MAT 1350F Topics in Knot Theory

Dror's Open Private Notebook

_Class of Wednesday September 9: Introduction to Knots, Knot Colourings, the Jones Polynomial
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20-1350 Class of Friday September 11: The Jones Polynomial.
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Knot[3, 1] /. Knots

PD(X[1, 4, 2, 5], X[3, 6, 4, 1], X[5, 2,6, 3]]

KB[pd PD] := Module[{p, t1, t2, t3, t4, B, d},
SetAttributes[p, Orderless];

 tl=pd/. X[i ,3F sk ,L 1>Axp[i, jl*p[k, 1] +Bxp[i, 1] <p[], k13
~—  t2=Expand[tl /. PD - Times];
- =t2 /7. {pli, 3 1 pli_s k.1 >pl[i, k]};
t4=1t3 /. {p[i ,i 1->d, p[i , J 172 »d};
Expand[t4 /. (B> 1/A, d > -A"2-1/A"2}]
]
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Hour 6, Monday September 21: Finish Jones and planar algebras, start Khovanov homology
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Hour 12, Monday October 5: Examples of finite type invariants.

/ v Y 14 \
\/ IO/'}L/)'J’LJ /<r\o‘£'5 L : A /'WQT//-J b’;w,\,yj
I oV |Ifﬂra.o|, /G’K L \/1 an / /

Vilse ¢ )::—\/‘“\,/,/CX.,-.x%\,/"“““’j('x‘x x)
\"’_"'*YT\_—")/ / /

N | /) (1) flang
V oof 1{‘/701. Mo reans \/ - V(X X)=o
! '\\‘_ﬂ___;/
>

J"XAM/&& / nkipe Niam b T 3 —J/Zt Conls Aq /ﬁofu
A J et
2 SW: QJ Jm Noara Los H TLo Jepg //‘)/-—7

| gt I<n0ts) PLy= 9L =Yg/

\ mom,o




Hour 13, Wednesday October 7: The basics of finite type invariants.
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Hour 15, Wednesday October 14: \calA
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Hour 16, Friday October 16: \calA, \calA*
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Hour 17, Monday October 19: \calA” and Lie Algebras
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Hour 18, Wednesday October 21: Lie Algebraic Weight Systems, gl(N). | 1’,—w~{'
By midnight: HW5 due, HW6 assigned. o
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Hour 19, Friday October 23: gl(N).

W/ \‘J"‘H V) . —
=< XKoo, ® K=<,

—n ‘:c,:<[;(4_ XJ X2 <><&, Xy D= _&AL _éitgirzd’:,d_ XIA (—-< :u

o)
A LP

A

/ ,Sfa C LJ
\v“\/éj y?\: Q{, “E /Tﬂ — E ~ ¢ f{ TaiA ;A—
)

\Q/W s

X g

The Yy, Aewdation AW Alot b))

- / \

— N /. N — P
K_{.\\; Zi(\ J /) ﬂ":—’(v’\,l/) x}.\j Xk{ = J\yr\XJQ

J
[~ = , ) — P N/ P ,
an;\,XKo J= 0y N~ 04y ka.-
| / / \ e . .
t/lo) ko) = T~ (X3 Xkh ) - ’J\jkfjif Y .
REESY / . 0
T = Shmt. 0/ 4
//}CQ)/V‘M) ~ N K
Lol ﬁJ\)KG = Uyp dip
~ : N , \ [ a . . ™S 0N —
- 1, KL, e <A‘JK JJE* j'E XJ(IJ.J Xoan D= d,vikl)f’w)m —J 189K,
ars &))< 0\ Ik
[ I
J ~ /\ 0
/]

™ F\O ;.Ill \J
o= LS
() K Jk S — 7k )"
,/\/C}\.v/ ’5‘5‘/‘/.’/{’-'/?%5. b
Az Y AN\ /N
/ \ Mo (O ) )
\ YA o




Hour 20, Monday October 26: The 4CT, Expansions.
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Hour 21, Wednesday October 28: Expansions and Cosmic Coincidences.

o [ The signed Stonehenge) = - * count
(D, K)m = (pairing of D and K ' V‘x\k‘ )

D=

| The 1k( OQ )= E (signs)

~+ Gaussian oy
li nking chopsticks

~ | number = <O—O, OQ >ﬁ CF. c;au;s

—The generating function of all cosmic coincidences:
- framing-
(D, K)eD &

 Z(K):= j\.li_r.nm Z TR dependent | € A(0) b Thumton
3-valent D e ( e ) counter-term

N :=# of stars . A(0) oriented vertices

¢ :=#of chopsticks :=Span AS: Y+\f’ -0

‘e :=#ofedgesof D & more relations

N FaWi
GP&L/} 'f‘f]

- —g,-'| ct 30 2:9/" 2 )
When deforming, catastrophes occur when: ) Jj

A plane moves over an : An intersection line cuts : The Gauss curve slides
intersection point — ! through the knot — ! over a star —
Solution: Impose IHX, : Solution: Impose STU, : Solution: Multiply by
o I _ }_ _ X : iﬁ _ U _ X : a framing—dependent
| I | counter—term.
(see below) : (similar argument) : (not shown here)

~ Theorem. Modulo Relations, Z(K) is a knot invariant!

The Cast
r in rough historical order

N The IHX Relation

o <@> the red star is your eye. ﬁ ﬁ‘

The Nealithic People

Carl Friedrich Gauss
Edward Witten
Victor Vassiliev

Mikhail Goussarov

Maxim Koatsevich

f
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1
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Chern-Simons-Witten theory and Feynman diagrams.

| DAholk(A)exp ﬁfu (A/\dA+ gAAAAA)
g-connections 4m I 3 Witten

= Y Wg(D)iﬁ(D) — ) Di‘sw)!
D: Feynman D: Feynman
S diagram diagram Fi
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Hour 24, Wednesday November 4: The Fundamental Group
HW?7 on web by midnight! (And | hope to clear my marking backlog soon).
Finite type / Lie Algebras and Reps omissions:
* The KZ proof of the Fundamental Theorem.
~ *The "Associators” proof of the Fundamental Theorem (also, "Knotted Trivalent Graphs")
* The step-by-step-integration non-proof of the Fundamental Theorem.
— *Computing FT Invariants using "Gauss Diagram Formulas".
* Computations of invariants for specific Lie algebras and reps ("Quantum Groups").
* Finite type invariants of other types knotted objects.
* Finite type invariants of 3-manifolds.
*Vogel's work on non-Lie-algebraic weight systems.
~ *And more....

A Gallery of Pictures from BlownTorus.nb at hitp://drorbn.net/AcademicPensieve/Classes/20-1350-KnotTheory:




Hour 25, Friday November 6: More on Knot Groups
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Hour 26, Monday November 16: More on Knot Colourings.

;JZLQW.&M&H/#;@/E& oA

4 )
(ko . &= a=c > e D A=C L
) / I BQ/ < :/-é,

- — C
Rw/T, SG) /+/Z Z/x
D,

L / W
[ = xampfe

"U Sﬂx )j_L& LS,k )= (55, sskvm)
(6] = (¢, —5K)

/ (=], k)

Cowandlts AL > anl LK) T =) 2k mK)

/ /L Xa-éwmf‘-'%( C—fﬂ/{)mq%‘zz)}v)
Wy, )() a A, -!’7—5\/? ffﬁfﬂ a@/}. %.2\] £3 A C//;/F‘JJ’(Z//JZMZ{III/:%'; 7
3 E /\w;ﬂﬂﬂg

M /L LJI'/]&\/—:} oy 77,41_!,— J/lo)%(t»fm /.:‘ﬁiﬁh /jﬁ@mgﬁﬂ%

S— / Jlﬁ_ :[ﬁ!l/g—-\_{,
), 7

SQ_!‘lCc.../'({I" S/ Faces

~ / / - ] .
Lonrst Anction 5 ) SR/ T Ccly,

Exz\myfef Je Tl LCoM/w‘/o s Legry x_ ]

@/35{'/_1(;/:70/) Ué)ﬂf) L/\/)KVMZL‘ZL./%]

_J N7
Dee D(IK/)
T Lm j(K;#KL):Q(KJ)mK@)




~ Hour 27, Wednesday November 18: More on quandles, Seifert surfaces

HW8 on web by midnight tomorrow!
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- TABLE 2. The number of non-isomorphic indecomposable quandles

n |1 2 3 4 5 6 7 8 9 10 11 12

gm)l1 0 1 1 3 2 5 3 8 1 9 10
- n |13 14 15 16 17 18 10 20 21 22 23 24

gn)(11 0 7 9 15 12 17 10 9 0 21 42

n (25 26 27 28 29 30 31 32 33 34 35

o qgn) |34 0 65 13 27 24 29 17 11 0 15

~ Conjeture 3.5. Let p be an odd prime number and let Q be an indecomposable

~_quandle of 2p elements. Then p € {3,5}.
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Hour 28, Friday November 20: More on Seifert surfaces. ) t‘\/r.//—7 ‘é’L 119 f
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Hour 29, Monday November 23: Addivity of genus, decomposition into primes.
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Hour 30, Wednesday November 25: Funny things in R*3, decomposition into primes.
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Hour 31, Friday November 27: Decomposition into primes, end. Next: Braids and variants. —

Should we have a "HW discussion" class? M\
— HW9 is online!
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Hour 32, Monday November 30: Braids and knots, combing.
~ Should we have a "HW discussion” class?
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Hour 33, Wednesday December 2. Combing braids.

IOU a correction for the last bit of the proof of unique factorization.
HW10 on web by Thu midnight!
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Hour 34, Friday December 4. Combing braids.

IOU a correction for the last bit of the proof of unique factorization.
HW10 on web!
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Hour ?7?, ?day December ?: Decomposition into primes, correction.
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~ Hour 35, Monday December 7

Goal for the remaining two classes: More on (uvw)B. Prove that PwB has a "Taylor Expansion". \"5Jﬁf7 2/4-\;15”

— But first an apology regarding unique factorization, following
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Hour 36 and last, Wednesday December 9.
No time for the full story of "Taylor Expansion for PwB".
—Goal: Explain what is a "Taylor Expansion" and mumble about why, for PwB, it is useful.
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From Birman-Brendle, page 27:
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