MAT 1300Y (MAT 427s)

TOPOLOGY
P. Selick
—l—-Z{. TN «:5 I. Point set topology: Topological spaces and continuous functions, connectedness
c ¢ and compactness, countability and separation axioms.
2. Homotopy: Fundamental group, Van Kampen theorem, Brouwer's theorem for the
2-disk. Homotopy of spaces and maps, higher homotopy groups:xovering theory,
} [ ,L, m. universal coverings. : \*()”thf e (.
) = 3. Homology: Simplicial and singular homology, homotopy Invariance, exact

S€quences, Mayer-Vietoris, excision, Brouwer's theorem for the n-dis-l?%
deqees .

complexes, Euler characteristic.
4. Cohomology: Cohomology groups, cup products, cohomology with Eﬂ&fﬁﬂiﬂ__ﬂl&
p )

. 5. Topological manifolds: Orientation, fundamental class, def for—>
& hanii

55,
Lo
6

Reference:

Hatcher: Algebraic Topology, Cambridge University Press, 2001.
Additional References:

Bredon: Topology and Geometry, Springer, 1993.

Munkres: Elements of Algebraic Topology, Perseus Books, 1993
Fulton: Algebraic T opology: A First Course, Springer, 1994,

Tu Bott: Differential Forms in Algebraic Topology, Springer, 1997.
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About This Class

URL: http://www.math toronto.edu/~drorbn/classes/0405/Topology/.
Agenda: Learn about the surprising relation between the easily deformed (topology) and the most rigid (algebra).

Instructor: Dror Bar-Natan, drorbn@math.toronto.edu, Sidney Smith 5016G, 416-946-5438. Office hours: Thursdays 12:30-

1:30.
Classes: Tuesdays 1-3 and Thursdays 2-3 at Sidney Smith 5017A.

Optimistic Plan:

I. Point set topology: Topological spaces and continuous functions, connectedness and compactness, countability and

separation axioms.
2. Homotopy: Fundamental group,
maps, higher homotopy groups.
The language of category theory.

Covering theory, universal coverings. e &
Homology: Simplicial and singular homology, homotopy invariance, exact sequences, Mayer-Vietoris, excision,

Brouwer's theorem for the n-disk, degrees of maps, CW-complexes, Euler characteristic, a word about the

classification of surfaces.
6. Cohomology: Cohomology groups, cup products, cohomology with coefficients.
-

Topological manifolds: Orientation, fundamental class, Poincare duality.

Van Kampen theorem, Brouwer’s theorem for the 2-disk. Homotopy of spaces and

DA W

Textbooks: We will mainly use James Munkres' Topology (ISBN 0-13-181629-2) and Allen Hatcher's Algebraic Topology
(Free! ISBN 0-521-79540-0). Additional texts by Bredon, Bott-Tu, Dugundji, Fulton, Massey and others are also excellent.

Lecture Notes: I'll be happy to scan the lecture notes of one of the students after every class and post them on the web. We
need a volunteer with a good handwriting!

The Final Grade: Around the third week of classes (after I'll know you a little better) I will decide on the grading scheme for
this class. While the specifics are still open, your final grade is sure to depend on your homework grade and on some final
test/report/presentation, and is likely to also depend on a midterm or two.

Problem Sets: There will be about 10 problem sets. I encourage you to discuss the homeworks with other students or even
browse the web, so long as you do at least some of the thinking on your own and you write up your own solutions.

Feedback: I'd be very happy to hear from you. There's a link to a feedback form at the top of this class' web site (and here).
Anonymous messages are fine, provided they are written with good intent. Though remember that if I don't know who you
are | may not be able to address your concern. You will each be required to use this feedback form at least once, on the third

week of classes (see below).

Class Photo: To help me learn your names, I will take a class photo on Thursday of the third week of classes. I will post the
picture on the class' web site and you will be required to use the feedback form to identify yourself in the picture.

http://www.math.toronto.edu/~drorbn/classes/0405/Topology/etc/ About.html 08/09/2004
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Dror Bar-Natan: Classes: 2004-05: Math 1300Y - Topology:

Homework Assignment 1

Assigned Tuesday September 28; due Thursday October 14, 3PM, in class

Required email. The class photo will be on the class’ web site in a day or two and you
are all required to find it, find yourself in the photo, and send me an email message (either
using the feedback form on the class’ web site or using my regular email address) with the

following information:

e Where are you in the picture? (Say something like “back row 3rd from the left”, and
to be sure, add something descriptive like “I'm the one with the knotted hair and the

Mobius band tattoo on my forehead”.)
e Your name.
e Your email address.

e Your telephone number (optional).

e Which of the last four pieces of information do you allow me to put on the web? If
you don’t write anything about this, I'll assume that your location in the photo, your
name and your email address are public but that your phone number is to be kept

confidential.

Your email is due earlier than the rest of this assignment, on Monday October 4 at 4PM.
If you aren’t in the picture at all, find me before Monday and I’ll take a (small) picture of

you on the spot and edit it into the main picture.

Required reading. Read, reread and rereread your notes to this point, and make sure
that you really, really really, really really really understand everything in them. Do the same

every week! Also, read all of Munkres chapter 2.

Solve the following problems. (But submit only the underlined ones). In Munkres’
book (Topology, 2nd edition), problems 4, 8 on pages 83-84, problems 4, 8 on page 92,
problems 6, 7, 13 on page 101, problems 9, 11, 12, 13 on page 112, problems 6, 7 on page
118 and problems 3, 8 on pages 126-128. Also solve (but don’t submit) the following

Let C be the “Cantor set”, the closure of the set of real numbers in 0, 1]

Problem.
whose expansion to base 3 doesn’t contain the digit 1 (e.g., 3 = 0.2020202020202. . . is in,

but 3 = 0.11111111... 18 out). Prove that C (taken with the topology induced from R) is
homeomorphic to {0, 1}" (taken with the product topology).



Dror Bar-Natan: Classes: 2004-05: Math 1300Y - Topology:

Agenda for September 28, 2004

Comment. f is continuous at z iff for every neighborhood V' of f (z), its inverse image
f~Y(V) contains a neighborhood of z.

Agenda. We will discuss two primary notions and the interaction between them and along
the way also learn about sequences.. ..

First notion — the product topology. (The naive definition and the box topology),
definition by listing our requirements, uniqueness and existence, interaction with the trivial

topology, the subspace topology, T> and the discrete topology.
Second notion — metric spaces and metrizability Definition, examples, the metric
topology, T»-ness, metrizability.

The interaction We’'ll prove three theorems:
Theorem 1. (good) 0 # 1=, X is metrizable iff every X is metrizable.

Theorem 2. (who cares?) RY  is not metrizable.

Theorem 3. (bad) R® is not metrizable.
In order to prove Theorems 2 and 3 we will need to know about sequences, and these are

quite interested by themselves:
Sequences. Convergence, sequential closure.
Proposition 1. The sequential closure is always a subset of the closure, and in a met

space, they are equal.
Proposition 2. If F: X — Y and X is metric, then f is continuous iff for every sequence
in X, the convergence z; — = implies the convergence f(zx) — f(z).

rizable
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Math 1300Y Topology — Term Exam 1

University of Toronto, November 16, 2004

Each problem is worth 20 points. If you solve

Solve 5 of the following 6 problems.
more than 5 problems indicate very clearly which ones you want graded; otherwise a random
be your best one! You have an hour and 50

one will be left out at grading and it may
minutes. No outside material other than stationary is allowed.

Giood Luck Knot

ali
‘F:-hl!l"“

(from http:// www.mresource.com/Fiber/COEPart2/ goodluckknot.htm)



ace. Show that the diagonal A = {(z, ) :
meomorphic to X. (18 points

gy induced from X X X, is ho
o correct solution that does not mention the words

” and/or “neighborht}od" )

" Hopen Sﬁt”., “CIGSEd Set
pace and let @ and vy be two different points

“inverse 1mMage ;
Let (X,d) be a connected metric 8

1 Prove that if 0 < 7S d(z,y) then the sphere of radius 7 around z, Sr(x) = {2 :

d(z,2) = r}, is non-empty.

ardinality of X is at least as big as the continuum: 1 X| =27,

9. Prove that the ¢

Problem 3.

1. Define “X 18 completely regular”.

9. Prove that a topological space X can be embedded in a cube (a space of the form I4,

for some A) iff it 1s completely regular.

Problem 4.

1 Define “X is T4 (normal)”.
problem, we say that a topological space is T4% if whenever

9. For the purpose of this
A and B are disjoint closed subsets of X, there exist open sets [ and V in X so that

AcU,BcVandUNV =0. Prove that if X is T4 then it is also T47.

Problexn}l 5. The “diameter” of a metric space (X,d) is defined to be Dy := sup{d(z,y) :
T,y € Aj-

1 Prove that a compact metric space has a finite diameter.

9. Prove that if X is a a compact metric s ’ i i
pace, then there’s a pair of points zo, Yo € X
so that Dx = d(o, Yo)- . o

f’roblem 6. If f, is a sequence of continuous functions fn : R — R such that falz) — f(x)
or each € R, show that f is continuous at uncountably many points of R.

Good Luck!
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Dror Bar-Natan: Classes: 2004-05: Math 1300Y - Topology:

Covering Spaces in One Swoosh
web version: http://www.math.toronto.edu/ ~drorbn/classes/0405 /Topology/ CoveringSpaces/ CoveringSpaces.html

Let B be a topological space and let C(B) be the category of covering spaces of B: The category
whose objects are coverings X — B and whose morphisms are maps between such coverings that
commute with the covering projections — a morphism between px : X — Bandpy :Y — Bisa

map a : X — Y so that the diagram
X =¥
h A
B
is commutative.

Every topologists’ highest hope is to find that her /his favourite category of topological objects is
equivalent to some category of easily understood algebraic objects. The following theorem realizes
this dream in full in the case of the category C(B) of covering spaces of any reasonable base space

B:
Theorem 1 (Classification of covering spaces) e If B is connected and locally connected

with base point b and fundamental group G = 71(B,b), then the map which assigns to every
covering p : X — B its fiber p~1(b) over the basepoint b induces a functor F from the category

C(B) of coverings of B to the category S(G) of G-sets — sets with a right G-action and set
maps that respect the G action.

e If in addition B is semi-locally simply connected then the functor F 1s an equivalen
categories. (In fact, this is iff).
If indeed the categories C(B) and S(G) are equivalent, one should be able to extract everything

topological about a covering p : X — B from 1ts associated G-set F(X) = p~'(b). The following
theorem shows this to be right in at least two ways:

Theorem 2 e The set of connected components of X is in a bijective correspondence with the
set of orbits of G in F(X).
o Let z € F(X) = p}(b) be a basepoint for X that covers the basepoint b of B. Then the
fundamental group m(X, z) is isomorphic via the projection p into G = m1(B,b) to the the
stabilizer group {h € G : th =z} of z in F(X).

(Both assertions of this theorem can be sharpened to deal with morphisms as well, but we will

not bother to do so).
Ok. Every math technician can spend some time and effort and understand the statements

and (only then) the proofs of these two theorems. Your true challenge is to digest the following

statement:

All there is to know about covering
spaces follows from these two theorems




In particular, the following facts are all simple algebraic corollaries of these theorems:

Corollary 3 If X is connected then its covering number (= “number of decks”) is equal to the
indez of H = p,mi(X) in G = m1(B), and the decks of X are in a non-canonical correspondence
with the left cosets H\G of H in G.

Corollary 4 If B is semi-locally simply connected, there ezists a unique (up to base-point-preserving
isomorphism) “universal covering space U of B” (a connected and simply connected covering U ).

Corollary 5 The group of automorphisms of the universal covering U is equal to G = m(B).
Corollary 6 m,(S') = Z.
Corollary 7 71(SO(3)) = Z/2Z.

Corollary 8 If B is semi-locally simply connected, then for every H < G = 71(B) there is a unique
(up to base-poini-preserving isomorphism) connected covering space X with p.m:(X) = H.

Corollary 9 If X; for i = 1,2 are connected coverings of B with groups H; = pi.m1(X;) and if
H, < H, then X; is a covering of X, of covering number (Hy : Hy).

Corollary 10 If B is semi-locally simply connected there 1s a bijection between conjugacy classes
of subgroups of G = m1(B) and unbased connected coverings of B.

Corollary 11 A connected covering X is normal (for any z,,Z2 € p~'(b) theres an automorphism
7 of X with 7z, = ) iff its group p,m(X) is normal in G = mi(B).

Corollary 12 If X is a connected covering of B and H = p,m(X), then Aut(X) = Ng(H)/H
where Ng(H) is the normalizer of H in G.

Proposition 13 If I forgot anything, 1 follows too.
Steps in the proofs of Theorem 1 and 2.

1. Use path liftings to construct a right action of G on p1(b).

9 Show that this is indeed a group action and that morphisms of coverings induce morphisms
of right G-sets.

A map of Colossal Cave, New Mexico, from
http: //www.colossalcave.com/ cavetour.html.




4. Show that F(U) = G.

5. Use the construction of U or the general liftin :
_ g property for cove
there is a left action of G on U. S ring spaces to show that

6. For a general right G-set S set G(S) =S xgU = {(s,u) € S x U} /(s
: ) yu) ~ (g, d
that G(S) is a covering of B and F(G(S)) = S. (s, u) }/(89,u) ~ (g, su) and show

7. Show that G is compatible with maps between right G-sets.

8. Understand the relationship between connected components and orbits.

9. Prove Theorem 2.

10. Use the existence and uniqueness of lifts to show that G o F is equivalent to the identity
functor (working connected component by connected component).

A Deep Thought Question. We’'ll get there when it’s time, but meanwhile, think on your
own: What does it at all mean “G o F is equivalent to the identity functor” (and first, why can’t
it simply be the identity functor)? And even harder, what does it at all mean for two categories
to be “equivalent”? If you answer this question correctly, you’ll probably re-invent the notions of
“natural transformation between two functors” and “natural equivalence”, that gave the historical
impetus for the development of category theory.

Category theory
From Wikipedia, the free encyclopedia (http:ffen.wikipedia.urgjwikijﬂategary.theury}.
Background

A category attempts to capture the essence of a class of related mathematical objects, for instance the class of groups. Instead of
focusing on the individual objects (groups) as has been done traditionally, the morphisms — i.e. the structure-preserving maps between
these objects — are emphasized. In the example of groups, these are the group homomorphisms. Then it becomes possible to relate
different categories by functors, generalizations of functions which associate to every object of one category an object of another category
and to every morphism in the first category a morphism in the second. Very commonly, certain “natural constructions”, such as the
fundamental group of a topological space, can be expressed as functors. Furthermore, different such constructions are often “naturally
related” which leads to the concept of natural transformation, a way to “mep” one functor to another. Throughout mathematics, one
encounters “natural isomorphisms”, things that are (essentially) the same in a “sanonical way”. This is made precise by special natural
transformations, the natural isomorphisms.

Historical notes

Categories, functors and natural transformations were introduced by Samuel Eilenberg and Saunders Mac Lane in 1945. Initially,
the notions were applied in topology, especially algebraic topology, as an important part of the transition from homology (an intuitive
and geometric concept) to homology theory, an axiomatic approach. It has been claimed, for example by or on behalf of Ulam, that

comparable ideas were current in the later 1930s in the Polish school.
Eilenberg/Mac Lane have said that their goal was to understand natural transformations; in order to do that, functors had to be

defined; and to define functors one needed categories.
The subsequent development of the theory was powered first by the computational needs of homological algebra; and then by the

axiomatic needs of algebraic geometry, the field most resistant to the Russell-Whitehead view of united foundations. General category
theory — an updated universal algebra with many new features allowing for semantic flexibility and higher-order logic — came later; it

is now applied throughout mathematics.
Special categories called topoi can even serve as an alternative to axiomatic set theory as the foundation of mathematics. These

broadly-based foundational applications of category theory are contentious; but they have been worked out in quite some detail, as a
commentary on or basis for constructive mathematics. One can say, in particular, that axiomatic set theory still hasn’t been replaced
by the category-theoretic commentary on it, in the everyday usage of mathematicians. The idea of bringing category theory into earlier,
undergraduate teaching (signified by the difference between the Birkhoff-Mac Lane and later Mac Lane-Birkhoff abstract algebra texts)

has hit noticeable opposition.

Categorical logic is now a well-defined field based on type theory for intuitionistic logics, with application to the theory of functional
programming and domain theory, all in a setting of a cartesian closed category as non-syntactic description of a lambda calculus. At the

very least, the use of category theory language allows one to clarify what exactly these related areas have in common (in an abstract

sense).
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Next: Comments On Hatcher's Book
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2004-05: Math 1300Y - (44) previous: Class

Errata to Munkres' Book

suppressed) Tue Dec 14 18:46:06 2004

9 pec 2004 22:10:01 -0500

kres [email suppressed}

ND EDITION (second and subsequent printings)

of connectedness and compactness in Chapter 3.

f maps (0,1) into S supel 1

J is not emply.

composite g is

(a sub 1, ..., 8 sub N, 0, O, o)

let A Dbe A subset of X.

b < a. Neither U nox v contains a sub 0.
.U and V not containing a sub 0, but containing
if and only if X is T sub 1 and for every...
open in X sub i for each 1.
Show that if X is Hausdorff

Assume script A 1is a covering of X by basis elements

less than or equal to 1/n

replace "paracompact" by "metrizable".
(x, epsilon sub i)

Throughout, we assume Section 28.

rho super bar is a metric;

Find a ball centered at the origin...

element of P(W),

length (at least 3), then

(G sub 1) * (G sub 2)

Exercise 2 should be starred.

= (w sub 0)[y sub 1] a [y sub 2] b ...
with k(h(e sub 0)) = e sub 0.

F = p inverse (b sub 0).

of the subset

either empty or a one- or two- point set!
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ALGEBRAIC TOPOLOGY, PROBLEM SET 3

1. FUNDAMENTAL GROUP OF KNOT COMPLEMENT

In the following exercises a knot is a piecewise linear or smooth embedding

of S! into R3 or 3.

Exercise 1.1. Let K C S3 be a knot. Consider the image of K in R® under
the stereographic projection o : $%\ {pt} — R3. Prove that m;(S3 \ K, zg) =
m1 (R \ o(K), o(z0)).

Exercise 1.2. Compute the presentation of a fundamental group of the
complement of a knot K C R®. (You may work along the lines of Exercise

22, p. 55 in the Hatcher’s book).

Exercise 1.3. Compute, using the above exercise, a presentation of the
trefoil knot (this is the (3,2)-toric knot) and find an isomorphism between
the two different presentation of the fundamental group of the complement
of the trefoil: as an abstract knot and as a toric knot (< a,b | a*t® 5],
(Hint: It may be not easy as an algebraic problem, so use the picture!)

2. COVERING MAPS. FIRST EXAMPLES.

Solve Exercises 1, 2, 3, 4 from page 79. In the Exercise 4 skip the second
part (or solve it as an optional exercise, but first read Example 1.45, p. 77).

Date: April 11, 2002.



ALGEBRAIC TOPOLOGY, PROBLEM SET 4

1. COVERING MAPS. APPLICATIONS OF THE LIFTING THEOREMS.

Solve Exercises 8, 9 from page 79. Use various lifting properties you've
recently learnt. The hint for the Exercise 8 in the Hatcher’s book seems
misleading. Note, that a map is called nullhomotopic if it is homotopic to
a map into a point. Or, equivalently, a map is nullhomotopic if it factors
through a contractible space (Why 7).

2. MORE PROPERTIES OF COVERING MAPS.

Exercise 2.1. Let G be a connected and locally linearly connected topo-
logical group (a topological space G with a distinguished point e € G and
two continuous maps: multiplication y : G X G — G and inverse v : G = G
satisfying obvious axioms). And let (G,p) be a covering space. Show that
G may be given a structure of topological group.

Exercise 2.2. Let G be a group which acts freely and discretely (this means
that any point has a neighbourhood U/ such that all open sets gU, g € G are
pairwise disjoint) on a space X. Then the natural projection X — X /G is
a covering map.

Date: April 18, 2002.



ALGEBRAIC TOPOLOGY, PROBLEM SET 5

1. COVERING MAPS: ACTION OF THE FUNDAMENTAL GROUP OF THE
BASE ON THE FIBER

Exercise 1.1. Let (X,p) be a covering space of X. Then the group of

automorphisms of the covering space A(X,p) is isomorphic to the group of
automorphisms of a set p~!(z),z € X considered as a m1(X, z)-space.

Exercise 1.2 (Continued). For any two points z € X and Z € p~'(z)
A(‘f!p) = N(p#ﬂ'l(}?i i))fp*ﬂl (-X-.! i)s

where N( - ) is the normalizer in 7 (X, ).
What happens if m;(X,Z) is normal? Discuss the notion of a normal
covering space. What can you say about the case of the universal covering

space?
2. APPLICATIONS

Solve Exercises 15, 17 from page 80.

Exercise 2.1. Find the fundamental group of a real projective space RP™,n >
>

Date: April 25, 2002.



ALGEBRAIC TOPOLOGY, PROBLEM SET 6

1. CALCULATION OF THE FUNDAMENTAL GROUP OF SO(3)

S0O(3) is the group of automorphisms of the 3-dimensional Euclidian space
which preserve an orientation. The goal of the current set of exercises is to
understand 7 (SO(3), I), where I is the identity matrix.

Exercise 1.1. Let E be the set of all traceless, anti-hermitian 2 x 2-matrices,
1.e.
E = {A € My(C) | Tx(A) = 0; A" = —A}.

Introduce on E a structure of the 3-dimensional Euclidian space. (Hint: No
tricks | Use the most natural structure you can think of.)

Exercise 1.2. SU(2) is the set of all complex 2 X 2-matrices with determi-
nant 1 which preserve ‘one and a half’-linear form on C?. Equivalently,

SU(2) = {U € My(C) | U*U = I,det(U) = 1}
Find a homeomorphism SU(2) = S°.

Exercise 1.3. Find the action of SU(2) on E which preserves the Euclidian
structure and orientation. (Hint: Adjunction will work.)

Exercise 1.4. Explain why in the previous exercise we've constructed a
homomorphism p: SU(2) = SO(3).

Exercise 1.5. Consider ker(p) from the previous exercise and conclude that
p is a (universal) covering map.

Exercise 1.6. Find m;(SO(3).

Date: May 2, 2002.
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http://www.math toronto.edu/~drorbn/classes/0405/T opology/etc/About.html

Next: Class Notes for Thursday September 9, 2004
Dror Bar-Natan: Classes: 2004-05: Math 1300Y - 2) e

Topology:

About This Class

URL: http://www.math.toronto.edu/~drorbn/classes/0405/Topology!.

Agenda: Learn about the surprising relation between the easily deformed (topology) and the most rigid (algebra).

i i -946- ; 12:30-1:30.
Instructor: Dror Bar-Natan, drorbn@math.toronto.edu, Sidney Smith 5016G, 416-946-5438. Office hours: Thursdays

Teaching Assistant: Toan Ho Minh, hmtoan@math.toronto.edu, Sidney Smith 623A, 416-978-2967.

Classes: Tuesdays 1-3 and Thursdays 2-3 at Sidney Smith 5017A.

Optimistic Plan:
1. Point set topology: Topological spaces and continuous functions, connectedness and compactness, countability and

separation axioms. ! ;
2. Homotopy: Fundamental group, Van Kampen theorem, Brouwer's theorem for the 2-disk. Homotopy of spaces and maps,
higher homotopy groups.
3. The language of category theory.

4. Covering theory, universal coverings. ' SN ',
5. Homology: Simplicial and singular homology, homotopy invariance, exact sequences, Mayer-Vietoris, excision, Brouwer's

theorem for the n-disk, degrees of maps, CW-complexes, Euler characteristic, a word about the classification of surfaces.

6. Cohomology: Cohomology groups, cup products, cohomology with coefficients.
/. Topological manifolds: Orientation, fundamental class, Poincare duality.

Textbooks: We will mainly use James Munkres' Topology (ISBN 0-13-181629-2) and Allen Hatcher's Algebraic Topology (Free!
ISBN 0-521-79540-0). Additional texts by Bredon, Bott-Tu, Dugundji, Fulton, Massey and others are also excellent.

Lecture Notes: I'll be happy to scan the lecture notes of one of the students after every class and post them on the web. We need a
volunteer with a good handwriting!

The Final Grade: For students taking this course all year the final grade will be determined by applying an increasing continuous
function (to be determined later) to 0.2HW+0.15TE1+0.15TE2+0. OF, where HW, TE1, TE2 and F are the HomeWork, Term
Exam 1, Term Exam 2 and Final grades respectively. For students taking only the second half of the course the final grade will be
determined by applying an increasing continuous function (possibly a different one) to 0.2HW+0.2TE2+0.6F.

Homework: There will be about 12 problem sets. I encourage you to discuss the homeworks with other students or even browse
the web, so long as you do at least some of the thinking on your own and you write up your own solutions. The assignments will
be assigned on Thursdays and each will be due on the date of the following assignment, in class at 3PM. There will be 10 points
penalty for late assignments (20 points if late by more than a week and another 10 points for every week beyond that). Your 10

best assignments will count towards your homework grade. If you are only taking the second half of the course, you'll only see 7
of the assignments and only your best 6 will count towards your homework grade.

The Term Exams: Term exam 1 and Term Exam 2 will take place in the afternoons or evenings outside of class time, on the
weeks of November 15 and February 28, respectively. They will be 2 hours long,

Feedback: I'd be very happy to hear. from you. There's a link to a feedback form at the top of this class' web site (and here).
Anonymous messages are fine, provided they are written with good intent. Though remember that if I don't know who you are |

may not be able to address your concern. You will each be required to use this feedback form at least once. on the third week of
classes (see below).

Class Photo: To help me learn your names. I will take a class photo on Thursda i :
, ; . R ‘ y of the third week of classes. I will post the
picture on the class' web site and you will be required to use the feedback form to identify yourself in the picture. <




T Tophy)  compthase Lxam Syhbss , 2005~

4o

Topology

s

Set Theory: Zorn's lemma, axiom of choice. Point set topology: metric spaces, topological space, basis,
subbasis, continuous maps, homeomorphism, subspace, quotient space, Tychonov theorem, properties of
spaces (normal, Hausdorff, completely regular, paracompact), Urysohn lemma, Tietze's extension theorem,

parallelotopes, Stone-Cech compactification.

Dugundji, Topology, Allyn Bacon Inc., Boston, 1966, Chapters 1-7, 11-12.
Kelley, General Topology, Graduate Texts in Mathematics 27, Springer-Verlag, 1955, Chapters 1-5, 7, and

Appendix.

Algebraic topology: homotopic maps, fundamental group, Van Kampen theorem, higher homotopy groups.
Covering spaces, covering transformations, map lifting, classification of covering spaces. Singular homology
theory, axioms for homology. CW complexes, cellular homology, Euler characteristic. Cohomology, universal
coefficient theorem, cup product. Manifolds, orientation, Poincaré duality. Applications (Brouwer fixed point
theorem, Jordan-Brouwer separation theorem, invariance of domain, etc.)

Greenberg and Harper, Lectures on Algebraic Topology, pp. 1-229, Second Edition, Addison-Wesley, 1981.
Massey, 4 Basic Course in Algebraic Topology, Graduate Texts in Mathematics 127, Springer-Verlag, 1991,

pp. 117-146.
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Dror Bar-Natan: Classes: 2004-05: Math 1300Y - Topology:

Term Exam 2

University of Toronto, March 8, 2005

Math 1300Y Students: Make sure to write “1300Y” in the course field on the exam notebook.
olve one of the two problems in part A and three of the four problems in part B. Each problem is
worth 25 points. If you solve more than the required 1 in 2 and 3 in 4, indicate very clearly which

problems you want graded; otherwise random ones will be left out at erading and they may be your
best ones! You have an hour and 50 minutes. No outside material other than stationary is allowed.

Math 427S Students: Make sure to write “427S” in the course field on the exam notebook.
Solve the four problems in part B, do not solve anything in part A. Each problem is worth 25 points.
You have an hour and 50 minutes. No outside material other than stationary is allowed.

Apology: due to my travel plans grading may be slow.

Good Luck!



Part A

Problem 1. Let X be 3 group with product *.
‘T— 1. What does it mean to say that “X is a topological group” !

2. If vy : I — X and 7y, : I — X are pathsin X, define yi%xy2 : I — X by (max72)(t) = m(t)*2(1)-
Show that ["}’1 kgl = ["}!1][*}«2] in m; (X)

3. Show that m(X) is Abelian.

Problem 2.
—+—T. State Van-Kampen’s theorem.

2. Let X be the result of identifying every edge of a hexagon with its opposite in a parallel
manner (to a total of 3 edge pair identifications). Compute m1(X). (The hexagon comes

along with its interior, but the identification occurs only on the boundary).

3. (5 points bonus) Explain in a very convincing manner how X is homeomorphic to a well

known space seen in class several times.

Part B
Problem 3] Let B be a connected, locally connected and semi-locally simply connected topological
ace basepoint b. .
= @ -Déu '3(73 m@ ‘

?1. State the classification theorem for the category of covering spaces of B.
‘aQ. Abstractly define “the universal covering U of B” using the classification theorem.

%3. Use the classification theorem to show that any connected covering X of B is covered by U.

i Problem 4.
T 1. Define “a homotopy between two morphisms f and g of chain complexes”.

9. Show that homotopy of morphism is an equivalence relation on the set of all morphisms
between two given complexes.

3. Show that if f : A — B and g : A — B are homotopic morphisms of chain complexes A and
B, and if j : B — C is another morphism of chain complexes, then j o f is homotopic to 7o g.

Problem 5. Let X and Y be disjoint topological spaces with basepoints = and y, respectively.

ssume also that z has a neighborhood U that deformation retracts (i.e., contracts) to z and
likewise that y has a neighborhood V' that contracts to y. Recall that the wedge sum X VY is
X UY/z ~ y. What is the relationship between the homologies (reduced or not, your choice) of X,

(Yﬁ.ﬂd X Vv Y? Prove your assertions. (Hint: it is a good idea to excise the “linkage point” = ~ ¥).
r

“Problem y A 3-dimensional A-complex X is defined by
7] do,1
— Sy = {fo, f1} - > 5y = {€o, €1, €2} - > So = {vo, %1},

S3 = {t}

with boundary maps 0Ob,1,2,3¢ = (fo, fo, f15 f1), Oo1,2f0 = (€0, €1,€1), Bon2fi = (e1,€1,€2), Oo,1€0 :1/

(vo, v0), Bo,1€1 = (vo,v1) and Op,1€2 = (v1,v1). M=o =0, 2 2l lz0 9 p
{1. Write down the chain complex C(X) (including the boundary maps).

92. Compute the homology groups H,(X) of X for 0 <n < 3.

%3. Can you identify | X |7 @ unwpﬂn;mé.
Good Luck!

~f

26,= 0
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Dror Bar-Natan: Classes: 2004-05: Math 1300Y - Topology:

A Cup Product Example

web version: http://www.math.toronto.edu/” drorbn/classes /0405 / Topology/ CupExample/CupExample.html
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From this picture (drawn with help from Jacob Tsimerman) we can read the following:

ol =al* + 1]+ 73, — B =b1* F 134T
Op A1y =To, 0OpA1+ = aa, al U Bl(Ayy) = a1(85A14)P1(00A1+) =0-0=0.
02 B14+ = 11, doB1+ = b1, ﬂf]{ U ,BI(BH) = ﬂl(azBlJf-)ﬁl(anBH) =1- ('1) = —1.
Bl e Bde —0y,  0lUP(4) = a1(02A1-)B1(8pA1-) =0-0=0.
G h e, B =b, ol g1(B1-) = a1(82B1-)$1(8B1-) =0-1 =0

So EII U Bl = —Bt, is a generator of H?.

Exercise. Verify that Bl Ual = —Aj_ is also a generator of H2. but note that in H* we have
¥ = —Aj_ so the cup product is not commutative!

The Hopf Fibration as drawn by Penrose and Rindler:




MMMM1WW A Genus 2 Surface by Mister Bailey

2 : Classes: 2004-05: Math 1300Y - (85)

2 Surface by Mister Bailey

Next: Comments on Hatcher's Book
(deframe) Previous: A Cup Product Example

http:fhmw.muhmmntn.eduf-dmrhﬁ:]mFDdDifT opology/Genus2Bailey himl

Dror Bar-Natan: Classes: 2004-05: Math 1300Y - Topology:

Homework Assignment 12

Assigned Thursday April 7; due Thursday April 28, 5PM, in my hand or mailbox

Required reading. Read, reread and rereread your notes to this point, and make sure

that you really, really really, really really really understand everything in them. Do the same
every week! Also, reread Hatcher’s pages 185-217.

Solve the following problems. (But submit only the underlined ones). In Hatcher's

book, problems 5, 6, 8, 9 on page 205 and problems 1, 3, 11 on pages 228-229. defined on
pages 6-7).

The Final Exam will take place on Friday April 29, 2-5PM, at SS 1085. On Thursday
April 28 between 9-5 and on Friday April 29 between 9-12 I will be in the math lounge,
or in my office with my door open, available to answer questions. If a significant group of
students will hang out at the math lounge, so will I. (Though allow me a lunch break on
Thursday).

Most likely, the exam will have two parts; Part I will consist of 3 questions on frst
semester material (all included) and Part II will have 6 questions on second semester material
(all but the class on Khovanov homology). Math 427S students will be required to solve 5
questions in part Il and nothing from part I. Math 1300Y students will be required to solve
4 questions in part IT and 2 questions in Part 1. (So Math 1300Y will have to work harder;
it is unfair but yet, they get a full year credit for the course rather than just half-year).

A sample exam will be available on the class’ web site by April 13. (A small group of
students will be taking the sample exam on April 12 between 9-12 and they will not enjoy
the benefit of having a sample sample exam. Sorry.)

The material is hard but beautiful; start early so you can study with love rather than
pressure.

Good Luck!!









Dror Bar-Natan: Classes: 2004-05: Math 1300Y - Topology:

Final Exam

University of Toronto, April 29, 2005

Math 1300Y Students: Make sure to write «1300Y” in the course field on the exam
notebook. Solve 2 of the 3 problems in part A and 4 of the 6 problems in part B. Each
problem is worth 17 points, to a maximal total grade of 102. If you solve more than the
required 2 in 3 and 4 in 6, indicate very clearly which problems you want graded; otherwise
random ones will be left out at grading and they may be your best ones! You have 3 hours.
No outside material other than stationary is allowed.

Math 427S Students: Make sure to write “427S” in the course field on the exam notebook.
Solve 5 of the 6 problems in part B, do not solve anything in part A. Each problem Is worth
20 points. If you solve more than the required 5 in 6, indicate very clearly which problems
you want graded; otherwise random ones will be left out at grading and they may be your
best ones! You have 3 hours. No outside material other than stationary 1s allowed.

Good Luck!



part A '

Problem 1. Let X be2 topological space-
). 1. Define the phrase “X is Hausdorfl” -
«x is normal”

R 2. Define the phrase
1), 3. Define the phrase “X 18 compact” -

X is compact and Hausdo

rff, it is normal.
|~ 4. Prove that if

) " .'..“

Problem 2. Let X be a metric space.

3 1. Define the phrase “X 1s complete” -

29. Define the phrase “X 1s totally bounded” -

bounded and complete than every sequence in X has a

3 Prove that if X is totally
convergent subsequence.

Problem 3. Sl L beaddio
roblem @dirrﬂ/ﬂj{ AN T 7

%1. State the Van Kampen theorem Iin full.

-’3) 9. Let D = {z € C : |z| < 1} be the unit disk in the complex plane and let Y be its ‘
tient by the relation z ~ ze2™/3, for |z| =1 Compute Y ). _ |
¢ i 4 | | ;‘".rr.}ﬁﬁ J;Lr:},hfm;rﬁ.]_ﬂ ; w’/‘mcj {'7@#;17?17.{»'
Part B
Problem 4.
1. Let £ X — B be covering map and let f : Y — B be a continuous map. State in full
g the ]thﬁﬂg theorem, which gives necessary and sufficient conditions for the exi_s/tex;ce e/ o M-‘]{J
and uniqueness of a lift of f to a map f:Y — X such that f =po f. tj Y GO

9 2. Let p: R — S’ be given by p(t) = e*. Is it true that every map f : RP? — S* can be
lifted to a map f : RP* — R such that f =po f7 Justify your answer.

Problem 5. Let M be an n-dimensional to ' - : -
: : pological manifol e
point has a neighborhood homeomorphic to R™), ¢ néﬂl ot p be aﬂpi'(at .spacen . in which every

7 1. Show that p has a neighborhood U for which 3
H.(M— S, W :
for all k, and so that U is homeomorphic to a ;;( | p, U —p) is isomorphic to Hi (M)

)}j 2. Write the long exact sequence corresponding to the pair (M — p,U — p).
3. Prove thﬂ.t Iuﬁ,(M — p) is isomorphic to I?k(M) for k o |
— [ Mo Judfffﬂﬂ(dm bor H /U‘/?}:'D : /:;:7‘";
-7 =0 For A, ‘ |



Problem 6.
1. Present the space X = 52 x 5 as a CW complex.

2. Calculate the homology of X. (L.e., calculate Hy(X ) for all k).

3. What is the minimal number of cells required to present X as a CW complex? J ustify
yOUur answer.

Problem 7.
| 1. Define the degree deg ® of a continuous map ¢ : 7% — §2,

.2 Let 71,75 : S — R® be two continuous maps such that v,(S) N 1,(S!) = . Let
V Crm : T% = 8" x S — 52 be defined by

12(22) — 1 (21)
[72(22) — N(21)|’
for 21,2, € S'. Prove that the degree l(y1,7,) := deg D, 4, is invariant under homo-

topies of 7, and ~, throughout which +; and Y2 remain disjoint. (I.e., homotopies Vit
and 7, ; for which 71,t(5) N 724(S) = 0 for all t).

@'ﬂ Y2 (zl? 32) S

- L]

1\(‘ 3. Compute (without worrying about signs, but otherwise with Justification) the degree
(71, 72) where 71 and 7y, are given by the picture OO

g—/él. Compute (without worrying about signs, but otherwise with Justification) the degree
(7, 72) where v, and 72 are given by the picture @

Problem 8.
3 1. State the theorem about the homology of the complement of an embedded disk in R™.

L{ 2. State the theorem about the homology of the complement of an embedded sphere in
R™.

'O 3. Prove that the first of these two theorems implies the second. 4 /’/‘;s L5r$e o/ rcla 7o

i

acyclic” if its homology vanishes (i.e., if it
Is an exact sequence). Let C be a subcomplex of some chain complex B.

1. Show that if C is acyclic then the homology of B is isomorphic to the homology of
B/C (so C “doesn’t matter”).

2. Show that if B/C is acyclic then the homology of B is isomorphic to the homology of
C (so “the part of B out of C” doesn’t matter).

3. If B is acyclic, can you say anythi out the relation betwee the homology of C
and the homology of B/C? S, 5Ky 4,,?

Good Luck!

3



Dror Bar-Natan: Classes: 2004-05: Math 1300Y - Topology:

A Sample Final kExam

University of Toronto, April 12, 2005

Math 1300Y Students: Make sure to write «1300Y” in the course field on the exam
notebook. Solve 2 of the 3 problems in part A and 4 of the 6 problems in part B. Each
problem is worth 17 points, to a maximal total grade of 102. If you solve more than the
required 2 in 3 and 4 in 6, indicate very clearly which problems you want graded; otherwise
random ones will be left out at grading and they may be your best ones! You have 3 hours.
No outside material other than stationary 1s allowed.

Math 427S Students: Make sure to write “497S” in the course field on the exam notebook.
Jolve 5 of the 6 problems in part B, do not solve anything in part A. Each problem is worth
20 points. If you solve more than the required 5 in 6, indicate very clearly which problems
you want graded; otherwise random ones will be left out at grading and they may be your
hest ones! You have 3 hours. No outside material other than stationary is allowed.

Good Luck!



Part A

Let X be a topological Space:
" ot XXX

Problem 1.

| 1. Define the “product topology

9 Prove that if X 18 compact then sO is X X X.

10
“folding of X along the diagonal”,

G Prove that the
O compact.

g1x = X x X/(z,y) ~ (,7) 18 also

Problem 2. Let X be a compact metric space and et il [ O € A} be an open cover of
h that for every T € X there exists & € A such that the

¥ Show that there exists € = 0 suc ‘
e-ball centred at Z 1S contained in Ua- (€18 called a Lebesgue number for the covering.)

Problem 3.

1. Compute m (RP?).

is obtained from a topological space X by gluing to X an n-

9. A topological space X
f:0€e" = m—1 _, X wheren = 3.

dimensional cell e" using a continuous gluing map
Prove that obvious map ¢ m(X) — mi(X ¢) is an isomorphism.

3. Compute 71 (RP™) for all n.

Part B

Erﬂblem 4. Letp: X — B beacovering of a connected locally connected and semi-locally
simply connected base B with basepoint b. Prove that if pem1(X) 18 normal in 71(B) then
the group of automorphisms of X acts transitively on p~'(b).

Pmblgm 5.. A topological space Xy 18 obtained from a topological space X by gluing to X
Zﬂ:}; n-dlllinenmonal cell €" using a continuous gluing map Bt A =007 i A where n > 2
ow that 1 G

1. Hp(X) 2 Hp(Xy) form #n,n — 1.

2. There is an exact sequence

B X)) o H, (8 Hag(X) — HaalXy) = 0

Problem 6. Let T denote the (standard) 2-dimensional torus.

1. State the homology and coh .
omology of T' i ' -
results; no justification is required.) i T s i

2. Show that every ma
| IO | p f from the sphere S* to T' i
S it (Hint: cohomology flows against the direction of 1?31.110&5 e sexi o on ol o8



Problem 7. Formn > 1, what is the degree of the antipodal map on S™7 Give an example
of a continuous map f : S™ — S™ of degree 2 (your exmple should work for every n). Explain

yOUr ANnsSwers. (L. Jor 3 s Ex = /
Problem 8. : S St

1. State the “Salad Bowl Theorem”
2. State the “Borsuk-Ulam Theorem”.

3. Prove that the latter implies the former.

Problem 9. Suppose

ol R

A—2>B ——>(0 — D —F

is a commutative diagram of Abelian groups in which the rows are exact and a, 3, 0 and €
are isomorphisms. Prove that v is also an isomorphism.

Good Luck!

Warning: The real exam will be similar to this sample, to my taste. Your taste
may be significantly different.



