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Dror Bar-Natan: Classes: 1314; AKT-14: http://drorbn.net/index.php?title=AKT-14 The Fourier Transform.

Gaussian Integration, Determinants, Feynman Diagrams (F:V-0=((: V-0
jaussian Integration. (1;;) is a symmetic positive definite matrix and (A7) is its inverse, via F(g) := f (e ¥V dy, Some facts:
and (4;5) are the coefficients of some cubic form. Denote by (,\‘) the coordinates of . 7(0)= f f)dv.

R", let (1), be a set of “dual” variables, and let & denote 2 e Also let C= ;%L("—— Then i /
y G
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— 3 ax e J Ay =4 A0 x )
f 2 Z 6mm! f("ll“"" et o (¢077) ~ ¢2'12 where Q is quadratic,
Eeymnan

R el O(v) = (Lv,v) for L: V - V*, and

" O (@) = (@, L7'g). (This is the key
Z 6m,,,1211| ( ‘/“?al#) (l/j""f‘) point in the proof of the Fourier inversion
;'" formula!)
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o Perturbing Determinants. If Q and P are
Aty Az ok A matrices and Q is invertible,
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Proof of the Claim. The group G,,; = [(S3)" = S,,] X [(S2) = §/] acts on the set of
pairings, the action is transnme on the set of pairings P that produce a given D, and the = #=0.7<5: \\g_’
stahilizer of any give D). o

Determinants. Now suppose Q and P; (1 < i < n) ared X d The Berezin Integral (physics / math language, for-
matrices and Q is invertible. Then mulas from Wikipedia:Grassmann integral). ’

o = — L s & A The Berezin Integral is linear on functions of anti-
1O L a0, = 1O J SUTTY det(Q + ex'Py) commuting variables, and satisfies f 6dé = 1, and

“ f 1dé = 0, so that f%dﬂ =0. Berezin

- Lk(_)‘r f (,l,«,A.\"x/,\'")”'tr (o{x’Q" pl)eot) e~ t's’ Let V be a vector space, 8 € V,df € V* s.t. (d.6) = 1. Then [+
i s, 6mmik! . [ rde is the interior multiplication map AV — AV: [ fdo =
P iga(f) (= &)
g 2 $| Multiple integration via “Fubini™: [ £i(6))- - £,(6,)d#) .. .d6, =
= e 2 ([ /idr)--- ([ /8y [ fel6y ..d6y = 1 fiuo, |-+,
fully marked mis: lQ' o j/ Change of variables. If #; = 6(&;), both 8; and &; are odd, and
Feynman diagrams -~ Jij = 00/ 0¢; then

[~ 1% () f 1(6;)de = f S(0(E))) det(J;))" de.
£ ¥ Ce’”*"(-)*(-)’s“ J »

Feynman diagrams o \ Given vector spaces Vy, and Wy, d0 = A\db, € N\'P(V*), dé =
where / is the number of purple (“Fermion™) loops. Ndé; € NP(W*),and T: ¥V — A°Y(W). Then T induces a map
Ghosts. Or else, introduce “ghosts™ ¢, and ¢”, write 2 T.: AV —= AW and then =

e dp0p, = f dxfe'?‘w\‘x’*%'w\‘-"-\‘N‘AQ;"»‘"’,;V . f fdo= f (T‘f)det(a(azgi)) de.
e )
e R ROXRY . - Gaussian integration. For an even matrix 4 and odd vectors 0, .
and use “ordinary” perturbation theory. candc ™ .

j " idadn = det(A), j TSR gy = dey(A)e 4.
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