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Office Hours and Term Test 2

é Dror Bar-Natan

All Sections

Dear All,

Due to clashes of my current office hours schedule with MAT267, as of next week my office hours will take place on
Tuesdays at 9-10 (as before) and at 12-1 (replacing 1-2).

Here's what I'll say in class tomorrow about Term Test 2.

The test will take place on Tuesday January 19, 5-7PM (Toronto time), on Crowdmark (you will get a link by email
about one minute before the official starting time). Other than documented accessibility matters, no exceptions!
Our TAs Sebastian and Shuyang will hold extra pre-test office hours, in their usual zoom rooms. Sebastian on
Monday 11-2 at Sebastian's Zoom = (https://us02web.zoom.us/j/88310099689?
pwd=S1dTNmJDZKkRBNW5QWENWcWtyWm5QQT09) (password vchat), and Shuyang on Friday and on Tuesday at
10:30-11:30 at Shuyang's Zoom = _(https://utoronto.zoom.us/j/83428997680) (password vchat). These office hours
replace some of their regular office hours; so Sebastian will not hold his regular office hours on January 25 and on
February 1, and Shuyang will not hold her regular office hours on January 20 and 27.

I will hold my regular office hours on Tuesday at 9-10 and 12-1, at http://drorbn.net/vchat =
(http://drorbn.net/vchat)..

I will be available to answer questions throughout the exam, at my usual office (http://drorbn.net/vchat =
(http://drorbn.net/vchat) , but I'll add a waiting room). | will also be monitoring my regular email address
(drorbn@math.toronto.edu (mailto:drorbon@math.toronto.edu)_) throughout the exam.

There will be mishaps! | just hope that not too many. If you encounter one, document everything with specific
details, times, and screen shots, and send me a message by Wednesday January 20 at 7PM. | will deal with these
situations on a case by case basis.

Don't let unanswered questions and/or mishaps paralyze you! If you need an answer but for whatever reason you
cannot reach me, think hard, come up with what you think is the most reasonable answer/resolution, document as
best as you can (for example, by adding a note on your submission), and act following your conclusions.

Material: Everything up to and including the Change of Variables Theorem, with greater emphasis on the material
that was not included in Term Test 1 (meaning, starting with integration).

Open book(s) and open notes but you can only use the internet (during the exam) to read the exam, to submit the
exam, and to connect with the instructor/TAs to ask clarification questions. No contact allowed with other students

or with any external advisors, online or in person.

The format will be "Solve 7 of 7", or maybe "6 of 6" or "5 of 5".

You will be required to copy in your handwriting and sign an academic integrity statement and submit it on
Crowdmark along with the rest of your exam. If you wish, you may save time by preparing the academic integrity
statement in advance as in this sample & _(http://drorbn.net/AcademicPensieve/Classes/2021-257-Analysisll/TT1-

LastTask.png)..

You will be given an extra 20 minutes at the end of the exam to upload it and to copy/sign the academic integrity
statement.

The vast majority of students will do honest work, and | appreciate that. Out of respect for the honest students | will
do my best to pursue and punish any cheating that may occur. I'm more experienced than you! If you plan to be
dishonest, think again.

To prepare: Do the TT2 "rejects" available here = _(http://drorbn.net/AcademicPensieve/Classes/2021-257-
Analysisll/TT2-Rejects.pdf)_, but more important: make sure that you understand every single bit of class material so
far!

It is not the test | want! Class material and HW are important, but there won't be questions straight from class/HW.
Many things in 2020/21 are not as we want them.

Best,

Dror.
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Proof of the COV formula (4) and Baby Sard. = ‘
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Read Along: Spivak 66-74.
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Hour 39 MAT257 Analysis Il on January 15, 2021: Coordinate swaps and Baby Sard. Leftover:
Read Along: Spivak 66-74.

TT2 next week on Tuesday, 5-7PM.

Riddle Along: Four points form a perfect square in the plane. Can you turn that square f,( CO [_/ AO/J’} Lg(/ o
into a larger one by a sequence of moves of the form (x,y)->(x,2x-y) performed on pairs ' :

from within our four points? (Namely, by reflections of y about x7?) &O A ‘f‘(, )/Lc//\ /5
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Hour 40 MAT257 Analysis Il on January 18, 2021.
Read Along: Spivak 75-85. /Z é
TT2 tomorrow; 5-7PM. “,7) (2 C’//
Office hours today: Sebastian 11-2. Tomorrow Shuyang 10:30-11:30,
and Dror 8-10 and 12-1.
Please be gentle with zoom chat! C\l L/\/ I L/\/
* Class-related only.
* Try not to reach the point where the chat is a distraction.
* Be gentle! Be kind! You don't see everyone - your words may offend
somebody you don't even see.

Riddle Along: Can you fold a rectangular piece of paper (perhaps many
times) so that the result will have a longer perimeter than the original?
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Hour 41 MAT257 Analysis Il on January 20, 2021.

Read Along: Spivak 75-85. /Z é
Please be gentle with zoom chat! 77 (), C’//
Class-related only.
*Try not to reach the point where the chatis a distraction.
* Be gentle! Be kind! You don't see everyone - your words may offend C\l L/\./ I L/\/
somebody you don't even see.

Riddle Along: Let f be a distance-non-inreasing function from the plane
to the plane (d(x,y) >= d(f(x),f(y)), for all x,y), and let R be a rectangle in
the plane. Is it always true that the length of the boundary of R is
greater or equal to the length of the boundary of f(R)7
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Hour 42 MAT257 Analysis Il on January 22, 2021: Alternating d

Tensors. A

HW11, due next Wednesday, is on the web! /
§

/Ar Mmove

|
Read Along: Spivak 75-85. [
Riddle Along: On a chessboard, there are three pawns atthe l = 3 1
lower left (at A1, A2, and B1). On each move, pick up one 3 | E B —|e
pawn, remove |t and place one new pawn to the right and one ..

new pawn above, but only if these squares are unoccupied. J
Can you clear the original 3 pawns?
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Hour 43 MAT257 Analysis Il on January 25, 2021: Alternating Tensors.
TT2: Not yet.
-~ Read Along: Spivak 75-85.
Riddle Along: The Cantor set C is of measure 0. Is the same true for C+C={x+y: x,y in C}?
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Hour 44 MAT257 Analysis Il on January 27, 2021: More on alternating Tensors. /"
P R

Read Along: Spivak 75-85. 6
TT2 results sent! Appeals deadline Friday Feb 5 at 5PM. -

HW12 is on Crowdmark! \' °
Riddle Along: n red points and n blue points are placed in the plane with no 3 on the \

same line. Prove that it is possible to pair them up using n straight line segments so \
that no two of the segments will intersect.
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Hour 45 MAT257 Analysis Il on January 29, 2021: More on

alternating Tensors.
-~ Read Along: Spivak 75-85.

Zoom recording today!
~ Riddle Along: Can you hang a medal on 2 nails so that if you

remove any one of them, the medal will fall? Same with 3
nails? And 47
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Hour 46 MAT257 Analysis Il on February 1, 2021: More on alternating Tensors: wedge products,

minors, pullbacks, degrees 0 and 1, degree n and orientations, degree n-1 and cross products.

Mon -> Mon HW schedule: maybe later.  Zoom recording on Friday failed (.

Read Along: Spivak 75-85.

Riddle Along: Can you colour the points of the plane with 3 colours, so that no two points of V\/
distance exactly 1 have the same colour? How about 4, 5, 6, or 77

Riddled before: Is there a continuous surjection f:[0,1]->[0,1] which is constant on a set of intervals
whose lengths sum to 1?7
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TA meeting notes, Feb 1 2021
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Hour 47 MAT257 Analysis |l on February 3, 2021: Wedge products, minors, pullbacks, volume elements and orientations.

HW13 (a tough onel) is on the web. Mon -> Mon HW schedule: maybe later.

Read Along: Spivak 75-85.

Riddled before: Is there a continuous surjection f:[0,1]->[0,1] which is constant on a set of intervals whose lengths sumto 17
Riddled before: A unit cube in R*3, the area of its projection on any plane is equal to the length of its projection on a perpendicular

line to that plane.
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Hour 48 MAT257 Analysis Il on February 5, 2021: Orientations, tangent vectors.
Read Along: Spivak 82-92.

-~ Riddled before: Is there a continuous surjection f:[0,1]->[0,1] which is constant on a set of intervals whose lengths sumto1?
Riddled before: A unit cube in R*3, the area of its projection on any plane is equal to the length of its projection on a perpendicular

~line to that plane.
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Hour 49 MAT257 Analysis Il on February 8, 2021: Vector fields and differential forms.

Read Along: Spivak 86-92.

HW14 will be on the web by midnight. It will be due on the next teaching Monday.

Riddled before: Is there a continuous surjection f:[0,1]->[0,1] which is constant on a set of intervals whose lengths sumto 17
Riddled before: A unit cube in R*3, the area of its projection on any plane is equal to the length of its projection on a perpendicular

line to that plane.
Just learned from Tanya Khovanova, https://blog.tanyakhovanova.com/2021/02/the-anniversary-coin/: Eight out of sixteen coins

are heavier than the rest and weigh 11 grams each. The other eight coins weigh 10 grams each. We do not know which coin is
which, but one coin is conspicuously marked as an “Anniversary” coin. Can you figure out whether the Anniversary coin is heavier
or lighter using a balance scale at most three times?
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Hour 50 MAT257 Analysis Il on February 10, 2021: Differential forms and d.

Read Along: Spivak 86-92.

Reminder - TA Office Hours: Sebastian Monday 11-12, Shuyang Wednesday 3-4; a great resource!

Learned from Tanya Khovanova, https://blog.tanyakhovanova.com/2021/02/the-anniversary-coin/: Eight out of sixteen coins are
heavier than the rest and weigh 11 grams each. The other eight coins weigh 10 grams each. We do not know which coin is which,
but one coin is conspicuously marked as an “Anniversary” coin. Can you figure out whether the Anniversary coin is heavier or
lighter using a balance scale at most three times?
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Hour 51 MAT257 Analysis Il on February 12, 2021: d.

Read Along: Spivak 86-92.

Reminder - TA Office Hours: Sebastian Monday 11-12, Shuyang Wednesday 3-4; a great resource!

Reminder - next class in 10 days!

Riddle Along. On Z x Z, a visible roach R starts at (0, 0) and once a minute jumps to the northeast, up to a distance of 10.
Meanwhile, an exterminator E can poison one grid point per minute, away from R. Can E trap R?
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Hour 52 MAT257 Analysis |l on February 22, 2021: d. J— <=

Read Along: Spivak 86-92. ©) ®
Reminder - TA Office Hours: Sebastian Monday 11-12,

Shuyang Wednesday 3-4; a great resourcel!

HW14 due tonight, HW15 on web by midnight!

—
Riddle Along. On Z x Z, a visible roach R starts at (0, 0) - @
and once a minute jumps to the northeast, up to a distance @ (3
of 10. Meanwhile, an exterminator E can poison one grid < Deformation worksheet by
pomt per minute, away from R. Can E trap R‘? - pmmrrg;;gmfnsu?g

el du= 2 dxn 3y
Propertios O 4]% k=o o‘qufém, g

| Lnear dwneg)=. - dxwy= . -
2 dwnm) = Jwanm +(—~J)@“”WCJ7 Larbnilp A D
3 o) =9t (I )

ARV NIV e JJ =0
\_//% 24

Pro,e 3 K(L'}/ aud :
S‘é&/J‘cg ALOV’JL gcl‘a/—"‘gk,\/} /N ﬁ\@@fo_mi J"_%j H//Ve

()G o)=L 2 SW LIS, 5 )5 55@

€363, &3,
Gl be 1 L n o 2 Line o 8 4
3 Vansh if wepedtiens = d e /IR
Cornpaite j”‘/ s 5/jm5\7




/T N\

—L [ SN\ —

[T A

M/ﬂmff//\/
\( t/\fk/

olaﬁl,/ﬂ] AQIL‘C,‘A /lojuz

o))

=

W/ =

/ /’I/F’

—

oL

_—
—_—

2L/




Hour 53 MAT257 Analysis Il on February 24, 2021: The geome*-i~ —

"Read Along: Spivak 86-92. meaningofd. —
Riddle Along. Can you cover a diameter 100 disk with 99 ® ®

(possibly overlapping) 100 x 1 bands?
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Hour 54 MAT257 Analysis Il on February 26, 2021: Chains. —
Read Along: Spivak 92-93, (skip Poincare), 97-108. —
Riddle Along: A function f:Z*3—R is superharmonic if for @ ®

every x, f(x) is greater than or equal to the average of fon

the 6 points adjacent to x. Is there a non-negative, e
non-constant, superharmonic function on Z*37 — @
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Hour 55 MAT257 Analysis Il on March 1, 2021: Chains and Integration.
Read Along: Spivak 97-108.
HW15 is due tonight!

TT3 is next week, discussion on Wednesday.
Riddle Along: Can you write the function 1+xy+(xy)"2 as a sum f(x)g(y)+h(x)k(y) of two products of functions that depend on just
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Hour 56 MAT257 Analysis Il on March 3, 2021: Integration and Stokes' Theorem.
Read Along: Spivak 97-108. )Qx V%
TT3 is next Tuesday! Info and prep questions at 2\_ w2 e 27 é{ Z
http://drorbn.net/AcademicPensieve/Classes/2021-257-Analysisll/TT 3-Info.pdf Kj J
= Z

Riddle Along: A rectangle R has sides that are (both) not integers, and is tiled with

rectangles R_i. Show that at |least one of the R_i's has sides that are (both) not integer.
A Question for Deep Reflection: Mirrors flip left and right, but not up and down. How
can mirrors tell horizontal from vertical?
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Hour 57 MAT257 Analysis Il on March 5, 2021: Stokes' Theorem.
~Read Along: Spivak 97-108. = 1 )
TT3 is next Tuesday! Info and prep questions at \ I

http://drorbn.net/AcademicPensieve/Classes/2021-257-Analysisll/TT3-Info.pdf /
Riddle Along: Can you partition a rectangle exactly one of whose sides is irrational into

finitely many squares? / / I l
- A Question for Deep Reflection: Mirrors flip left and right, but not up and down. How

can mirrors tell horizontal from vertical?
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Hour 58 MAT257 Analysis |l on March 8, 2021: Manifolds.
Read Along: Spivak 109-115.
—TT3 is tomorrow! Info-and prep questions at http://drorbn.net/AcademicPensieve/Classes/2021-257-Analysisll/TT3-Info.pdf —
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How far sideways can you reach by stacking up n identical blue domino pieces,

Hour 59 MAT257 AnaWSiS [l on March 10: 2021: Manifolds. before your tower will lean over and fall? What if n goes to infinity?
Read Along: Splvak 109-115. (no glue is allowed, and as shown, the stacking isn’t necessarily "even")
HW16 is on the web!

Our final assessment: Tuesday April 20 9-12 (morning TO time).

Within 10 minutes of the start of the test yesterday, the questions were posted
on a question-sharing web site. Somebody thinks they are smart! We'll work to
prove them wrong.

There was an issue with Q4; it will be managed after | know how many
students were affected.
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 Hour 60 MAT257 Analysis Il on March 12, 2021: Manifolds, manifolds with /51 ) [, ] \ v IR K
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—Read Along: Spivak 113-122. HW‘rForrwetrbmi dnight!
No news yeton TT3.

Old riddle (sol'n at end): Can you fit 4 axb rectangles in one (a+b)"2 square? Can you fit 27 axbxc
boxes in one (a+b+c)*3 cube? Why do | care?
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Hour 62 MAT257 Analysis Il on March 17, 2021: Forms on manifolds, orientations.

LR,

—Read Along: Spivak 113-122.
TT3 Report.

Old riddle (sol'n at end). The Moscow Subway Problem: Can you fit a box of dimensions a'xb'xc’ inside
a box of dimensions axbxc, if a'+b'+c'>a+b+c?
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Hour 63 MAT257 Analysis Il on March 19, 2021: Orientations.

LR,

—Read Along: Spivak 113-122.
Old riddle (sol'n at end). On any pair of potatos, can you draw a pair of 3D congruent curves?
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Hour 64 MAT257 Analysis Il on March 22, 2021: Orientation, integration.
—Read Along: Spivak 117-125.
HW17 due on Wednesday, HW18 on web by midnight.
Old riddle (sol'n at end). Can you find uncountably many sets of natural numbers, such that the intersection of any two of them is finite?
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Hour 65 MAT257 Analysis Il on March 24, 2021: Orientation, integration.
—Read Along: Spivak 117-125.
HW17 is due tonight, HW18 is on web.
Old riddle (sol'n at end). Can you find uncountably many sets of natural numbers, such that for any two of them, one contains the other?
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Hour 66 MAT257 Analysis Il on March 26, 2021: Integration, Stokes' Theorem.

o R T

—Read Along: Spivak 122-126.
Old riddle (sol'n at end). n prisoners. Each wears a tower of infinitely-many randomly-chosen b/w hats. Simultaneously each needs to
point at a black hat on their head. How can they maximize the chance that they will all get it right? Can they do better than 1/2*n?
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Hour 67 MAT257 Analysis Il on March 29, 2021: Stokes' Theorem. % &
L

—Read Along: Spivak 122-126. L/ < -
HW18 due and HW19 assigned by 11:59PM. {/ T \ {/ . )
Old riddles (sol'n at end). Survive! \ } \ j./ _
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Hour 68 MAT257 Analysis Il on March 31, 2021: Green's Theorem, the planimeter.

Read Along: Spivak 122-126.

No class Friday!

I'm giving a talk in Moscow (ha) tomorrow. Wish me luck!

Old riddles (sol'n at end). Four points form a perfect square in the plane. Can you turn that square into a larger one by a sequence
of moves of the form (x,y)->(x,2x-y) performed on pairs from within our four points? (Namely, by reflections of y about x7)
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Hour 69 MAT257 Analysis Il on April 5, 2021: Volume forms, the 3D theorems.

Read Along: Spivak 126 to \infty.

HW19 is due tonight, HW20 (last!) will be online by midnight.

Old riddles (sol'n at end). Can you fold a rectangular piece of paper (perhaps many times) so that the
result will have a longer perimeter than the original? If f.A->R"2 is a distance-non-increasing map from
a rectangle to the plane, is it always the case that the length of the boundary of f(A) is less than the

length of the boundary of A?
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Hour 70 MAT257 Analysis Il on April 7, 2021: The 3D theorems. g |

Read Along: Spivak 126 to \infty. Y } A Move

Old riddle (sol'n at end). On a chessboard, there are three pawns at the lower left (at $ I -

A1, A2, and B1). On each move, pick up one pawn, remove it and place one new pawn ! | Eﬁ: — i&

to the right and one new pawn above, but only if these squares are unoccupied. Can e *\ L — J .

you clear the original 3 pawns? |e]® 1] Mt b My‘_r};
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Hour 71 MAT257 Analysis Il on April 8, 2021: The 3D theorems, towards the Maxwell equations.

Read Along: Spivak 126 to \infty and beyond.

-~ Note that we have a class on Monday as usuall But no Petr tutorial. — 2
Old riddle (sol'n at end). A unit cube in R"3, the area of its projection on any plane is equal _L p) )K :

— tothe length of its projection on a perpendicular line to that plane.
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The Monday April 12 class is at Maxwell-Slides@210412.pdf




Hour 72 MAT 257 Analysis Il on April 12, 2021: See Maxwell-Slides@210412.pdf




