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Dror Bar-Natan: Classes: 2001-02:

Knots and Feynman Diagrams

Imstructor: Dror Bar-Natan, drorbn@math.huji.ac.il, 02-658-4187.

Classes: Mondays 14:00-15:00 at Mathematics 110 and Thursdays 10:00-12:00 at Sprintzak 102.
Office hours: Mondays 15:00-15:45 in my office, Mathematics 309.

Agenda: To understand how path integrals and Feynman diagrams can lead to a very wide class of knot
invariants.

Syllabus: Knots and links, all about linking numbers, all about self linking, framing and torsion, Gaussian
integration, Abelian Chern-Simons theory, non-Abelian Chern-Simons theory, Faddeev-Popov and ghosts,
BRST and supersymmetry, configuration space integrals, compactification of configuration spaces, the framing
anomaly, finite type invariants and universality, directions of current research. I'm not committed to anything,
don't sue me.

Prerequisites: Stokes' theorem for differential forms on manifolds with boundary.

Reading material:

o My Perturbative Chern-Simons theory, Jounal of Knot Theory and its Ramifications 4-4 (1995) 503-548
and my Ph.D. thesis.

e Scott Axelrod and Isadore Singer's Chern-Simons perturbation theory, Proc. XXth DGM Conference
(New York, 1991) (S. Catto and A. Rocha, eds) World Scientific (1992) 3-45 and Chern-Simons
perturbation theory II, Jour. Diff. Geom. 39 (1994) 173-213.

e Dylan Thurston's Integral expressions for the Vassiliev knot invariants, arXiv:math.QA/9901110.

e Daniel Altschuler and Laurent Freidel's Vassiliev knot invariants and Chern-Simons perturbation theor
to all orders, Comm. Math. Phys. 187 (1997) 261-287, arXiv:g-alg/9603010.

e Sylvain Poirier's The limit configuration space integral for tangles and the Kontsevich integral,
arXiv:math.GT/9902058 and Ph.D. thesis, arXiv:math.GT/0005085.

i &
A »,
3 Jv ' s
i "

At th J ér;.lsalem Z00. Are they forever linked?
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Dror Bar-Natan: Classes: 2001-02: Knots and Feynman Diagrams:

Some Non Obvious Examples

Are these pairs the same?

The Millett Example: (rendered using Rob Scharein's KnotPlot)

=0

The Perko Pair (1): (taken from hitp://www.math.cuhk.edu.hk/publect/lecture4/perko.html)

'The Perko Pair (2): (taken from http://www.math.uiuc.edu/~jms/Videos/ke/images.html)
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THE FULTON-MACPHERSON COMPACTIFICATION

DROR BAR-NATAN

Let M be a manifold and let A be a finite set.

Definition 1. The open configuration space of A in M is
C% (M) = {injections ¢ : A — M}.

Definition 2. The compactified configuration space of A in M is

cany = ] {('pa € M,cy € Ca (Tp. M)) | iPa#ppforaz ,B}

k
o=
{A1,..., 4%}
A=A,

where if V' is a vector space and |A| > 2,
Ca(V) = H (fua €V,cq € Ca, (Ty, V)) vy £ugfora # B trans.latl.ons and
dilations.
{A1,.., A}
A=UAy; k>2

k
a=1
while if 4 is a singleton, C4(V) := {a point}.

Theorem 1. (1) Ca(M) ia a manifold with corners, and if M is compact, so is Ca(M).
(2) If A is a singleton, C4(M) = M. If A is a doubleton, then C4() is isomorphic to M x M minus
a tubular neighborhood of the diagonal A C M x M. That is, Ca(M) = M x M — V(A).
(3) If B C A then there is a natural map Cp(M) — C4(M). In particular, for every i, j € A there is a
map qbij 1Oy (R3) — C{i,j}(Rs) ~ 52,
(4) If f : M — N is smooth, then there’s a natural f, : Ca(M) — Ca(N). O

Now let D be a graph whose set of vertices is A. If two different vertices ag,; € A are connected by an edge

D D D
in D, we write ag — a;. Likewise, if Ap; C A are disjoint subsets, we write Ay — A, if ap — a; for some
ao € Ap and a1 € A;. For any subset Ay of A we let D(Ag) be the restriction of D to Ay.

Definition 3. The open configuration space of D in M is
D
CH(M):={e: A— M : t(ap) # ¢(a1) whenever ag — ay }.
Definition 4. The compactified configuration space of D in M is

- k D
Cp(M) = H {(pQEM,CQEC'D(Aa)(TD‘M)) . ! Po # P whenever Aa—Aﬁ}

{A1,...,Ar}
A=UA,
Vo D(A,) connected

where if V' is a vector space and |4| > 2,

= ~ k D translations
Cp(V) = H {(va € V,ca € Cpran)Tv. V)) N : Uy 7 vg whenever A, — Aﬁ} and
{A1,.. A} o dilations.
A=UAL; k22
VYo D(A.) connected
while if A is a singleton, C'p(V) := {a point}.
Theorem 2. The obvious parallel of the previous theorem holds. O

Date: January 3, 2002.
This handout is at available from http://www.ma.huji.ac.il/~drorbn/classes/0102/FeynmanDiagrams/.
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