫ a

−a

b
√
a2 − u2 dudθ (since first integral is of an odd function)

= 2b

∫ 2π

0

π

2
a2dθ

= 2π2a2b
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