
Pensieve header: Kauffman States for tangles.

I n [ ] : = SetDirectory["C:\\drorbn\\AcademicPensieve\\2024-03"];

Once[<< KnotTheory`];

Loading KnotTheory` version of February 2, 2020, 10:53:45.2097.

Read more at http://katlas.org/wiki/KnotTheory.

I n [ ] : = CF[ℰ_] := Expand[ℰ];

I n [ ] : = SetAttributes[{B, M}, Orderless]; (* B for Boundary, M for Marked *)

CF[b_B] := RotateLeft[# , First@Ordering[#] - 1] & /@ DeleteCases[b, {}];

I n [ ] : = CF[Gb_[f_]] := GCF[b][CF[f]]

I n [ ] : = Gb1_[f1_] ⊕ Gb2_[f2_] ^:=

CF@GJoin[b1,b2]Expand[f1 f2] /. M[m1___] M[m2___]  M[m1, m2], M[]2  M[];

GT for Gap Touch:

I n [ ] : = GTi_,j_@GB[{li___,i_,ri___},{lj___,j_,rj___},bs___][f_] := CF@GB[{ri,li,j,rj,lj,i},bs][f /. {

M[i, j, ___]  0, M[i j, ms___]  M[i, j, ms], M[ms___]  M[i, ms] + M[j, ms]

}]
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I n [ ] : = Cordoni_@GB[{li___,i_,ri___},bs___][f_] := Module[{j1, j2},

{j1, j2} = {First@{ri, li}, Last@{ri, li}};

CF@GB[Most@{ri,li},bs][f

/. {M[i, ms___]  M[ms], M[___]  0}

/. {M[j1, j2, ___]  0, M[j2, ms___]  M[j1, ms]}

]

]

Strand Operations. c for contract, mc for magnetic contract:

I n [ ] : = ci_,j_@t : GB[{li___,i_,ri___},{___,j_,___},___][__] := t // GTj,First@{ri,li} // Cordonj

I n [ ] : = ci_,j_@t : GB[{___,i_,j_,___},___][__] := Cordonj@t

ci_,j_@t : GB[{j_,___,i_},___][__] := Cordonj@t

ci_,j_@t : GB[{___,j_,i_,___},___][__] := Cordoni@t

ci_,j_@t : GB[{i_,___,j_},___][__] := Cordoni@t

I n [ ] : = mc[ℰ_] := ℰ //.

t : GB[{___,i_,___},{___,j_,___},___][__] GB[{___,i_,j_,___},___][__] GB[{j_,___,i_},___][__] /;

i + j  0  ci,j@t

“KSI” for Kauffman States Invariant.

I n [ ] : = KSI@Pi_,j_ := CF@GB[{i,j}][M[]];

KSI[x : X[i_, j_, k_, l_]] := KSI@IfPositiveQ[x], X-i,j,k,-l, X-j,k,l,-i;

KSI[Xi_,j_,k_,l_] := CF@GB[{i,j,k,l}]μ T-1 M[i] + T M[k] + M[l] + M[j];

KSI[Xi_,j_,k_,l_] := CF@GB[{i,j,k,l}]μ T M[i] + T-1 M[k] + M[l] + M[j];

KSI[K_] := Fold[mc[#1 ⊕ #2] &, GB[][1], List @@ (KSI /@ PD@K)];

Knots

I n [ ] : = Cut[pd_PD] := Module[{n = Length[pd]},

pd /. {X[2 n, i_, 1, j_]  X[2 n, i, 2 n + 1, j],

X[i_, 1, j_, 2 n]  X[i, 2 n + 1, j, 2 n], X[i_, 2 n, j_, 1]  X[i, 2 n, j, 2 n + 1]}

];

KSIK[K_] := KSI[Cut@PD@K]〚1〛 /. M[]  1, T  T1/2, μ  -1

I n [ ] : = Collect[KSI[Cut@PD@Knot[8, 17]]〚1〛 /. M[]  1, μ, Expand]

Ou t [ ] =

3 +
4

T2
+ 4 T2 μ + 5 +

3

T4
+ 3 T4 μ

2
+

1

T6
+

3

T2
+ 3 T2 + T6 μ

3
+ 2 +

1

T4
+ T4 μ

4
+

1

T2
+ T2 μ

5
+ μ

6
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I n [ ] : = KSIK[Knot[8, 17]]

Ou t [ ] =

11 -
1

T3
+

4

T2
-
8

T
- 8 T + 4 T2 - T3

I n [ ] : = Alexander[Knot[8, 17]][T]

Ou t [ ] =

11 -
1

T3
+

4

T2
-
8

T
- 8 T + 4 T2 - T3

I n [ ] : = Monitor

Timing@Tableres = K 
KSIK[K]

Alexander[K][T]
, {K, AllKnots[{3, 9}]},

res

Ou t [ ] =

{26.8438, {Knot[3, 1]  1, Knot[4, 1]  1, Knot[5, 1]  1, Knot[5, 2]  1,

Knot[6, 1]  1, Knot[6, 2]  1, Knot[6, 3]  1, Knot[7, 1]  1, Knot[7, 2]  1,

Knot[7, 3]  1, Knot[7, 4]  1, Knot[7, 5]  1, Knot[7, 6]  1, Knot[7, 7]  1,

Knot[8, 1]  1, Knot[8, 2]  1, Knot[8, 3]  1, Knot[8, 4]  1, Knot[8, 5]  1,

Knot[8, 6]  1, Knot[8, 7]  1, Knot[8, 8]  1, Knot[8, 9]  1, Knot[8, 10]  1,

Knot[8, 11]  1, Knot[8, 12]  1, Knot[8, 13]  1, Knot[8, 14]  1, Knot[8, 15]  1,

Knot[8, 16]  1, Knot[8, 17]  1, Knot[8, 18]  1, Knot[8, 19]  1, Knot[8, 20]  1,

Knot[8, 21]  1, Knot[9, 1]  1, Knot[9, 2]  1, Knot[9, 3]  1, Knot[9, 4]  1,

Knot[9, 5]  1, Knot[9, 6]  1, Knot[9, 7]  1, Knot[9, 8]  1, Knot[9, 9]  1,

Knot[9, 10]  1, Knot[9, 11]  1, Knot[9, 12]  1, Knot[9, 13]  1, Knot[9, 14]  1,

Knot[9, 15]  1, Knot[9, 16]  1, Knot[9, 17]  1, Knot[9, 18]  1, Knot[9, 19]  1,

Knot[9, 20]  1, Knot[9, 21]  1, Knot[9, 22]  1, Knot[9, 23]  1, Knot[9, 24]  1,

Knot[9, 25]  1, Knot[9, 26]  1, Knot[9, 27]  1, Knot[9, 28]  1, Knot[9, 29]  1,

Knot[9, 30]  1, Knot[9, 31]  1, Knot[9, 32]  1, Knot[9, 33]  1, Knot[9, 34]  1,

Knot[9, 35]  1, Knot[9, 36]  1, Knot[9, 37]  1, Knot[9, 38]  1, Knot[9, 39]  1,

Knot[9, 40]  1, Knot[9, 41]  1, Knot[9, 42]  1, Knot[9, 43]  1, Knot[9, 44]  1,

Knot[9, 45]  1, Knot[9, 46]  1, Knot[9, 47]  1, Knot[9, 48]  1, Knot[9, 49]  1}}

Reidemeister 2

I n [ ] : = lhs = CFKSI@PDX-2,4,3,-1, X-4,6,5,-3

Ou t [ ] =

GB[{-2,6,5,-1}]μ
2 M[-2] + T M[-1] + T μ M[-1] + M[5] + T M[6] + T μ M[6]
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I n [ ] : = rhs = GT5,-2@KSI@PD[P-1,5, P-2,6]

Ou t [ ] =

GB[{-2,6,5,-1}][M[-2] + M[5]]

I n [ ] : = lhs〚1〛 - rhs〚1〛 /. μ  -1

Ou t [ ] =

0

Reidemeister 3

I n [ ] : = lhs = KSI[PD[X-2,5,4,-1, X-3,7,6,-5, X-6,9,8,-4]]

Ou t [ ] =

GB[{-3,7,9,8,-1,-2}]
μ3 M[-3, -2]

T3
+ M[-3, -1] + μ M[-3, -1] +

μ2 M[-3, -1]

T2
+

μ M[-3, 7]

T
+ T M[-3, 8] + T μ M[-3, 8] + M[-3, 9] + 2 μ M[-3, 9] +

μ M[-2, -1]

T
+

μ2 M[-2, 7]

T2
+ μ M[-2, 8] +

μ M[-2, 9]

T
+
μ2 M[-2, 9]

T
+ T M[-1, 7] +

μ M[-1, 7]

T
+

T M[-1, 8] + M[-1, 9] + T2 M[-1, 9] + μ M[-1, 9] + T2 M[7, 8] + T M[7, 9] + T3 M[8, 9]

I n [ ] : = rhs = KSI[PD[X-3,5,4,-2, X-4,6,8,-1, X-5,7,9,-6]]

Ou t [ ] =

GB[{-3,7,9,8,-1,-2}]
μ3 M[-3, -2]

T3
+
μ2 M[-3, -1]

T2
+
μ M[-3, 7]

T
+
μ M[-3, 8]

T
+

μ2 M[-3, 8]

T
+ μ M[-3, 9] +

μ M[-2, -1]

T
+ M[-2, 7] + μ M[-2, 7] +

μ2 M[-2, 7]

T2
+

M[-2, 8] + 2 μ M[-2, 8] + T M[-2, 9] + T μ M[-2, 9] + T M[-1, 7] +
μ M[-1, 7]

T
+

T M[-1, 8] + T2 M[-1, 9] + M[7, 8] + T2 M[7, 8] + μ M[7, 8] + T M[7, 9] + T3 M[8, 9]
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I n [ ] : = Collect[lhs〚1〛 - rhs〚1〛, μ]

Ou t [ ] =

M[-3, -1] + T M[-3, 8] + M[-3, 9] - M[-2, 7] -

M[-2, 8] - T M[-2, 9] + μ
2

-
M[-3, 8]

T
+
M[-2, 9]

T
+ M[-1, 9] +

μ M[-3, -1] -
M[-3, 8]

T
+ T M[-3, 8] + M[-3, 9] - M[-2, 7] -

M[-2, 8] +
M[-2, 9]

T
- T M[-2, 9] + M[-1, 9] - M[7, 8] - M[7, 8]

I n [ ] : = lhs〚1〛 - rhs〚1〛 /. μ  -1

Ou t [ ] =

0

Tree Counts

I n [ ] : = TC[K_] := KSI[Cut@PD@K]〚1〛 /. {M[]  1, T  1, μ  1}

I n [ ] : = TC[Knot[3, 1]]

Ou t [ ] =

3

I n [ ] : = TC /@ AllKnots[{3, 9}]

Ou t [ ] =

{3, 5, 5, 7, 9, 11, 13, 7, 11, 13, 15, 17, 19, 21, 13, 17, 17, 19, 21, 23, 23, 25,

25, 27, 27, 29, 29, 31, 33, 35, 37, 45, 27, 33, 33, 9, 15, 19, 21, 23, 27, 29, 31,

31, 33, 33, 35, 37, 37, 39, 39, 39, 41, 41, 41, 43, 43, 45, 45, 47, 47, 49, 51, 51,

53, 55, 59, 61, 69, 27, 37, 45, 57, 55, 75, 49, 43, 53, 53, 53, 45, 69, 45, 49}

I n [ ] : = MaximalBy[AllKnots[{3, 9}], TC]

Ou t [ ] =

{Knot[9, 40]}

I n [ ] : = MaximalBy[AllKnots[{3, 10}], TC]

Ou t [ ] =

{Knot[10, 123]}

I n [ ] : = TC[Knot[10, 123]]

Ou t [ ] =

121

I n [ ] : = TC[TorusKnot[5, 3]]

Ou t [ ] =

121

I n [ ] : = TC[TorusKnot[7, 3]]

Ou t [ ] =

841
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I n [ ] : = TC[TorusKnot[8, 3]]

Ou t [ ] =

2205

I n [ ] : = KSIK[TorusKnot[8, 3]]

Ou t [ ] =

-1 +
1

T7
-

1

T6
+

1

T4
-

1

T3
+
1

T
+ T - T3 + T4 - T6 + T7

I n [ ] : = TC[TorusKnot[7, 4]]

Ou t [ ] =

35 287

I n [ ] : = KSIK[TorusKnot[7, 4]]

Ou t [ ] =

-1 +
1

T9
-

1

T8
+

1

T5
-

1

T4
+

1

T2
+ T2 - T4 + T5 - T8 + T9
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