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0708-1300/Class notes for Thursday, October 11

.Trnm Drorbn

Today's Agenda: Intro to Sard

0708-1300/Navigation Panel [Hide]

® The Cantor set (7' .

= Sets of measure zero. | y | Week I ikis
= (' is of measure zero. _ of.. |
=« But (" + (' is [01 :2] (in two ways). | Fall Semester
s Thick Cantor sets. I ;Sep 10 IAbout, Tue, Thu
= "Measure zero" is a smooth invariant. 2 |Sep 17 |Tue, HWI, Thu
= Measure 0 makes sense on manifolds. 3 Sep 24 |Tue, Photo, Thu
= Baby Sard for Cvl functions f =~ - R : 4 10¢t 1 Questionnaire, Tue.,
= Suchan f with a Cantor set of singular points and values. KA HW2, Thu
= And yet a proof. 5 lOct 8 Mon: Thanksgiving, Tue,
= A counterexample for Sard for (! functions Y - ]RQ ST | =L | Thu
6 .Dc:t 15 _HWS
7 {Oct 22
The Cantor Aerogel e l6aa0 Mo
w1« GraphicsCrid[Partition|Table| | ) _N{JV 5 TE] on Thu
Axregtiat il 10/Nov 12 HWS5
1t [Mevber([IntogerDigits] =, 1] -Union -IstegesDigits[y, 3}, 1), 0, 1], : .
@ (=, 9, 3*a-1), (y, 8, 3°n-1) 11/ Nov 19
- 1. il |
= 1, 6 12/Nov 26 HW6
=t , _ |13|Dec3
. - n e "B | N | N - :
Em aw " =@ e Spring Semester
. . =Ew mm Em =m _14_Jﬂn? _HWT
N LN N e 15 Jﬂn i4
| 16/Jan 21 _HWE
. . me N L an ;[?;Janzg |
e e "= =8 18|Feb4 |HWY
" 0N . a 5
. . : = : : i 19/ Feb 11 TE2; Feb 17: last chance
= e to drop class
as as -+ - - - —+2- ~ b= - A ZG'FEb 25 HWID {
HH-HI s 88 N| i 6o Bh BB EZI%MEH‘3 : i
22|Mar 10 HW11
¥ dmiin = 23_|_h_’!ar 17 | |
waoma i osa| [ on o RS 24 Mar 24 HW12
a8 oyge ne m=l nn nu TN ET l;_S;_MHI 31 (5 5 4= mo Sl
Ll T gacEei.iismian ) fes wp s B 0% | gmme izﬁ ‘_"\pi? ] A

Strange as it may seem, the faded and barely visible Cantor aerogel in the square at the . rata to Bredog's Book: |

_Dottom right of the image above is still thick enough to block all diagonal light rays.

= =

roof:
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ni1l= GraphicsGrid [Partition [Table [
ArrayPlot [Table |
If [MemberQ [IntegerDigits [x, 3] ~Union ~IntegerDigits [y, 3], i), @, 31,
RO 3 -1, (v, 0, 3°n-1)

11
{8, 1y 6}
i 311
. Bl f: s o
I LI
. . I -HEHE-HH-
Qut[1]= = . . EE EEm ' _::

In2j= CC[0] = Line[{{0, 0}, {1, 1}}];
Graphics [CC[0]]

Outf3]=

n[4)= Evolve [Line[{a_, b_}]] := Module[{v, n},
v=b-a; n=({-v[[2]]., vi[1]]}:
{
Line[{a, a+v/3}], Line[{a+2vVv/3, b}],
Line[{a+v/3+n/3, a+2v/3+n/3}],
Line[{a+Vv/3-n/3, a+2v/3-n/3
}]
31
CC[n_] := CC[n] = CC[n-1] /. 1_Line = Evolve[l];
ecli]

Out[B)= {Line[{{n, 0}, {}1: ;}} : Line[{{g, ;} (1 1}}:,

uine[{{o. 3. {5 2}}]. uane[{{Z. o}, 1. 2}}])




(7}~ Graphics [CC[3]]

A o " 4 e
- g > AR 4 e
B s
ol Yy s,
Out{7)=
e G Lo
i AR S
i A 4 Lot A
7S LA A

InB:= v= {0.6, 0.8};

7
ARy

LI
e

/
7

NN

A A
7o A

basepoints = Sort [Flatten[CC[3] /. Line[{a_, _}] =» a.v]]

Outf9]= {0., 0.0444444, 0.0592593, 0.103704, 0.133333, .AT778, 0.177778, ULE92593, 031222222,

0.237037, 0.237037, 0.281481,
0.459259, 0.503704, 0.533333,
0.622222, 0.637037, 0.637037,
0.725926, 0.755556, 0.755556,
0.888889, 0.903704, 0.933333,

0

0.
0.
0.

0

=L EEL, 0.355556, 0.37037, 0.4, 0.414815, 0.444444,
533333, 0.577778, 0.577778, 0.577778, 0.592593, 0.592593,
637037, 0.666667, 0.681481, Bs7E1131 , 0. 718111 , 0.71313111 ,
NS, S0 7T 037, 0. 77037, 0.814815, 0.814815, 0.844444,
948148, 0.977778, 0.992593, 1.03704, 1.06667, 1.11111,

Eead111, 1.12593, 1.15556, 117 03%F, 1..17037, 1.21481 , 1.24444, 1.28889, 1.3037, 1.34815}

In[10]:;= Measure[b_, 1_] := 1+ Sum]|
Min[l, b[[i]]-Db[[i-1]]],
{i, 2, Length[b]}
| &

Measure [basepoints, v.{1, 1}/3"3]

Out{11)= 1.4

n[12)= CCShadow[n_, t_] := Module[{v, basepoints},

v = {Cos[t], Sin[t]};

basepoints = Sort[Flatten[CC[n] /. Line[{a_, _}] = a.v]];
Measure [basepoints, v.{1, 1}/3"n]

1;

(cCshadow [3, 0], CCShadow([3, Pi/4]}

. Out[13]= {%, V2 }
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Prges 203-20Y of Luilhrrin-Pol~ck’S
Orekerendinl 7:,9,,/::27_*

For the proof of Sard's theorem, we will need the measure zero form of
Fubini's theorem. Suppose that n = k + /, and write R* = R* X R'. For
each ¢ € R*, let V, be the “vertical slice™ {c] X R'. We shall say that a subset
of V. has measure zero in V, if, when we identify ¥, with R’ in the obvious
way, the subset has measure zero in R'.

Fubini Theorem (for measure zero). Let A4 be a closed subset of R” such
that A N V, has measure zero in V, for all ¢ € R*. Then A has measure zero
in R

Proof. Because A may be written as a countable union of compacts, we may,
in fact, assume A compact. Also, by induction on k, it suffices to prove
the theorem for k = 1 and / = n — 1. We will divide the proof into several
lemmas.

Lemma 1. LetS,,..., Sy be a covering of the closed interval [a, b] in R'.
Then there exists another cover S, . .., S such that each §) is contained
in some S,, and

Ji length (S)) < 2(b — a).

Proof. Left to the reader.
Givenaset Jc R, let ¥V, =TI X R*! 1n R".

Lemma 2. Let A be a compact subset of R”. Suppose that 4 N V. is con-
tained in an open set U of V.. Then for any suitably small interval 7 about ¢
in R, A N V¥, is contained in J X U.

Proof. 1If not, there would exist a sequence of points (x;, ¢,) in 4 such that

¢, — cand x;, ¢ U. Replace this sequence by a convergent one to get a con-
tradiction. Q.E.D.

Proof of Fubini. Since A is compact, we may choose an interval I = [a, b]
such that A = ¥,. For each ¢ € J, choose a covering of A N V. by (n — 1)
dimensional rectangular solids S,(c), . . ., Sy,(c) having a total volume less
than ¢. Choose an interval J(c) in R so that the rectangular solids J(c) X S(c)
cover A N V, (Lemma 2). The J(c)’s cover the line interval [a, b], so we can
use Lemma | to replace them with a finite collection of subintervals J, with
total length less than 2(b — a). Each J) is contained in some interval J(c,), s0
the solids J‘}}.i‘,(c,) cover A: moreover, they have total volume less than

2(b~—a). ).

0708-1300/Homework Assignment 3

From Drorbn

0708-1300/Navigation Panel [Show]

Contents

Reading

Read sections 8-10 of chapter 1l of Bredon's book three imes:

= First ime as if you were reading a novel - quickly and without too much attention to detail, just to learn what the
main keywords and concepts and goals are.

s Second time like you were studying for an exam on the subject - slowly and not skapping anything, verifying every
little detail.

= And then a third time, again at a quicker pace, to remind yourself of the bigger picture all those little details are
there to paint.
Also, read section 12 of chapter I of Bredon's book, but you can be a little less careful here.
Doing

Solve the following problems from Bredon's book, but submit only the solutions of the problems marked with an *S*:

problems on page(s)
81,82, 3,854,585 88
S1,2,3,84,5 89

Note that these problems largely concemn with material that we will not cover in class.

Due Date

This assignment is due in class on Thursday November 1, 2007,

Just for Fun

» Trace the proof of the Whitney embedding theorem to find an mbﬂmgﬁﬂnmmmmﬂmm
plane, RP? — §2/(p = —p) . inside [R®. Do not do anything explicitly; just convince yourself that indced
you can find a small atlas (how small?), use it to embed [RP? in some large [ (how large?), and figure out how
many times you will need to use Sard's theorem before you're down to the target, BR® -

= Now see if you can come up with some cleverer way of viewing RP2. that will allow you to explicitly embed it in

RrR®




© | Dror Bar-Natan: Academic Profile:

%) | Dror Bar-Natan: Academic Profile

Summary of Proposal for Public Release, 2007 Summary of Proposal, 2007

(Submitted to the NSERC)

In the space provided below, state the objectives of the proposed research ' ientific approach,
_ . : | program and summarize the scientifi
highlighting the novelty and expected significance of the work to a field or fields in 2

the natural scien d enginesri
[...] Your summary must not exceed forty-five lines on the printed copy. CE% and engineering.

(To be submitted to the NSERC)

Why are mathematicians fascinated by the whole numbers? Certainly not because of the beauty
inherent in staring at numbers such as 9,465,438, Neither it is due to the difficulty in figuning out
that 9,465,438 is 2x3x1,577,573. The true reason is that the whole numbers are surpnsingly deep,
and the study of whole numbers, also known as "number theory", forced us to better understand,

and indeed develop, many other useful and beautiful techniques, concepts and 1deas. Number
theory just seems to be related to everything.

Over the next five years I plan to pursue following three projects.

* Algebraic Knot Theory. For many years now the Kontsevich integral Z (a universal finite type invariant of
knots and links) is appreciated for its strength. It is stronger than all known “quantum invariants® taken together. But
only recently 1 understood that that might not be where the real power of this invariant lies: Z beautifully extends to
Likewise, though on a smaller scale, many knot theorists such as myself care little about shoelaces, t:

invariant of knotted trivalent graphs which is well behaved under certain natural operations defined on graphs -
yet care a lot about the unexpected ways by which the study of knotted shoelaces is intricately and

ge delﬂinn,l'un:ipping' am:] cunpmtndlaumm Several well known and hard-to-detect properties of knots are
RSP S She i Toiets s ooty s )-Jimensionsl manifolda, hyperbolio geometry, definable" using these operations, including the knot genus, unknotting numbers and the property of being a ribbon

: . . ; t. Thus, at least in principle, each of these ies can be translated to a simple al - PR :
uantum field theory, differential geometry, Lie theory and representation theory, quantum 2 : el ! Of ihese propertut : a simple algebraic *equation” involving
zlﬁﬁhm cnmhin;‘;rr{ns. homological algebra and sophisticated algorithmics. t];n“f the knot being studied. But turning this principle into results is a five-year project. We still have to identify and

tudy appropriate quotients of the target space of Z which make Z computable to all orders. Every classical knot

My research for this project will concentrate on the further elaboration of these unexpected links,

using both analytical and computational tools. My primary goal will be to complete our
understanding of the relationship between algebra and the so-called "Kontsevich integral of
knotted graphs”; 1 expect this will benefit knot theory via the tools and techniques of "algebraic

lynomial (Alexander's, Jones', etc.) defines such a quotient, and there are many other quotients to choose from,
ut even the simplest of these quotients, corresponding to a canonical extension of the Alexander polynomial to
raphs, is poorly understood. See http://www.math toronto.eduw/~drorbn/Talks/ Aarhus-0706.

* Knot Theoretic Algebra. My paper "On Associators and the Grothendieck-Teichmuller Group" indicates

knot theory”, and [ expect this will benefit algebra by providing a unified framework for the study

rongly that the right context for understanding Drinfel'd's theory of formal associators is a certain category of braid
of all quantum groups.

ps and operations mapping such braids groups to each other. There is strong evidence that the theory of
uantum groups (specifically, quantum universal enveloping algebra and/or quasi-triangular Hopf algebras) should
related in & similar manner to virtual knots and braids and operations among them, Indeed, one of the starting
ints of the theory of quantum groups is the quantization of Lie bialgebras, and the *universal® diagrammatic
eory underlying Lie bialgebras is the same as the diagrammatic theory that underlies finite type invariants of
virtual knots/braids. (Compare with the well-understood relationship between knots, chord diagrams and Lie
algebras). Over the grant period I plan to fully understand a universal theory of quantum groups as a natural object
within the context of virtual knot theory. See http:/ www.math toronto.edu/~drorbn/Talks/'Kyoto-0705/ and
-—{Tianpn-0707/,

* Computations in Knot Theory and the Knot Atlas. 1 Plan to continue contributing to the computational

E:dmaa KnotTheory’ and to the Knot Atlas. Both projects were founded by me but by now have received
ntributions by many others (especially S. Morrison). See htip:/katlas org,

1 tend to write expositions and give expository talks, draw pictures and write computer programs.

Thus much of my work in this project will end up finding its way to my already-comprehensive
web site, at http//www _math toronto.edu/~drorbn/.

What about Khovanov homology? I made significant contributions to the highly fashionable subject of Khovanov
omology (in fact, while Khovanov is definitely the father of the field, I share the credit for making it

ashionable...). Yet at the moment I don't feel mature enough to study this topic any further. I'd rather “categorify®
ot invariants only after | properly understand the "algebra® on which they ought to be defined (in the sense of my
rst project above). And how can | even start categorifying other aspects of the theory of quantum groups, when in
opinion this theory in itself is so poorly understood (at least in the sense of my second project)? With luck, at the|
d of this grant period I will be ready to return to Khovanov homology and categorification in general.

In science, though, the predicted is always less interesting than the unpredictable. With luck, at least some of my
rk in the next five years will be on topics I haven't yet heard of.

http.//www.math toronto. edw/~drorbn/Profile/Public Release-2007 html A http:/fwww.math. toronto.edw—drorbn/Profile/Summary OfProposal- 2007 huml
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4= AlmostPeano [0] = DLine[{{0, 0}, (1, 1}}];
AlmostPeano [n_] := AlmostPeano [n-1] /. DLine[{{x0_, yO0 }, =L _, ¥i_.¥)]

dx = x1 -x0; dy =yl -y0;
DLine [{{x0, y0}, {x0+0.45dx, y0+0.454dy}}],
Line[{{x0 +0.45dx, y0+0.45dy}, {x0+0.55dx, y0}}],
DLine [{{x0 +0.55dx, y0}, {(x0+dx, y0+0.45dy}}],
Lina[{{xD+dx, YU"“U-dE"dY}: {Jf.ﬂ, YD"'U‘SEdY}}]f
DLine[{{x0, y0+0.55dy}, {(x0+0.45dx, y0+dy}}],

Line[{{x0 +0.45dx, y0O+dy)}, {(x0+0.55dx, y0+0.55dy}}],
DLine[{ {x0 +0.55dx, y0+0.55dy}, (x0+dx, y0+dy}}]
}:

GraphicsGrid [Partition [

Table [Graphics [AlmostPeano [n] /. DLine - Line)], {n, 0, 3}],
2]]
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0708-1300/Class notes for Tuesday, October 30

mmm Drorbn

Contents

0708-1300/Navigation Panel [Show]

Today's Agenda

Debts

A bit more about proper functions on locally compact spaces.

Smooth Retracts and Smooth Brouwer
Theorem. There does not exist a smooth retract r: Ry gn
Corollary. (The Brouwer Fixed Point Theorem) Every smooth [ : D" — D" has a fixed point.

Suggestion for a good deed. Tell Dror if he likes the Brouwer fixed point theorem, for he is honestly unsure. But first
hear some drorpaganda on what he likes and what he doesn't quite.

;bnrﬂllary. The sphere §™ is not smoothly contractible.

Challenge. Remove the word "smooth" everywhere above.

Smooth Approximation

Theorem. Let 4 be a closed subset of a smooth manifold )7, let f: M — IR be a continuous function whose
restriction f|, to 4 issmooth, and let € be your favourite small number. Then there exists a smooth g: M —1R so
that f|, = g|4 and || f — g|| < €. Furthermore, f and ¢ are homotopic via an e -small homotopy.

Theorem. The same, with the target space replaced by an arbitrary compact metrized manifold }\ .

Tubular Neighborhoods

Theorem. Every compact smooth submanifold }/™ of @” has a "tubular neighborhood".

Entertainment

A student told me about this clip (http://youtube.com/watch?v=UTby e4-Rh g) on YouTube (lyrics
(http://www.math.northwestern.edu/~matt/kleinfour/lyrics/finite.html) ). Enjoy!

There is this one too but it is in Spanish. Romance of the Derivative and the Arctangent
Hhttp;ﬁmatﬁmaﬂm‘uis.edu.cﬂ!~marsanfROMANCE%20DE%2ULA%2BDERJVADA%2OY%Z 0EL%20ARCOCOSENC

Retrieved from
"http://katlas.math.toronto.edu/drorbn/index.php?title=0708-1300/ Class_notes_for_Tuesday%2C October 30"
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0708-1300/Class notes for Thursday, November 1

“"rom Drorbn

Today's Agenda

= HW4 and TE].
= Continue with Tuesday's agenda:
= Debt on proper functions.
= Prove that "the sphere is not contractible".
= Complete the proof of the "tubular neighborhood theorem".

Proper Implies Closed

Theorem. A proper function f : X — Y from a topological space X to a locally
compact (Hausdorff) topological space YV is closed.

Proof. Let B be closed in X , we need to show that f(B) is closed in y. Since
closedness is a local property, it is enough to show that every point i € Y has a

neighbourhood [/ such that f(B) N [/ isclosed in [/ . Fix y € Y, and by local
compactness, choose a neighbourhood [/ of ¥ whose close [7 is compact. Then

fB)AU=f(BNf(U))nUc f(BNfH(U)nU

a

f(B)NnU,

)snthat i) NU = f(Bmf (U)YNU . But[r Is compact by choice, so
8 (U ) is compact as f is proper,so B f (U ) 1s compact as B is closed,
so f(BN f~ (U )) 1s compact (and hence ClOSed) as a continuous image of a

compact set, so f(B) M U is the intersection f(B N f~'({/)) N/ of a closed
set with [/, hence it is closed in [/ .

Retrieved from

0708-1300/Navigation Panel [Hide]

= Add your name / see who's in!

Week

i# o ] Links

' kall Semester

| 1 :Sep 10 jAbﬂut, Tue, Thu
2 Sep 17 [Tue, HW1, Thu
: 3 :Sap 24 ;Tue, Photo, Thu

| Questionnaire, Tue
410ctl | ; .
3 HW2, Thu

5 |0ct 8 Thanksgiving, Tue, Thu |
6 |0ct 15 [Tue, HW3, Thu |
-? Oct 22 1Tuc, Thu
8 |0ct29 |Tue, HW4, Thu
9 .Nuv 5 FTEI on Thu |
10/Nov 12 |HW5
IIllNﬂv 19 |
.Ileﬂv 26 1HW6
.13‘[)6{: 3 |
B Sbring Semester
14/[Jan 7 HW7
15/Jan 14
16Jan21 'HWS
17Jan28 |
18/Feb4  |HW9

'T -'_2: . st chanc |
119'Feb 1 i]E Feb 17: last chance
to drop class

R I—eb 18

Izu Feb25 [HWI10
21 Mﬂf3 :
22Mar 10 HW11
|23\Marl? |

24/Mar 24 HWI12
EHMHS]‘ b
26| Apr?

| Errata m BI'CdﬂI'I s Book

"http://katlas.math.toronto.edu/drorbn/index.php?title=0708-1300/Class_notes_for Thursday%2C November 1"

= This page was last modified 10:52, 1 November 2007.
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0708-1300/Homework Assignment 4

.!"mm Drorbn

0708-1300/Navigation Panel [Show]

Reading

Read section 11 of chapter II and sections 1-3 of chapter V of Bredon's book three times:

= First time as if you were reading a novel - quickly and without too much attention to detail, just to learn what the
main keywords and concepts and goals are.

= Second time like you were studying for an exam on the subject - slowly and not skipping anything, verifying every
little detail.

= And then a third time, again at a quicker pace, to remind yourself of the bigger picture all those little details are
there to paint.

Doing

Solve the following problems from Bredon's book, but submit only the solutions of the problems marked with an "S":

problems | on page(s)

_SI_ S2 _ 100-101
b Sl_SZ 3 e 264
Also, solve and submit the following question:
Question 6.
1. Show that if n +4 m then R” is not diffeomorphic (homeomorphic via a smooth map with a smooth inverse) to
m
2. Sl}m\;r that if n ## m then R" is not homeomorphic to R™.

Note that a priori the second part of this question is an order of magnitude harder than the first, though with the
techniques we already have, it is not too bad at all.

Due Date

This assignment is due in class on Thursday November 15, 2007.

Just for Fun
Find a geometric interpretation to the formula
dw(X,Y) = X(w(Y)) - Y(v(X)) —w(X,Y]).

,(f)fmﬁm, you have to first obtain a geomerric understanding of X, Y|, and this in itself is significant and
worthwhile).



0708-1300/Term Exam 1

h‘rom Drorbn

Term Exam 1 will take place on Thursday November 8, 2007, at 6PM, at Sydney

Smith 1084.

Dror's Internal Notes

MJam, Tiorm Exmn T, Moy 2007

B, ﬂ' * Lrrd.
q.@f.{; p ok Wi
..-..._—3-0—-’. M 7 . er‘gw 'j/
- ._ﬁ - KOO : f T o bodayr ﬂ,.u! Lff']-.:‘l.-' ‘4 rf,ﬁfx_.y

. Net _on Gt & _Puanc d}jamrﬁ("’? ,fﬂﬂ
e i/ 5 3 f ‘F'H*J,
94- . 1+ pAlhbe You f/Lt"\éL

Dror's notes above / Student's notes below

Some Additional Reading

4“ % ¥ The m./:-f /f«ff /1. ’Z»O-’W/"?/’f

' Thigk” /w r D FFE/m M (b rufe
%ﬂui f mank T/Fmﬁnmﬁ !/r’ur/uf; :

e« L Tan':iyt W'/pf_f, //((_fﬁ’a/rﬂ”' :

e i F LranwsSleins ?Ihéh}l-f”f /oK , ’*fr"f‘tﬁh’f’_ﬂj

0708-1300/Navigation Panel [Show]

There are some lectures notes (http://ocw.mit.edu/OcwWeb/Mathematics/18-965 Fall-2004/LectureNotes/index.htm) of
the MIT Open Course Ware (http://ocw.mit. edu/OcwWeb/Mathematics/18-965Fall-2004/CourseHome/index.htm) .

This can be an additional reading for us. There are some exercises

(http://ocw.mit.edu/OcwWeb/Mathematics/18- 965Fall-2004/Assignments/index.htm) too.

More lectures notes (http:!fwww.maths.tcd.ie/-—-rzaitsevfln.pdt) from the University of Dublin. This one has exercises.

From Wien (http://www.mat.univie.ac.at/~michnrf dgbook.pdf) with exercises too.

Retrieved from "http://katlas.math toronto.edu/drorbn/index.php?title=0708-1300/T erm_Exam 1"

D . This page was last modified 16:58, 31 October 2007.






t--/v‘ft;?w D9 )N

- e
e e s - i i
ar

o9 W/
oy




- T
i L
= -

i e A e e 8% Pl P il e b B i S a i il B w e We | &

R e - e i

o i ® A i . B A . o . g+

R i -
j— — -.--.--Lu - ol o e O e L - = [
S e e e e e = el R = & S il s e Sl E——— S e T . . - ™ 2 =
O
T — I ———— -.-t_q r— P— p——— x

. il = - _— - o gy B - - - -

- B o e e e . S e Sr— . e - . pr—— ik .
8 &
- e i T — , —— W . Al i i = =
-l e — P me— S A el @ e —w m o " = - = - L e - i o * k




: &
e e
'.I. f‘! P
Il__!-i'.":
- 8
i

--". i '-._. :

mr&fr ?‘.\ﬁ .ﬁ’l‘ -‘

e __J‘i‘ FT I




1
[
aillk

| T Y
s -M%‘-“‘-ﬂu r.r-l'-lhr"lll—-lll T - e O — T —— R, W R . Pgm & e g o S .
=

——— ——— .

R e e T L P —— - i s . i
o ——
LF T s
5 - D L L T g . - I, e -4
= '_u,,r_‘:_
*"*"’l’
=k
E.
=
e o —— e m - W e m— n e — -% —_—— - r - . = - - = B Rt P - —
.
- - — — - o e T S e . e e e T T =] -

- —

| A

3= - o . ¥ i
w-—-—-—-—-.—.ﬁi-—- a Ce B e rae Rl — A — A e e— . ———




Do not turn this page until instructed.

Math 1300 Geometry and Topology

Term Test

University of Toronto, November 8, 2007

Solve the 4 problems on the other side of this page.
Each problem is worth 30 points.
You have two hours to write this test.

Notes.

e No outside material other than stationary is allowed.

e Neatness counts! Language counts! The ideal written solution to a problem looks
like a page from a textbook: neat and clean and made of complete and grammatical
sentences. Definitely phrases like “there exists” or “for every” cannot be skipped.
I ectures are mostly made of spoken words, and so the blackboard part of proofs given
during lectures often omits or shortens key phrases. The ideal written solution to a
problem does not do that.

Good Luck!



Solve the following 4 problems. FEach problem is worth 30 points. You have two hours.
Neatness counts! Language counts!

- S S
Problem 1 “Compute”. Let ¢ : R2, — RZ, be %wenzby ulz,y) = = 1%2 &I;d
o(z,y) = 2zy, let f: R2, — R be given by f(u,v) = u* + v, a.nd let‘E e TRz, be
£ = 8/0z. Compute the following quantities (with at least some justification):

1. du€.
2. ¢*f.

3. (9.)f.
4. £(¢°f)-

Problem 2 “Reproduce”. The tangent space ToR" to R™ at 0 can be defined in the
following two ways:

1. T;R™ is the set of all smooth curves v : R — R" satisfying v(0) = 0, modulo the
equivalence relation ~, where v ~ ¥ iff 41(0) = 92(0), where in general, 7 denotes
the derivative of v(¢) with respect to .

2. TyR™ is the set of all linear functionals D on the vector space of smooth functions on

R™, which also satisfy Leibnitz’ rule, D(fg) = (Df)g(0) + f(0)(Dg).

Prove that these two definitions are equivalent (i.e., that there is a natural bijection between

ToR™ and T¢R™). If you use a non-trivial lemma from calculus, state it precisely but you
don’t need to prove it.

Problem 3 “Think”. Let f: M — M be a smooth function from a compact manifold

M to itself. Prove that there is a point y € M so that f~*(y) is finite. (In fact, there are
many such points).

ProbleFu 4 “Sketch”. Sketch to the best of your understanding the proof of the Whitney
-embeddmg theorem, paying close attention to what is important and little attention to what
1s not. Here, more than anywhere else, neatness and language count!

Good Luck!
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Table 18-1 Classical Physics

Maxwell's equations

-
€0
OB
W XE- — —
i V-B =20
o TR
€0 ot

Force law

F=gq(E4+ v X B
Law of motion

d
= (p) = F, where

Gravitation

Mmoo
F = -—G __.1_._.'_".
r2

€,

(Flux of E through a closed surface) = (Charge inside)/eg

(Line integral of E around a loop) = — g(F‘lux of B through the loop)

(Flux of B through a closed surface) = 0

cg(lntegraluf B around a loop) = (Current through the loop)/ ¢

a
+ o (Flux of E through the loop)

d
(Flux of current through a closed surface) = — £y (Charge 1nside)

mu : : o . .
P = e (Newton’s law, with Einstein’s modification)
BY 1 G UEIECZ

The Feyviunan Lectwres On Physics, Vol I Page 15-2




Dror Bar-Natan: Classes: 2007-08: Math 1300 — Geometry and Topology:

A BIT ON MAXWELL’S EQUATIONS

Prerequisites:
e Poincaré’s Lemma, which says that on R", every closed form is exact. That is, if dw = 0, then there
exists n with dn = w.
e The Hodge star operator = which satisfies w A xw = ||w||*dxy - - - dzy, and w A7) = 7 A %w whenever

w and 7 are of the same degree.
e Integration by parts: [w Adny= —(—1)€“ [(dw) A7 on domains that have no boundary.

The Action Principle: The Vector Field is a compactly supported 1-form A on R* which extremizes the
action

|
Sj(A) := /5;4 EH(EAHEdf,d:r:dydz +JAA

where the 3-form .J is the charge-current.

The Euler-Lagrange Equations is this case are d dA = J, meaning that there’s no hope for a solution
unless d.J = 0, and that we might as well (think Poincaré’s Lemma!) change variables to F' := dA. We thus

get

dJ=0 dif =0 dxll = J

These are the Maxwell equations! Indeed, writing F' = (E;dzdl + Eydydt + E.dzdt) + (Bzdydz +
B,dzdz + B,dzdy) and J = pdzdydz — jrdydzdt — jydzdzdt — j,dzdydt, we find:

0 :
dJ =0=—= a—"; +divy =0 “conservation of charge”
divB=0 “no magnetic monopoles”
dF = 0 = and
0B
curl £ = A that’s how generators work!
divE = —p “electrostatics”
dxF =J= and
ar .
curl B = ~ 5 + 9 that’s how electromagnets work!

Exercise: Use the Lorentz metric to fix the sign error!

November 29, 2007; http:/ /www.math.toronto.edu/ “drorbn/classes/0708 /GeomAndTop and http:/ /www.math.toronto.edu/
~drorbn /classes/0708 /Geom AndTop/Maxwell.pdf



0708-1300/Homework Assignment 6

From Drorbn

0708-1300/Navigation Panel [Hide]

Contents
= | Reading |
i 1 “:
2 Doing # ﬂ:’“k | Links
® 3 Just for Fun i
= 4 Due Date Fall Semester
| i _Sep 10 /About, Tue, Thu
2 :Sep 17 |Tue, HW I, Thu
3 ISt-:p 24 Tue, Photo, Thu
Readin 4 [0ct 1 Questionnaire. Tue.
g "8 ¢ HW2, Thu
A _ ' | 5 IUcl 8 _Thanksgiving, Tue, Thu
t‘yuu.r leisure, read your class notes over the break, and especially aF some 6 [Oct 15 [Tue, HW3, Thu
point right before classes resume next semester. Here are a few questions 7 {0ct 22 ITue: Thu
you can ask yourself while reading: ] Tue, HW4, Thu, Hilbert
8 [0ct 09| S0 % 2l
e isphere
= Do you understand pullbacks of differential forms? 9 [Nov5 |Tue.Thu, TEI

= Do you think you could in practice integrate any differential form on
any manifold (at least when the formulas involved are not too messy)?

= Do you understand orientations and boundaries and how they interact?

= Why is Stokes' theorem true? Both in terms of the local meaning of 4 ,
and in terms of a formal proof.

= Do you understand the two and three dimensional cases of Stokes'
theorem?

= Do you understand the Hodge star operator » ?

s How did we get 4 « /4 — J from the least action principle?

= Do you understand how Poincare's lemma entered the derivation of
Maxewell's equations?

= Do you understand the operator P ? (How was it used, formally
derived, and what is the intuitive picture behind it?)

= What was H,5 and how did it relate to pullbacks and homotopy.

Doing

10 Nov 12 |Tue, Fhu
'11/Nov 19 Iue HWS5
i[’?' wazﬁ ]m., Thu
13 Dec3 |Tue. HW6

Spring Semester

14/Jan7 [HW7

115/7an 14 |

16/Jan21 |HWS

17/Jan 28 |

18/Febd4  |HW9 |

il‘}‘Fch {1 |TE2: Feb 17: last chance
to drop class

R FLb 18

20/Feb 25 [HW10

21| Mar3 |

22 Mar 10 [HW11

|2.1 Mdr 17

24 Mar 24 |HW12

Solve the following problems and submit your solutions of problems 1, 3 and EE ra" ;1 ’ N
pr |

4. This is a very challenging collection of problems; 1 expect most of you to Firrats o Biodon's Book |
do problem 2 with no difficulty (it is a repeat of an older problem), problem |

1 with some effort, and I hope each of you will be able to do at least one

further problem. It will be great if some of you will do all problems!

Problem 1. If )/ is a compact orientable n -manifold with no boundary, show that H.(A/) # 0.

Problem 2. The standard volume form on g2 is the form w given by

http://katlas.math.toronto.edu/drorbn/index.php?title=0708-1300/Homework Assignment 6



w=1.
¥

W = %(:rdy/xdz+ydzﬁdr+zdmhdy)-ShﬂWthﬂt _/:g_
g

. ! T ke 3 that if w, € OQ°(S5°) and
Problem 3. Show that if w € QE(SE) satisfies ./54 w = 0, then w 1s exact. Deduce it wy (5°)

- ' Wy = wo, then |wyi| =
wg € 92(5' ) satisfy /Sz w1 /SE 2, then [wy]
dim H2,(S%) = 1.

|w,| as elements of H2,.(S?)- Deduce further that

in which 71 and 72 are smooth embeddings of the

v ") are disjoint. Two such links are called
py along which the components remain

Problem 4. A "link" in g3 is an ordered pair 5 = (71, 72) >
circle ! into g3, whose images (called "the components of
"isotopic", if one can be deformed to the other via a smooth homoto |
embeddings and remain disjoint. Given a link 7v. defineamap ¥, : S Ly S — S% by

. (ty,t2) := 2(ta) = N(t) _Finally, let w be the standard volume form of g2, and define "the linking
[|72(t2) — M (t1)l]

number of = (71, 72)" to be [(7) = (71 V2) = /s:_.{sj ¢w . Show

| If two links 7 and ~’ are isotopic, then their linking numbers are the same: [(7) = I(7')-
2. If ./ is a second 2-form on g? for which /s” o' = 1 and if I(~) is defined in the same manner as [(7)

except replacing w with ), then [(7) = I'(~). (In particular this is true if )’ is very close to a §
-function form at the north pole of §%).

3. Compute (but just up to an overall sign) the linking number of the link L11a193
(http://katlas.org/wiki/LL11a193) , displayed below:

The links L11a193, 73 and .

Just for Fun

Pro [ '
ve that the two (3-component) links 73 and ~ 4 shown above are not isotopic, yet their complements are

diffeomorphic. (See more at Classes: 2004-05: M
. : : Math 1300Y - Topology: Homework Assi
(http://www.math.toronto.edu/~drorbn/classes/0405/Topo logy/HWS5/HW html) ) S

Due Date

This assignment is due in class on Thursday January 10, 2007

http://katlas.math.t i
tmmm.edlﬂdmrbnf‘mdex.php?utlﬂ’?ﬂa-1300!Hnmewurk_ﬁssignment 6
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0708-1300/Class notes for Tuesday, January 29

; Two Covering Spaces _ : [edit]

ParametricPlot3D[
{

{r Cos[2t], r Sin[2t], 4 + Cos[t]},
{ir Cos[t], r Sin[t], O},
PlotPoints -> {49, 2}

Seifert surface of the Figure Eight Knot, drawn
using Jack van Wik &'s amazing Seife @EW@.

iy B, £Pi); i, 1. 3)

-
- e e
___________________

14 Covering Spaces [edit]

14 further covering spaces can be found on page 58 of Hatcher's book &

12l

Add your name / see who's i
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Spring Semester

14Jan7 |[Tue, Thu, HW7

15Jan 14 |[Tue, Thu

16an 21 |Tue, HWB

17Jan 28 |[Tue

18|Feb4 |HWS

TE2; Feb 17: last
chance to drop class

19|Feb 11

R|Feb 18
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CYERSE ~ Some Covering Spaces of S'v S
(1) b |
; (2)
) b b (a?b? ab)
(a, b°, bab™)
(3) '
b a (4) b a
b i b a
| (a® b? aba™, bab™) (@, b? ba’b~ baba b1
(5) )

?

<

(6 a
(a° b3 ab, ba)
3 a
(8)

b
$ (a® b2 (ab)? (ba)? ab®a)
a
(9) (10) a a a
| AAVTEANTR)
4
YD
. a a i
(a® b* ab,ba’b™ bab™?)

(bznﬂb -En-li bEn+lﬂb—En | ne 7 }

/4

A

(11) a a a (12) e

2Q:Q:Q; .

(brab"| ne Z)

(a)

A A3
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)0*708-1300/Class notes for Tuesday, February 5

From Drorbn

—

Contents

® ] On Term Exam 2

® 2 Unbased Covering Spaces
® 3 Based Covering Spaces |
® 4 The Main Point

B 5 Steps in the proofs of Theorem 1 and 2
B 6 A Deep Thought Question

i
|

On Term Exam 2

Term Exam 2 will take place on Monday February 11, 2008, in room GB217 of the
Galbraith Building (across St. George from Bahen), starting at 6:10PM sharp and

!nding at 8PM. The material is everything since the last exam - differential forms and
stokes' theorem from last semester, and the fundamental group and covering spaces
from this semester. The general style and form of the exam will be exactly the same

as the style and form of Term Exam 1. L?qu [\MJ{; /‘7 P'*’/L*‘ff,

Imprecise Definition. "Sketch the proof of a major theorem" means that you should
write an outline of the proof, omitting details that any graduate student taking this
class could have considered as exercises while studying the proof for the first time,
while not omitting anything that really requires creative thinking.

Example. A sketch of the proof that every smooth manifold AJ carries a proper
smooth function } into the positive reals would be "let Ax(2) be a partition of unity

subordinate to a cover of AJ by open sets with compact closures, and take
h(z) = E kAk() " The formula Z kAR(Z) in the quoted statement above
k k

requires creativity and is hard to come by; so every sketch must contain it or
something equivalent to it. The proof that the resulting function / is indeed smooth

and proper is an exercise and may well be omitted.

Unbased Covering Spaces

et B be a topological space and let C(B) be the category of covering spaces of
%c category whose objects are (unbased!) coverings X' — [3 and whose
morphisms are maps between such coverings that commute with the covering
projections - a morphism between P X = Bandpy:Y — B isamap

a: X — Y so that the diagram below is commutative:

0708-1300/Navigation

Panel [Hide

Add your name / see who's in!

Week
of...

Links

Fall Semester

Sep 10

About, Tue, Thu

Sep 17

Tue, HW 1, Thu

Sep 24

Tue, Photo, Thu

Oct |

Questionnaire, Tue,
HW2, Thu

Oct 8

Thanksgiving, Tue, Thu

Oct 15

Tue. HW3. Thu

Oct 22

Tue, Thu

Oct 29

Tue, HW4, Thu, Hilbert

.'~;|‘l|1L‘I'1:

Y

Nov 5

Tue, Thu, TEI

10|Nov 12

Tue, +aa

8

Nov 19

Tue, HWS5

Nov 26

Tue, Thu

13

Dec 3

Tue, HW6

Spring Semester

14

Jan 7

Tue, Thu, HW7

15

Jan 14

Tue, Thu

16

Jan 21

Tue, Thu, HWS8

17

Jan 28

Tue

|8

FFeb 4

Tue, HWY

19

20

Feb 11

TE2: Feb 17: last chance

to drop class

R chh |8 |

Feb 25

HW10

21

Mar 3

22

Mar 10

HWI11

23

Mar 17

25

Mar 3__I

T == fre—
24{Mar 24 [HW12




26|Apr 7 I ¥ —-11

Register of Good Deeds

e
FI\ ‘/Plr' | Errata to Bredon's Book A
B

Every topologists' highest hope is to find that her/his favourite category of tﬂpﬂlngical nbje:f:ts 1S eguivulcnt to some
cat:goryp; easily understood algebraic objects. The following theorem realizes this dream in full in the case of the

category C(B) of covering spaces of any reasonable base space [

Theorem 1. (Classification of covering spaces)

B If B is connected and locally connected with base point by and fundamental group G = 7y (B, by ), then the map
which assigns to every covering p: X — B its fiber p']( by ) over the basepoint by induces a functor £ from

the category C(B) of coverings of B to the category S(G') of G -sets - sets with a right (3 -action and set maps

that respect the (7 action.
® If in addition B is semi-locally simply connected then the functor J- 18 an equivalence of categories. (In fact, this

1s 1ff).
Ifindeed the categories C(B) and S(G') are equivalent, one should be able to extract everything topological about a
covering p: X — B from its associated (3 -set F &, e p‘l(bﬂ). The following theorem shows this to be right in at

least two ways:

Theorem 2.

® The set of connected cnnl]ponents of X isin a bijective correspondence with the set of orbits of (7 in F (X) -
®Lletzo € F(X)=p (b)) bea basepoint for X that covers the basepoint by of B . Then the fundamental g
group 7y (X, 25) is isomorphic via the projection P» into G = 7 (B, bo) to the stabilizer group
{heG:zh =2} ofz in Tg € F(X)-

(Both assertions of this theorem can be sharpened to deal with morphisms as well, but we will not bother to do so)

Based Covering Spaces

There are similar theorems (call them th :
eorem 1 ' : :
category of based (3 -sets. HhRAbE (heovem 27 relating the category of based covering spaces with the

The Main Point

Ok. Every math technici '
ry ¢1an can spend SDHEIE time and effort and understand the statements and (only then) the proofs of

All there is to know about covering

Spaces follows from these two
theorems 6




In particular, the following facts are all simple algebraic corollaries of these theorems:

“7 L If X is connected then its covering number (=
i G = m(B), and the decks of X are in a non-canonical

‘number of decks") is equal to the index of /{ p.m(X)

correspondence with the left cosets H\G' of  in G .

Fﬂ*q 2.1f B is semi-locally simply connected, there exists a unique (up to base-point-preserving
universal covering space [/ of B " (a connected and simply connected covering [/ ).

iIsomorphism)

Corollary 3. The group of automorphisms of the universal covering (J isequalto & = m(B).
Corollary 4. 7,(S*) = Z .
Corollary 5. m,(SO(3)) = Z,/2Z. .

Corollary 6. If B is semi-locally simply connected, then for every H < G' = my(B) there is a unique (up to
- base-point-preserving isomorphism) connected covering space X' with p,m(X) = .

7.1f X, for ¢ = 1,2 are connected coverings of B with groups H; = p;,1(X;) and if H; < H, then

. G = m1(B) and unbased connected coverings of .

o srollary 9. A connected covering X is normal (for any xy, 9y € p_l(b) theres an automorphism 7 of X with

T2y = ) iff its group p,mi(X) is normal in G = m ().

¢
H;‘ r v
%-J 10.If X is a connected covering of B and H = p,m1(X), then Aut(X) = Ng(H)/H where Ng(H)
 is the normalizer of H in G -

nl

._'| '_:
i g
' |..
bl
pr

[}

yposition 11. If we forgot anything, it follows too.

T
} | 2
s

5

lﬂtheproofs of Theorem 1 and 2

e =
.

¢ st s to construct a right action of G onp~ 1 (bo).
|  this is indeed a group action and that morphisms of coverings induce morphisms of right & -sets.
T "“} ction of an "inverse" functor G of JF : Use spelunking (cave exploration) to construct a universal
ne [J of B, if B is semi-locally simply connected.
L T eneral lifting property for covering spaces to show that there is a left action of (&

 set § set G(S) = S xq U = {(s,u) € S x U}/(sg,u) ~ (s, gu) and show that
“and F(G (8))=S.
p betwe ** ed components and orbits.

-

 of lifts to show that G o F is equivalent to the identity functor (working

| | i NN ':Il.-'l_l-..il"-l.,' e n
ol g i
L T



A Deep Thought Question

What does it at all mean "G o F is equivalent to the identity functor” (and first, why can't it simply be the identity

functor)? And even harder, what does it at all mean for two categories to be "equivalent"? If you answer this question
correctly, you'll probably re-invent the notions of "natural transformation between two functors” and "natural
equivalence", that gave the historical impetus for the development of category theory.

From the Wikipedia entry for Natural Transformation (http://en.wikipedia.org/wiki/N atural_transformation) :

Saunders Mac Lane, one of the founders of category theory, is said to have remarked, "I didn't invent
categories to study functors; I invented them to study natural transformations.” Just as the study of groups is

not complete without a study of homomorphisms, so the study of categories 1s not complete without the study
of functors. The reason for Mac Lane's comment is that the study of functors 1s itself not complete without the

study of natural transformations.

The context of Mac Lane's remark was the axiomatic theory of homology. Different ways of constructing
homology could be shown to coincide: for example in the case of a simplicial complex the groups defined

directly, and those of the singular theory, would be 1somorphic. What cannot easily be expressed without the
language of natural transformations is how homology groups are compatible with morphisms between objects.
and how two equivalent homology theories not only have the same homology groups, but also the same

morphisms between those groups.

Retrieved from
_http://katlas.math.toronto.edu/drorbn/index.php?title=0708-1300/Class_notes_for_Tuesday%2C_February 5"

= This page was last modified 20:09, 4 February 2008.
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Do not turn this page until instructed.

Math 1300 Geometry and Topology

Term Exam 2

University of Toronto, February 11, 2007

Solve the 4 problems on the other side of this page.
FEach problem is worth 30 points.
You have an hour and fifty minutes to write this test.

Notes.
e No outside material other than stationary is allowed.

e Neatness counts! Language counts! The ideal written solution to a problem looks
like a page from a textbook; neat and clean and made of complete and grammatical
sentences. Definitely phrases like “there exists” or “for every” cannot be skipped.
Lectures are mostly made of spoken words, and so the blackboard part of proofs given

during lectures often omits or shortens key phrases. The ideal written solution to a
problem does not do that.

e Advance apology: It may take me a while to grade this exam; sorry.

Good Luck!



Solve the followin
and fifty minutes.

€ 4 problems. Each problem is worth 30 points. You have an hour
Neatness counts! Language counts!

Problem 1 “Compute”. Ietwe QZ(RL,I) be w = ydz A dz, and orient R3,, using the
order (z, yéz). Letl R be the rectangle —7%,5)e X [0, 27],4 oriented using the order (0,¢). Let
AR — R . be given by A0, ¢) = (cosf cos @, sin @, cos @ sin ¢).

I Compute Mw. ;f:’}&('? (069 S8 #

2. Compute f A
5 3

3. Compute dw. o ﬁbﬁhjcl%
4. Cmmpute/ dw. .__}j_,-/—:,—-
(22492 422<1] o

Problem 2 “Reproduce”. State precisely and prove in detail the theorem about existence
and uniqueness of lifts of maps f : Y — B, where B is the basis of a covering p : X — B.

@/}’j Y net) o CU“”‘?U('LJ Q,E?'i conn,

Problem 3 “Think”. Let Y be the space obtained from a triangle by identifying its

three edges, where all three edges are oriented counterclockwise. (Alternatively, Y = {z €
C: |z| € 1}/(z ~ €*™/3z whenever |z| = 1)).

.2f M 1. Compute (YY), quoting the theorems you use along the way.

? R., 2. Prove that every map ¥ — RP? lifts to a map Y — S2, or find one that doesn’t.

Problem 4 “Sketch”. Sketch the derivation of the four Maxwell equations, along with
the necessary condition on the charge-current, using differential forms and starting from the
least action principle.

Praﬂf")g . ﬁ@éﬁf—? I 9{*{/7‘1/[ Of /M/ act> |
p Vin kanp gt Gaod Luck! [IF 2 K oe s/ Iiegin o it
b cutfrny up \j e i LR
b s _’( ﬂl [ S () (hr Jf Lev 7697 rM"r{e;n
% oy S ﬂvh'l Vi Id) g« | \ .
S ot o [ Trpibitin o jqf;:_‘i’T
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A Homology Theory is a Monster

6.1. Deflinition. ‘A homology theory (on the category of all pairs of topological
spaces and cﬂntmunt}s maps) is a functor H assigning to each pair (X, A) of
spaces, a Efa‘{fed (abelian) group {H (X, A)}, and to each map f:(X, A)—=(Y, B),
h.amomnrphlsms ; H (X, A)— H (Y, B), together with a natural transforma-
tion of functors - 5 H/(X,A)— H,_(A), called the connecting homomorphism

(W!Iﬂfﬂ WC use 'H..(A} to denote H,(A, &), etc.), such that the following five
axioms are satisfied:

(1) (Homotopy axiom.)

J =g:(X,A)=(Y,B) = f,=g,:H(X,A)—HY,B).

(2) (Exactness axiom.) For the inclusions i- 4 c X and j: X (X, A) the
sequence

i

v« = H (A) = H(X) —> H (X, A) —>H,_,(4) —...

Is exact.
(3) (Excision axiom.) Given the pair (X, 4) and an open set U < X such that
.Ur:ml(A} then the inclusion k:(X — U, 4 — U)=_,(X. A) induces an
. isomorphism

ky:H (X —U,A—U)— H (X, A)

(4) (Dimension axiom.) For a one-point space P, H.(P) =0 for all i # 0.
(3) (Additivity axiom.) For a topological sum X = 4+, X the homomorphism

Biy)y: DH(X,)—H,(X)
Is an isomorphism, where i,: X, =, X is the inclusion.

The statement that @, is a “natural transformation” means that for any
map f:(X, A)—(Y, B), the diagram

|/, [/
H/Y,B)—>H,_ (B
5 commutative. The statement that H is a functor means that for maps
Ji(X, A)=(Y,B) and g:(Y,B)—(Z,C) we have @°))e =094°f,, and also
ly = 1, where 1 stands for any identity mapping.
Page 183 of Bredon's book

Bredon's Plan of Attack: State all, apply all, prove all.

”Dutp. Axiom by axiom - state, apply, prove. Thus everything we will do will be,
or should be, labeled either "State" or "Prove" or "Apply".
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Fall Semester
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2 |Sep 17 |Tue, HW1, Thu
3 |Sep 24 IT ue, Photo, Thu

Questionnaire, Tue, HW?2,
Thu

5 |Oct 8 |Thanksgiving, Tue, Thu
6 [Oct 15 {Tue, HW3, Thu
7 10¢t 22 |Tue, Thu

Tue, HW4, Thu, Hilbert
sphere

9 [Nov5 |[Tue,Thu, ﬁil
10|Nov 12 |Tue, Thu
11{Nov 19 |Tue, HWS5

4 10ct 1

8 {Oct 29

12|Nov 26 |Tue, Thu

13|Dec 3 |Tue, Thu, HW6

Spring Semester

l4|Jan 7 |Tue, Thu, HW7

15|Jan 14 |Tue, Thu

16{Jan 21 |Tue, Thu, HWS8

17|Jan 28 |Tue

18|Feb4 |Tue

TE2, HW9, Thu, Feb 17:
last chance to drop class

R [Feb 18 |Reading week

19|Feb 11

20(Feb 25 |Tue, HW10
21|Mar 3

22|Mar 10 [HW11

23 |Mar 17
24 |Mar 24 HW12
25|Mar 31
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_ 0708-1300/Homework Assignment 12

Drorbn
Readin
4 0708-1300/Navigation Panel [Hide]
Read, reread ks
really, really 12311 rereread your notes to this pont, and make sure that you really, really s
g > > g Yl?ﬂﬂy understand everything in them. Do the same every week! Also, "Add your titne Tae R
» 15 and 18-20 of chapter IV of Bredon's book (three times, as always). Week e
: & Ry Links
DOI llg Fall Semester
| |Sep 10 |About, Tue, Thu
. 2|8
S;lv; all thft? problems in pages 206-207 of Bredon's book, but submit only your 3 S:E ; Eﬁ E:I IL ’1;1:
u ; €, hoto,
ons of problems 1, 5, 9, and all the problems in pages 230 but submit only problem —
1. Also, solve and submit the following: ol o B e
. HW2, Thu
_ 5|0ct8 |Thanksgiving, Tue. Th
Pr { : . _ giving, Tue, Thu
:ble]lln 12. Given a CW spaceF K with n -cells indexed by J . and skeleta denoted 6 |Oct 15 |[Tue, HW3, Thu
K™, show thal;the map o, : (K,) — (K,_,) given by the composition 7 [Oct 22 |Tue, Thu
m prn- _ ~n—1» - n—2y : '
BRI K™ ) — H, (K™Y — H,_ (K" ! K™ ?) is equal to the one 8 |Oct 29 :‘:;me Thu, Hilbert
- - : - o e rﬂ —
defined using degrees: 020 = ; EZ [T : o) , Where |7 : o := deg p- o fs, and the 9 [Nov5 |Tue,Thu, TE]
. Cin-1 10{Nov 12 |Tue, Thu
1 -
fas's are the gluing maps defining K . 11/Nov 19 |Tue, HWS ey
. 12{Nov 26 |Tue, Thu
1 2 .
Hint. Dror's notes on the subject are: 13{Dec 3 [Tue, Thu, HW6
’ e e \ iR , .- | ._ SFI‘iJlg Semester
[7:4 \K, K ) —=—H | R ey .?r,.l' [l ) 14/Jan7 [Tue, Thu, HW7
. : ; - - A-] | / 15/Jan 14 |Tue, Thu
1 | 16{Jan 21 [Tue, Thu, HWS8
J.-' ' 17|Jan 28 (Tue
Ha (K K R ji ¢ Jiss
| b6 B 10lFep 11 |TE2. HW9, Thu, Feb 17;
’ eb 1l
N last chance to drop class
G TR AIWS R |[Feb 18 |Reading week
A L e S ey 20[Feb 25 [Tue, HW10
A 21|Mar 3
/ ' : e 22|Mar 10 |Tue, HW11
e [G"T’ | §=) 23|Mar 17 [Tue
Foaish 24 Mar 24 |Tue, HW12, Thu
‘:!]" 25|Mar 31
H -\" . ~A- | “I_‘: | i 26 A.pl'?
HF.'-I"‘}: | > 1. ! R. Aprl-‘-l
?A\ R |Apr 21
—1 ) F |Apr 28 |Final (Fn, May 2)
H-.-q lb"; Register of Good Deeds
Errata to Bredon's Book

Divide and conquer!

Due Date

gaasigmnmt is due in class on Thursday April 10, 2008.
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Dror Bar-Natan: Classes: 2001-02: Algebraic Topology: screen version print version

Topological Pathologies in R’

Ay : _ G
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An embedding of an interval in R® whose complement is not simply connected:

MM-

See Hocking and Young's Topology pp. 176-177.

e

See http://www.math.ohio-state.edu/~fiedorow/math655/Jordan.html.

%

Antoine's necklace - an embedding of a Cantor set in R’ whose complement is not simply connected:

.m o " o

: d
& % | - .
- i AT, el | Wl o L E F Fiir w*wm
b - |'-'__ I'I.a - .,..l- ) S i
s e R e i
i L e L e e L | .11
B L | .

At T fclipipsenic
See http://www.cs.ubc.ca/nes

= ] i

t/imagerfcnntributiunsfschareirﬂvarinusmntuinesNecklace.html.

R
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Do not turn this page until instructed.

Math 1300 Geometry and Topology

Final Examination

University of Toronto, May 2. 2008

Solve 3 of the 4 problems in Part I and 3 of the 4 problems in Part II of this
exam.
Fach problem is worth 17 points.
You have three hours to write this test.

Notes.

e No outside material other than stationary is allowed.

e Neatness counts! Language counts! The ideal written solution to a problem looks
like a page from a textbook; neat and clean and made of complete and grammatical
sentences. Definitely phrases like “there exists” or “for every” cannot be skipped.
Lectures are mostly made of spoken words, and so the blackboard part of proofs given
during lectures often omits or shortens key phrases. The ideal written solution to a
problem does not do that.

e Advance apology: It will take me around 3 weeks to grade this exam: sorry. If you
have a strong reason why you must have your grade ready quicker than that (e.g., you
need to graduate), you MUST indicate that to Dror NOW and he will grade your
exam separately and sooner.

Good Luck!



Part 1

Solve 3 of the following 4 problems. Each problem is worth 17 points. Neatness

counts! Language counts!

Problem 1.

1. Stag and prﬁve the theorem about the local structure of immersions.

¢ 2. A manifold N is embedded inside a manifold M. Prove that every smooth function on
N can be extended to a smooth function on M, at least locally.

Tip. As always in math exams, when proving a theorem you may freely assume anything that preceded it
but you may not assume anything that followed it.

Problem 2.
[1. State the Van Kampen theorem. &) No A 8 mn’?!fﬁ) %

| 2. By appropriately gluing a disk to the wedge of two circles (the “c0” space), construct
a space X34 whose fundamental group is (a,b: a®b* = 1).  conl: 7 i

Tip. Of course, you also need to prove that Xa4 has the desired property. gl

IL.‘l;'(r::):nl:)1131:1) 3. Letp:R: =C, — C, - {0} = R%, — {0} be given by w = e* (i.e., by
Z) = €®).

/s
S{1. Prove that there is a form w € Q'(R2, — {0}) such that prw = dy.

(2. Find an explicit formula for w, of the form w — f(u, v)du + g(u, v)dv.

S A
?" 3. Show that w lut@m) Wav ™ uhf:};b-

Problem 4.
—h,ldﬂﬁ?(fozﬂ/f /79 //ziu mfj&(fj/ﬁr}‘)?é{.ﬂ

gl Sta?e precisely (but don’t bother proving) the theorem about existence and uniqueness
of lifts of maps f : ¥ — B, where B is the basis of a covering p: X — B.

2 Letpy : X : i
(] nectfcll 5 a.c{:a ; B ;ﬂd P2 : X3 — B be coverings of a connected and locally con-
p , d4lld assume tha.t- pl*?rl(Xl) = Do, (XE) PI'DVE tha.t XI arﬂd X2 are

homeomorphic. @ o % f S
ron -



Part 11

Solve 3 of the followi
g 4 .
counts! Language counfs! problems. Each problem is worth 17 points. Neatness

Problem 5 “Compute”. Embed S® inside C? as the subset {(z1,22) : |21]> + |22|* = 1}

d ‘ : '
an c0n51der the map f : .5'3 — 53 given by (21,2’2) — (z:la/l_:::llg1 \32]5/23) (f()l‘ the purpose

(,])f' this definition, § = 0). Compute the degree deg f.
ip.

(44 n
Compute”, of course, really means “compute and justify your computation”.

Problem 6 “Reproduce”.

Ll,l. State the exactness axiom for a homology theory.

\fZ. Qtate the excision axiom for a homology th

act sequences for a gphere 1n a 1sk and for a@sp@nd the
iom?, to prove that Hp = H,_1(S™ ') when both p and n are large (that
Ty about “basing the induction” ).

“«Think” .1 SX of a topological space X is defined to be
blem 7 “Think™. The suspension * i ' r
];{rz [0, 1] with X X {0} identified to a point and X x {1} .dentified to (another) point. Prove

that H..1(S5X) = H,.(X) for every n.

The “homotopy axiom” for a homology theory states tha.i? if
f X — Y, then f» = 9x° HiX) = H,(Y). Sketch to the best of your understanding
~ g g — 3 I |

the proof of the homotopy axiom for singular homology.

: .+ details whose completion would qualify as “mechanical
Tip g0 rule is that you can safely omi
ip. A good thumb

Problem 8 «Qketch” .

.exerciseﬂ'_" :

; hain honstes

B oM Good Luck!

e



Do not turn this page until instructed.

Math 1300 Geometry and Topology

Term Test

University of Toronto, November 8, 2007

Solve the 4 problems on the other side of this page.
Sach problem is worth 30 points.
You have two hours to write this test.

Notes.

e No outside material other than stationary is allowed.

¢ Neatness counts! Language counts! The ideal written solution to a problem looks
like a page from a textbook; neat and clean and made of complete and grammatical
sentences. Definitely phrases like “there exists” or “for every” cannot be skipped,
Lectures are mostly made of spoken words, and so the blackboard part of proofs given

during lectures often omits or shortens key phrases. The ideal written solution to a
problem does not do that.

Good Luck!



ot
|

Solve the following 4 problems. Each problem is worth 30 points. You h

ave two hours.
Neatness counts! Language counts!

Problem 1 “Compute”. Let ¢ : Hi.y — R, be given by u(z,y) = 22 — 2 ang
v(Z,y) = 2zy, let o RE,U — R be given by J(u,v) = u? + 92 and let

£ € T{UJ]RE be
§ = 0/8z. Compute the following quantities (with at least some Justification): .

:'F‘ : L = ::1 N e .-"I :"" “‘ - 7 -:-:}—- i # 3
p ' 1‘ ¢‘£. -}-r}\)‘j - F_}“'] i -:? -A; l‘?ﬂ ?I\% "-'F '1:' e : Jﬂ;jv; \__ |I \I Lo ‘:I ,_ |!]I LA
1._ H —— L L - N i _|I 1Itl'
§ ! = “ \‘- ;lll
(% @" 2. ¢‘f. g {.-Y‘L'* ‘:/E/L =

b3 (8.8)f = &
L 4. f(ﬁb*f) - 7

pS

Problem 2 “Reproduce”. The tangent space ThR™ to R™ at 0 can be defined in the

following two ways: J v
. A ':‘J'I -:-.f_f.
1. TyR™ is the set of all smooth curves Y ¢ R — R" satisfying v(0) = 0, modulo the Y 3 i A
equivalence relation ~, where N ~ 72 it %1(0) = 92(0), where in general. Y denotes Y (| o
the derivative of y(t) with respect to (. 8 onto
2. T{R™ is the set of all linear functionals D on the vector space of smooth functions on ¢ [ . 1¢ oF
R", which also satisfy Leibnitz’ rule, D(fg) = (Df)g(0) + f(0)(Dg). -~ ) Py

Prove that these two definitions are equivalent (i.e., that there is a natural bijection between

ToR™ and TZR"). If you use a non-trivial lemma from calculus, state it precisely but you
don’t need to prove it.

Problem 3 “Think”. Let f: M — M be a smooth function from a compact manifold
M to itself. Prove that there is a point y € M so that f “!(y) is finite. (In fact, there are
many such points).

Problem 4 “Sketch”. Sketch to the best of your understanding the proof of the Whitney
embedding theorem, paying close attention to what is important and little attention to what

is not. Here, more than anywhere else, neatness and language count!
) At

. A 1ok =
N el M @

17 1 Kl 474 an @ Mo ongtratun of
sl

I did ne? normallee B




