Dror Bar-Natan: Classes: 2009-10: Math 240 Algebral: Tuesday September 22:

The Complex Numbers by Computer

Theorem. There is a field Comp that contains R and also contains an
element i so that i"2=-1.

Definitions

Conp /: Compla_, b_1 + Conp[c_,
Conp /: Conpl[a_, b_1 %= Conp[c_,
Conp [0] = Conp [0, O];
Comp[1] = Conp[l, O];
Comp /: Sinplify[Conp[a_, b_1] := Conp[Sinplify[a], Sinplify[b]];

d_]1 := Conp[a+cC, b+d];
d_ ] := Conp[axc-b=xd, axd+b=xc];

z1 = Q)I’Tp [al, bl],
72 = Q)I’Tp [a2, b2],
zZ3 = Q)I’Tp [a3, b3],

= "Comp" is afield.

s The"F1" Properties

{z1+22, z2+2z1}

{Conp[al +a2, bl +b2], Conp[al +a2, bl +b2]}

{z1 %22, z2%z1}

{Conp[al a2 -blb2, a2bl +alb2], Conp[al a2 -blb2, a2bl +alb2]}

s The"F2" Properties

{(z1 +22) +23, z1+ (z2+23)}
{Conp[al +a2 +a3, bl +b2+b3], Conp[al +a2 +a3, bl +b2+b3]}

f2={(z1%22) %*z3, z1%* (z2%23)}

{Conp[a3 (ala2-blb2) - (a2bl +alb2) b3, a3 (a2bl +alb2) + (al a2 - bl b2) b3],
Conp[-bl (a3 b2 +a2b3) +al (a2a3 -b2b3), al (a3 b2 +a2b3) +bl (a2a3 -b2b3) ]}

Sinplify[f2]

{Conp[ala2a3 -a3blb2-a2blb3-alb2b3, a2a3 bl +ala3b2+ala2b3-blb2hb3],
Conp[ala2a3 -a3blb2-a2blb3-alb2b3, a2a3bl+ala3b2+ala2b3-blb2b3]}
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s The"F3" Properties

{z1, z1 +Conp[0]}
{Conp [al, bl], Conplal, bl]}

{z1, z1 «Comp[1]}
{Conp[al, bl], Conpilal, bl]}

s The"F4" Properties

{z1 +Conp[-al, -bl], Conp[0]}
{Conp [0, 0], Conp [0, 0]}

al -bl

f4={zl*Coer[a ] cOnp[l]}

124012 al1? + b1?
a1? b1?

{Oonp[alerblZ + a12+b12' 0}, Conp [1, 01}

Sinplify[f4]
{Comp (1, O], Conp[l, O]}

m The"F5" Property

f5={z1% (z2+23), z1%x2z2+21%23}

{Conp[al (a2 +a3) -bl (b2 +b3), (a2 +a3) bl +al (b2 +b3)]7,
Conp[ala2 +ala3-blb2-blb3, a2bl+a3bl+alb2+alb3]}

Sinplify[f5]

{Conp[al (a2 +a3) - bl (b2 +b3), (a2 +a3) bl +al (b2 +b3)],
Conp[al (a2 +a3) -bl (b2 +b3), a2bl +a3 bl +al (b2 +b3)]}

= "Comp" contains the real numbers.
Conp[al, 0] +Conp[a2, 0]
Conp[al +a2, 0]
Conp[al, 0] = Conp[a2, 0]
Conp[al a2, 0]

= "Comp" contains a square root of -1.
i =Conp[0, 1];
%

Q)rm[71! o]
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i =i +Conp[l]
Conp [0, O]

m The Polar Presentation of Comp
Pol [r_, theta_] := Conp[r %=Cos[theta], r *Sin[theta]]

resl = Pol [r1, thetal] «Pol [r2, theta2]

Conp[rlr2Cos[thetal] Cos[theta2] -rlr2Sin[thetal] Sin[theta2],
rlr2Cos[theta2] Sin[thetal] +rlr2Cos[thetal] Sin[theta2]]

Sinplify[resl]

Conp(rlr2Cos[thetal +theta2], rlr2Sin[thetal +theta2]]



