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September 28, hours 7-8: The Butterfly and Jordan-Holder
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http://www-math.mit.edu/~etingof/groups.pdf

Simple groups are important because any finite group can be decomposed into simple ones
in a unique way, similarly to how a molecule can be decomposed into atoms. More precisely,
we have the following theorem, called the Jordan-Holder theorem.

Theorem 2.71. Let & be a finite group. Then there exists a sequence of subgroups GG =
Gy o Gy O ... D G, = {e} such that G4y is normal in G;, and the groups H; := G;_1/G;
are simple. Moreover, the sequence of groups Hy, ..., H,, up to permutation, depends only
on ¢ and not on Gj.

Definition 2.72. The sequence Hy, ..., H, is called the composition series of G.

This theorem implies that if we understand finite simple groups, then to some extent we
will understand all the finite groups. (With the understanding that this is not the full picture,
since there are many complicated ways in which simple groups H; can be “sown together”
into . This is similar to the distinction in chemistry between composition formula and
structure formula of a substance).

Proof. To prove the existence of G, we can choose (; to be a maximal normal subgroup
in Gi—1 (not equal G;—y itself). Now we prove uniqueness of the composition series by

induction in ||. Assume that there are two collections of subgroups, G; and G, If G; = G,

the statement follows from the induction assumption. Otherwise, we have homomorphisms
f:G— Hy, f': G — Hj, which combine into a surjective homomorphism " : G — Hy < Hj.
Let K be the kernel of this homomorphism. Let Ly, ..., L, be the composition series of K
(well defined by the induction assumption). Then 'y has composition series

(Hy,....H,) = (H}, Ky, ..., ),
and G has composition series
(Hy,...H )= (Hy, Ky, ..., K,).
Thus, adding H, to the first series and H| to the second. we get
(Hy,Hs,...,H,) = (H|,H}, ..., H, ),
as desired. 0

Exercise 2.73. (i) Show that if H is a normal subgroup in & then the composition series
of (G is obtained by combining the composition series of H and G/ H.

(ii) Show that if & is a group of order p*, where p is a prime, then its composition series
consists of n copies of Z,,.

Exercise 2.74. Find the composition series of S,,.
Solution: For n =3, Zy, Zs. For n = 4, three copies of Zy and Zs. For n = 5, Zs and A,,.

Definition 2.75. A finite gronp & is solvable if all its composition factors are cyclic.

Added April 4, 2011: Is this the same as the "Diamond Lemma" proof alluded to at
http://sbseminar.wordpress.com/2009/11/20/the-diamond-lemma/?

The Sqmmetric 6 roup.
D G = sim(o)= E[&@n(m%r()))

Chnr (~ /)FY’_: ~/) Jv(- e

- »
— )7 = sl - oT0) =

10-1100 Page 3


http://sbseminar.wordpress.com/2009/11/20/the-diamond-lemma/

— ) = smlevn) - 70 =
ﬁsx'jn (T(J)/“C(/))r %ﬂ =

= Sy(v) Sgne—)
“Hlle 0\/7[@/4'17‘/5)9/0\1/’_

Co g@n:g_—.;{i/fzj/&_ /o F A/):/Q/QJ-O_
Ao 15 T st of purs Tt cun he wittheo O‘ij

nn QA produt 0 TrenSpolitions
Theoum, /4/) /S §/Lq/7/f, Cor NMN#EY.
Cydle Decompostiay, (12)(345) =[21453] = 2/ir2
Clory TF o= (R 2] wnd T[T T . W],

Te _ j ,
e T (TR T )

Cc?fomtfi;[ a s CO”?u'(Ajﬂfﬁ fo g /‘ﬁg {L@J hevs
The came Cycll ﬁwsﬂ\j

Corolliry 4 (Conpgacy dlassts o€ £5) = Pl)

Lemma |, Everyg dwva? of A, 5 o ﬂmo/a(‘%oﬁ 3—{7%

PE (1)a3)= (123),  Uas)asy=(12)(3Y) - --
Lemma . TE NQA, Contoing h 3-Cydl, they A=A,
PE o6, (33) e i For a5, , (R3) €N (2,’3%‘///
So n/ Contains aff 3-(yfu... O

Now deke N ok W/ NVEL}

10-1100 Page 4



Case . N Cortwns on elemprt W/ Cyclr of /6@742y
(RIS e r )Ty = (13¢)
(st 2. N Cortajs an thmgt p—= (123)(vs¢)r™
CoasiJer~ 7 T(129)0 (129)7
Cast3. N Contwns 7 =(133)( 1-odod ot p)
Thn g=*=(132) . _ .
(~se Y. Evvy dwe 9P N s o proded oF difoin? 2=k
= 02)6y)r~ = 0 (23)r 177 =(/3) ()= T1e/
= T RS)T(as)? = (j3ys) e

10-1100 Page 5



