
In[ ]:= Once[<< KnotTheory`]

Loading KnotTheory` version of February 2, 2020, 10:53:45.2097.

Read more at http://katlas.org/wiki/KnotTheory.

In[ ]:= χ[cond_] := If[TrueQ[cond], 1, 0];

In[ ]:= ℰ_ // m[i_, j_  k_] :=

Expandℰ /. er_,s_,t_[i] eu_,v_,w_[j]  χ[t  v] (-1)u (s+t) e(r+u)~Mod~2,s,w[k]

In[ ]:= KBasis[{i_}] :=

{e0,0,0[i], e0,0,1[i], e0,1,0[i], e0,1,1[i], e1,0,0[i], e1,0,1[i], e1,1,0[i], e1,1,1[i]}

KBasis[{i_, is__}] := Flatten@Outer[Times, KBasis[{i}], KBasis[{is}]]

In[ ]:= η[i_] := e0,0,0[i] + e0,1,1[i]

In[ ]:= lhs = η[1] × KBasis[{2}] // Expand // m[1, 2  1]; lhs  KBasis[{1}]

Out[ ]= True

In[ ]:= lhs = η[2] × KBasis[{1}] // Expand // m[1, 2  1]; lhs  KBasis[{1}]

Out[ ]= True

In[ ]:= lhs = KBasis[{1, 2, 3}] // m[1, 2  1] // m[1, 3  1];

rhs = KBasis[{1, 2, 3}] // m[2, 3  2] // m[1, 2  1]; lhs  rhs

Out[ ]= True

In[ ]:= R[i_, j_] := a1 e0,0,0[i] e0,0,0[j] + a2 e0,1,1[i] e0,0,0[j] +

a3 T e0,0,0[i] e0,1,1[j] - a4 (1 - T) e1,1,0[i] e1,0,1[j] - a5 T e0,1,1[i] e0,1,1[j]

In[ ]:= lhs = R[1, 2] × R[4, 3] × R[5, 6] // Expand // m[1, 4  1] // m[2, 5  2] // m[3, 6  3];

rhs = R[2, 3] × R[1, 4] × R[5, 6] // Expand // m[1, 5  1] // m[2, 6  2] // m[3, 4  3];

diff = lhs - rhs

Out[ ]= a12 a4 e0,0,0[2] e1,0,1[3] e1,1,0[1] - a1 a42 e0,0,0[2] e1,0,1[3] e1,1,0[1] -

a12 a4 T e0,0,0[2] e1,0,1[3] e1,1,0[1] - a2 a3 a4 T e0,0,0[2] e1,0,1[3] e1,1,0[1] +

2 a1 a42 T e0,0,0[2] e1,0,1[3] e1,1,0[1] + a2 a3 a4 T2 e0,0,0[2] e1,0,1[3] e1,1,0[1] -

a1 a42 T2 e0,0,0[2] e1,0,1[3] e1,1,0[1] + a2 a3 a4 T e0,1,1[2] e1,0,1[3] e1,1,0[1] -

a42 a5 T e0,1,1[2] e1,0,1[3] e1,1,0[1] - a2 a3 a4 T2 e0,1,1[2] e1,0,1[3] e1,1,0[1] +

2 a42 a5 T2 e0,1,1[2] e1,0,1[3] e1,1,0[1] - a4 a52 T2 e0,1,1[2] e1,0,1[3] e1,1,0[1] -

a42 a5 T3 e0,1,1[2] e1,0,1[3] e1,1,0[1] + a4 a52 T3 e0,1,1[2] e1,0,1[3] e1,1,0[1]

In[ ]:= Coefficient[diff, e0,0,0[2] e1,0,1[3] e1,1,0[1]]

Out[ ]= a12 a4 - a1 a42 - a12 a4 T - a2 a3 a4 T + 2 a1 a42 T + a2 a3 a4 T2 - a1 a42 T2

Dror Bar-Natan: Academic Pensieve: Classes: 21-1350-KnotTheory: Preps: KerlersAlgebra-UnderterminedCoefficients.nb2021-07-14 10:12:37

http://drorbn.net/AcademicPensieve/Classes/21-1350-KnotTheory/Preps/#MathematicaNotebooks



In[ ]:= Block[{a1 = 1}, Coefficient[diff, e0,0,0[2] e1,0,1[3] e1,1,0[1]]]

Out[ ]= a4 - a42 - a4 T - a2 a3 a4 T + 2 a42 T + a2 a3 a4 T2 - a42 T2

In[ ]:= Block[{a1 = 1, a4 = 1}, Coefficient[diff, e0,0,0[2] e1,0,1[3] e1,1,0[1]]]

Out[ ]= T - a2 a3 T - T2 + a2 a3 T2

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2}, Coefficient[diff, e0,0,0[2] e1,0,1[3] e1,1,0[1]]]

Out[ ]= T - a22 T - T2 + a22 T2

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2}, Coefficient[diff, e0,1,1[2] e1,0,1[3] e1,1,0[1]]]

Out[ ]= a22 T - a5 T - a22 T2 + 2 a5 T2 - a52 T2 - a5 T3 + a52 T3

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1}, Coefficient[diff, e0,1,1[2] e1,0,1[3] e1,1,0[1]]]

Out[ ]= -T + a22 T + T2 - a22 T2

In[ ]:= R[i_, j_] := b1 e0,0,0[i] e0,0,0[j] + b2 e0,1,1[i] e0,0,0[j] +

b3 T-1 e0,0,0[i] e0,1,1[j] - b4 1 - T-1 e1,1,0[i] e1,0,1[j] - b5 T-1 e0,1,1[i] e0,1,1[j]

In[ ]:= lhs = R[1, 2] R[3, 4] // Expand // m[1, 3  1] // m[2, 4  2];

rhs = η[1] × η[2] // Expand;

diff = lhs - rhs;

Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1}, diff]

Out[ ]= -e0,0,0[1] e0,0,0[2] + b1 e0,0,0[1] e0,0,0[2] - e0,0,0[2] e0,1,1[1] + a2 b2 e0,0,0[2] e0,1,1[1] -

e0,0,0[1] e0,1,1[2] + a2 b3 e0,0,0[1] e0,1,1[2] - e0,1,1[1] e0,1,1[2] + b5 e0,1,1[1] e0,1,1[2] +

b3 e1,0,1[2] e1,1,0[1] - a2 b4 e1,0,1[2] e1,1,0[1] -
b3 e1,0,1[2] e1,1,0[1]

T
+
a2 b4 e1,0,1[2] e1,1,0[1]

T

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1}, Coefficient[diff, e0,0,0[1] e0,0,0[2]]]

Out[ ]= -1 + b1

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1, b1 = 1}, diff]

Out[ ]= -e0,0,0[2] e0,1,1[1] + a2 b2 e0,0,0[2] e0,1,1[1] - e0,0,0[1] e0,1,1[2] +

a2 b3 e0,0,0[1] e0,1,1[2] - e0,1,1[1] e0,1,1[2] + b5 e0,1,1[1] e0,1,1[2] + b3 e1,0,1[2] e1,1,0[1] -

a2 b4 e1,0,1[2] e1,1,0[1] -
b3 e1,0,1[2] e1,1,0[1]

T
+
a2 b4 e1,0,1[2] e1,1,0[1]

T

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1, b1 = 1}, Coefficient[diff, e0,1,1[1] e0,1,1[2]]]

Out[ ]= -1 + b5

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1, b1 = 1, b5 = 1}, diff]

Out[ ]= -e0,0,0[2] e0,1,1[1] + a2 b2 e0,0,0[2] e0,1,1[1] - e0,0,0[1] e0,1,1[2] + a2 b3 e0,0,0[1] e0,1,1[2] +

b3 e1,0,1[2] e1,1,0[1] - a2 b4 e1,0,1[2] e1,1,0[1] -
b3 e1,0,1[2] e1,1,0[1]

T
+
a2 b4 e1,0,1[2] e1,1,0[1]

T
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In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1, b1 = 1, b5 = 1}, Coefficient[diff, e0,0,0[2] e0,1,1[1]]]

Out[ ]= -1 + a2 b2

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1, b1 = 1, b5 = 1, b2 = a2}, diff] /. a22  1

Out[ ]= -e0,0,0[1] e0,1,1[2] + a2 b3 e0,0,0[1] e0,1,1[2] + b3 e1,0,1[2] e1,1,0[1] -

a2 b4 e1,0,1[2] e1,1,0[1] -
b3 e1,0,1[2] e1,1,0[1]

T
+
a2 b4 e1,0,1[2] e1,1,0[1]

T

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1, b1 = 1, b5 = 1, b2 = a2},

Coefficient[diff, e0,0,0[1] e0,1,1[2]]] /. a22  1

Out[ ]= -1 + a2 b3

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1, b1 = 1, b5 = 1, b2 = a2, b3 = a2}, diff] /. a22  1

Out[ ]= a2 e1,0,1[2] e1,1,0[1] - a2 b4 e1,0,1[2] e1,1,0[1] -
a2 e1,0,1[2] e1,1,0[1]

T
+
a2 b4 e1,0,1[2] e1,1,0[1]

T

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1, b1 = 1, b5 = 1, b2 = a2, b3 = a2, b4 = 1}, diff] /.

a22  1

Out[ ]= 0

In[ ]:= lhs = R[1, 2] R[3, 4] // Expand // m[1, 3  1] // m[4, 2  2]

rhs = η[1] × η[2] // Expand

Simplify[diff = lhs - rhs]

Out[ ]= a1 b1 e0,0,0[1] e0,0,0[2] + a2 b2 e0,0,0[2] e0,1,1[1] +

a3 b3 e0,0,0[1] e0,1,1[2] + a5 b5 e0,1,1[1] e0,1,1[2] - a4 b1 e1,0,1[2] e1,1,0[1] -

a5 b4 e1,0,1[2] e1,1,0[1] + a4 b1 T e1,0,1[2] e1,1,0[1] + a5 b4 T e1,0,1[2] e1,1,0[1]

Out[ ]= e0,0,0[1] e0,0,0[2] + e0,0,0[2] e0,1,1[1] + e0,0,0[1] e0,1,1[2] + e0,1,1[1] e0,1,1[2]

Out[ ]= (-1 + a2 b2) e0,0,0[2] e0,1,1[1] - e0,1,1[1] e0,1,1[2] + a5 b5 e0,1,1[1] e0,1,1[2] +

e0,0,0[1] ((-1 + a1 b1) e0,0,0[2] + (-1 + a3 b3) e0,1,1[2]) - a4 b1 e1,0,1[2] e1,1,0[1] -

a5 b4 e1,0,1[2] e1,1,0[1] + a4 b1 T e1,0,1[2] e1,1,0[1] + a5 b4 T e1,0,1[2] e1,1,0[1]

In[ ]:= Block[{a1 = 1, a4 = 1, a3 = a2, a5 = 1, b1 = 1, b5 = 1, b2 = a2, b3 = a2, b4 = 1}, diff] //

Simplify

Out[ ]= -1 + a22 e0,0,0[2] e0,1,1[1] + -1 + a22 e0,0,0[1] e0,1,1[2] + 2 × (-1 + T) e1,0,1[2] e1,1,0[1]
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