2670DEs-121203, Hour 34: More comparisons, changing the

independent variable
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Theorem 5.1. (The Stwrm Comparison Theorem) Suppose i, satisfies M
yl + gy = 0 and ys safisfies 3] + qoye = 0 and suppose gz = q in some bsﬁ,/J-
interval. Then in the open interval belween any two zeros of yy there is o

zero of ya (hence yp oscillates more rapidly than y ).

Corollary 5.1. Assuming y" + gy = 0, if g is increasing the the distance between successive
zeros of y is decreasing, and if g is decreasing then the distance between successive zeros of
Y is increasing.

Example 5.2. As we have seen i'n Example 4.1 the Bessel equation of order 0 is equivalent AJJ@J D()_ c 20 12
to the equation V" + (14 4] V' = 0. Hence the distance between successive zeros of the
Bessel equation of order 0 is increasing and by comparison with «” + v = 0, it converges to I C&V\[J [7’\\/?/ \L,@/L
m
z8 = x /. Table[FindRoot[y([x] /. Jp, {x, A}], {A, 2.8, 50, 3.14}] .

af it
[2.91009, €.03123, 9.16593, 12.3041, 15.4436, 18.5835, 21.7245, 24 _8654, ([}V‘g M <4 X //

28.0064, 31.1475, 34.2888, 37.43, 40.5714, 43.7127, 46.8541, 49,9955} ng (D\t “CAM ian,
Table[zs[[] +1]] -=z=[[1]1]. {3, 1., 15}] ){’ ﬂ

[3.12114, 3.1347, 3.13816, 3.13954, 3.14023, 3.14062, 3.14087, \/ﬁ/‘ /ﬂ\Q,/, C-I’W‘j?: /

3.14103, 3.14114, 3.14123, 3.14129, 3.14133, 3.14137, 3.1414, 3.14143}

SefueC e For jﬂ‘ o
Example 5.3. S]cu]uticuns of Euler's equation r%y" + vy = 0 oscillate for v > 3 but do not Wi — S/OV\/ @g C/”}’[{Mnf}
oscillate for v < &
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Corollary 5.4. Suppose there exist numbers v > 1 and A such that for all > A we have
g(z) > Z%. Then every solution of y” + gy = 0 oscillates infinitely often for r > A. However

VRN for all + > A we have g(z) < < - . then solutions of Y +qu=20
have at most one zero for r > A.
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set z = w(z), where i satisfies v + g’ = 0, then the equation becomes

% FQzly =0, where Qlz) = g(z(z))

= R

The zeros of y get moved by this transformation, so studying the oscillatory behaviour of y(x)
as r —+ oo corresponds to studying the oscillatory behaviour of y(2) as 2 — Hme . v{x),

Theorem 6.1. Consider a solution y of the equation v + py' +qy = 0. [fgq = 0 and
q + 2Zpg = 0 on some inferval o, b] and y'{a) = 0 = 3f(b), then |y(a)| = |y(b)|. If instead
g+ 2pg <0 and y'(a) = 0= y'(b), then |y(a)| < |y(b)|. Similarly for non-strict inequalities.
Proof. Consider F' = y* 4 -[H:—z and note that F' = —{q" + :qu)-:-:—rﬁ. O
Example 6.1. For Bessel’s equation 4"+ 1y’ + (1 —o® /z*)y = 0 we have ¢' + 2pg = 2/ > 0,
and henee the amplitudes of its cscillations decreases on = = 0. Yet for " + y/r% = 0 we
have q' + 2pg = = < 0, and hence the amplitudes of its oscillations increases on = = 0.
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4.2, Changing the Independent Variable. If y satisfies o + p(z)y’ + glz)y = 0 and we

and the latter point may or may not be oc. Note though, that the amplitudes of cscillations

(i they occur), are unchanged. Jog?,
Example 4.2. Under the change of independent variable z(x) = z%/3, the equation 3" — V"/&
2y + y = 0 becomes the equation j_—fg + ﬁy =0
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