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Pensieve header: Proof of the main ${\mathfrak g} 0% lemma and a poly-time program to compute the ${\mathfrak g} 0%
invariant.

Reminder

Make sure that you have Mathematica and that you play with these programs!

Representing go = (h’ e, l, f>/([e’ I] = -6, [f’ I] = f» e, ﬂ =h, [h’ *] = 0)

0 0 -1 0 0 0 0 0 0 010 0 0 0
ph=[a 0 0 ];pe=[a 0 1]; pl=(e 1 eJ; pf=[e 0 e]; p0=[a 0 e];

0 0 0 0 0 0 0 0 0 0 00 0
B[x_?MatrixQ, y ?MatrixQ] := x.y-y.x;

{B[pe, pl] = -pe, B[pf, pl] = of, B[pe, pf] == ph, B[ph, pe] = p@, B[ph, pl] = 0@, B[ph, of] == o0}

{True, True, True, True, True, True}

The Main go Theorem

Raw Version. The gg invariant of any S-component tangle T can be written in the form Z(T) = (D(weL"Q | Mies€ili f,-), where
w is a scalar (meaning, a rational function in the variables h; and their exponentials ¢; = e”’), where L =% a; h;l; is a balanced
quadratic in the variables h; and /; with integer coefficients a;; and where Q=3 b; e;f; is a balanced quadratic in the vari-
ables e; and f; with scalar coefficients b;;. Furthermore, after setting h;=h and t; =t for all j, the invariant Z(T) is poly-time
computable.

Proof. Indeed, as shown below,

0. RS = g5("®+e®) = Q(exp(s hl + 'EMT‘1 ef | eqlf),

1. O(e"*Pe | le) = O(e"*¢" P | el),

2. Qe | fi)= O(e"e F | If),

3. O(eBe+aM el | fe) = O(veV(-aP+Boral+se | of) with v = (1+ho)™",
and the rest is straight-forward.

Proofs of the go lemmas

eh-1

(+ @ %) MatrixForm /@ {MatrixExp[hpl +e pf], MatrixExp[hpl].MatrixExp| epf]}
1 e;(LwehL ) 1 Q(M )
h h
{ 0 eh 01|’ |0 e 0 }
0 (%] 1 0 0 1

(* 1 %) MatrixForm /@ {MatrixExp[y pl].MatrixExp[Bpe], MatrixExp[e” B pe].MatrixExp [y pl]}

1 0 0 1 0 0
{ 0 e B |, |0 e e'f3 }
0 © 1 0 0 1

(% 2 %) MatrixForm /@ {MatrixExp[B of].MatrixExp[y pl], MatrixExp[y pl].MatrixExp[e B of]}

1 e"3 0 1 e¥3 ©
{le e @|,|0 e o]}
0 o0 1 o o0 1
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(* 3 at 6=0 =*)
MatrixForm /@ {MatrixExp[a pf].MatrixExp[B pe], MatrixExp[-a 8 ph] .MatrixExp[B pe].MatrixExp[a pof]}

1 o aB 1 o aB
fle1 B |,|e1 B |}
0 0 1 0 0 1

For the full proof of 3, see the blackboard and then check:

With[{y = v ev (tefrafhrafebe) (1+th)'1}, Simplify@ {8y - Oa,p¥s ¥ /. t > 0}]

{0, efoueﬁ—hotﬁ}

Implementation

CF[E[v , L ,0Q 1] := E[Simplify[«], Simplify[L], Simplify[Q]1];
E /: E[wl ,L1 ,Q1 1E[s2 ,L2 ,Q2 ] := CF@E[wl w2, L1+L2, Q1 +Q2];
E[wl , L1 ,Q1 ] = E[w2_, L2 ,Q2 1 := Simplify[wl = w2 AL1 = L2AQ1 = Q2];

0. R=@e""®"®" = Q(exp(hl + ehT‘1 ef | e®If):

E[X: ;] :=E[1, hil;, hi* (e" -1) e; f5];
E[X;,; ] :=E[1, -h; 15, hi? (e‘hl—l) ;)5
E[p Times] := E /@ p;
E[XZ,1 X3,s Xg,a]
1.0(e"# | le) = O(e**'# | l),
2. D(e™F' | i) = D(e"*e" ¥ | If):
NO(:fje), 1, [E[4_5 L, Q1] = CF[E[w, L, e axi+ (0 /. xi>@) /. {¥>01L, a>0,0}]];
ANO (.:jey, 1, [E[@_, L_, Q1] := CF[E[w, L, e¥ax;+ (Q/.%i»0) /. {y->01,L, a-»d,0}]];
E[XZ,1 X5,5X§,3]
E[XZ,1 X3,5X§,3] // ANOe, 1,
(IE [Xz,lxi,sxas] // ANOg,1, // Noezls) == lE[XZ,1 X5,5X§,3]
3. o(eﬁe+af+6ef | fe) - O(Vev(—aﬁh+ﬁe+af+6ef) | ef), with v = (1 + hé)_12
NOs, e; ok [E[w_, L_, @_1] :=CF[

]E:[ya/, L_,v(-aﬁhk+ﬁek+afk+6ekfk)+ (Q/.'Fi|ej->0)]
/. v (1+hk6)'1/. {a>0¢0/.€50,B80,,0/.Fi >0, 5 0¢,0}];

E [X;,1X3,5X¢,3] // NOg 07

The Stitching Formula
Mi_,j » [Z_] :=Module[{x, z}, CF[(Z // NOg e // NO1 e, // NOg 1)) /o Z_i ;x> 2] ]

]E[XZ,1X5,5 Xg,s] /7 Mg,z
E[X;1X5,5X8,3] /7 Mio01 /7 M3
]E[XZ,1 X35 XE,3] [/ My a5 /7 My3,1 /7 Myg.

]E[XZ,1 X35 XE,3] // My, // My3s1 // Mya51 // Mysi1 // Myesn
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Independent Proof of Invariance

Meta-Associativity:

E=E|o, i"i‘lai,j h; 15, iibi,j e; f4]

i=1j=1 i=1j=1
8 // My,
€ // my,251 // M35

(8 /7 my .1 // My3,1) = (8 /7 Ma352 // My2,1)

lhs = ]E[XI,4 X3,3 XE,s] [/ Myss1 // My 652 // M3 a3
rhs = ]E[XI,Z X3,3 XE,s] [/ Myas1 // My 5, // M3,6s3
lhs = rhs

Homework.

1. Use the same methodology to verify mg, poyc Il My esr== My el Mg pose.

2. Likewise, verify the two types of R2 moves.

3. Make sure that R1 gives no trouble.

4. Implement the “polished version” of the main theorem below, and verify that everything works.

The Main go Theorem, Polished Version

Polished Version. With e = WT_Q e, the g invariant of any S-component tangle T can be written in the form
Z(T)=O(w™" e+ @ | Mies@i/if}), where w is a scalar (meaning, a polynomial in the variables t;= é"), where L =T aj h;/jis a
balanced quadratic in the variables h; and /; with integer coefficients a;; and where Q =3 b ; f; is a balanced quadratic in

the variables &; and f; with scalar coefficients b;. Furthermore, after setting t; = for all i, the invariant Z(T) is poly-time
computable.
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