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Pensieve header: Perturbed Alexander-Burau Invariants. DPG code from PerturbedHeisenberg2.nb at
pensieve://Classes/21-1350-KnotTheory/. Continued
pensieve://Projects/APerturbedAlexanderinvariant/.

Once[<< KnotTheory  ];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

PD[GST48] = PD[X[1, 15, 2, 14], X[29, 2, 30, 3], X[49, 4, 41, 3],
X[4, 44, 5, 43], X[5, 26, 6, 27], X[95, 7, 96, 6], X[7, 1, 8, 96], X[8, 14, 9, 13],
X[28, 9, 29, 10], X[41, 11, 42, 10], X[11, 43, 12, 42], X[12, 27, 13, 28],

X[15, 31, 16,
X[34, 20, 35,
X[23, 68, 24,
X[32, 74, 33,
X[70, 38, 71,
X[45, 59, 46,
X[49, 91, 50,
X[74, 63, 75,
X[94, 67, 95,

30], X[61,
197, X[20,
69], X[24,
731, X[33,
371, X[59,
58], X[46,
90], X[82,
64], X[85,
68], X[86,

16,
89,
57,
85,
39,
70,
52,
64,
75,

62,
21,
25,
34,
60,
a7,
83,
86,
87,

171, X[72,
9071, X[92,
58], X[56,
841, X[35,
38], X[54,
69], X[47,
511, X[71,
65], X[65,
761, X[77,

17,
21,
25,
50,
39,
81,
53,
76,
88,

ThinPosition[K ] := Module[{todo, done, pd, c},
todo = List @@ PD@K; done = {}; pd =PD[];
While[todo =!= {},

AppendTo[pd, c = RandomChoice@MaximalBy [todo, Length[doneListee #] &]1;
todo = DeleteCases[todo, c];
done = done |JListeec];

pd 1]

RVK: :usage =

73,
93,
57,
36,
55,
48,
72,
66,
78,

18],
22],
26],
51],
407,
80],
521,
771,
89],

X[83,
X[22,
X[31,
X[81,
X[55,
X[o1,
X[60,
X[66,
X[93,

18, 84, 19],
79, 23, 80],
63, 32, 62],
37, 82, 36],
45, 56, 44],
49, 92, 48],
54, 61, 53],
87, 67, 88],
78, 94, 79]11;

"RVK[xs, rots] represents a Rotational Virtual Knot with a list of n Xp/Xm crossings

xs and a length 2n list of rotation numbers rots. Crossing
sites are indexed 1 through 2n, and rots[k] is the rotation
between site k-1 and site k. RVK is also a casting operator

converting to the RVK presentation from other knot presentations.";
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m-1= RVK[pd_PD] := Module[{n, Xs, X, rots, front = {1}, k},

n = Lengthepd; rots = Table[O@, {2n}];
Xp [x[4T, x[1]] PositiveQex
Xm[x[21, x[111] True ]

3

xs = Cases [pd, X X > {

For[k =1, k <2n, ++k,
If[FreeQ[front, -kj,
front = Flatten@Replace[front, k » (xs /. {
Xplk, L_1 | Xm[L_, k] = {L+1, k+1, -L},
Xp[L_, k] | Xm[k, L_] = (++rots[L]; {-L, k+1, [ +1}),

_Xp | _Xm: {}
1), {1}1,
Cases[front, k | -k] /. {k, -k} > —-rots[k];

1
15
RVK[xs, rots] ];

RVK[K 1 := RVK[PD[K]];

ni n ==
np= roty [_] t= (srotj[n]=x)s Cgroti[n-1]1// mig,; n >0
Cgroti[n+1] // mi¢,: N<O

mo1= Z[K_ ] := Z[RVK@K];
Z[rvk_RVK] :=Module[{Z, done, st, c, x, i, j, k},
£ =1; done = {}; st =Range[2Length[rvk[1]]];
Do [
{i, j} = Listeec;
x=c/. {_Xp > Ri i, _Xm: Ei,j};
Do[x = (rote[rvk[2, k1 x) // Me,isks {k, {1, J}}1;
Ex=x;
Do [
If[MemberQ[done, k+1], £=C// M 155 st=st /. k+1-Kk];
If[MemberQ[done, k-11, & =& // Mgiqr-1y,kostpk-175 St =st /. k> st[k-1]],
{k, {1, 3}}1;
done = done | {i, j},
{c, rvk[1]}
|
Factore?

]

mn-3= ZF[K_] := Z@ThinPositioneKk;

n-=  $k=1;
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In[e]:=
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InfJ:=

Inf+]:=

In[«]:=

CCF[&_] := ExpandDenominator@ExpandNumerator@Together[&];

CF[& List] := CF /@ 53

CF[&_eSeries] :=CF /@ &5;

CF[&5 ] := Module|
{vs=cases[s, (p|x|n|&) ,o]U{p|Xx]|7n|&E}},
Total[CoefficientRules[Expand[£], vs] /. (ps_ - c_) » CCF[c] (Timeseevs™) ]

]

CF[& E] :=CF /e &;

CF[y I'] :=CF /@ y;

CF[Esp,  [&5___1] :=CF/@E,[&5];

eSeries /: S1_eSeries = S2_eSeries :=

Length[S1] == Length[S2] A Inner[CF[#1] == CF[#2] &, S1, S2, And];
eSeries[0] := eSeries @@ Table[0, $k + 1];
eSeries /: S1_eSeries + S2_cSeries :=

eSeries @@ Table [S1[k] + S2[k], {k, Min[Length@S1, Length@S2]}];
eSeries /: S1_eSeries » S2_cSeries := eSeries ee

Table[Sum[S1[j+1] *S2[k -3 +1], {j, @, k}1, {k, @, Min[Length@S1, Length@s2] -1}];

eSeries /: c_xS _eSeries := (c#) & /@ S;
eSeries /: 9,s S eSeries := (S — 0,s5) /@S;

{p*.v x*, n*, §*} = {m, & P, X};
(vs_List)* := (Vv > V*) /@Vs;

(u_i )™ 2= )y

E/:E[wl ,Ql ,Pl ] =E[w2 ,Q2 ,P2 ] :=CF[wl = w2] ACF[Q1 == Q2] A (P1 = P2);
E/:E[wl_, 0l ,Pl |E[s2_, 02 ,P2 ] :=E[wlaw2, Q1+0Q2, P1+P2];

]Edl_-)r‘l_ [£1s 1= ]Edz__,,-z_ [£2s_ ] "~:= (dl == d2) A(rl=r2) A(E[&ls] = E[&25]);
Eg: or1 [E1S___1Egz o2 [825__ ] “i= E (q1ydzy-(riurz) @@ (E[S1S] E[&25]) ;

Zipl,, = Identity;
Ziplvs_@(}"'_, Elw ,Q ,P 1) := Module[{I, F, G, u, v},
I = IdentityMatrixelLengthevs;
F = Table[d,,, 7, {u, vs*}, {V, vs*}];
G = Table[d,,,Q, {u, vs}, {V, vs}];
CF /@ (
vs*.F.Inverse[l -G.F].vs* /2,
E [PowerExpand@Factor [~ Det[7 - G.F]™*2], 0-vs.G.vs /2, P]

)
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Inf]:= Zipz{} = Identity;
ZipZVS_@()"‘_, E[v ,Q , P_1) := Module[{F, Y, u, v},
F = Table[d,,, 7, {u, vs*}, {V, vs*}];
Y = Table[8,0Q, {v, vs}];
CF/e(s, E[w, Q-Y.vs+Y.F.Y/2, P /. Thread[vs » vs +F.Y]])
]

ni1- Zip3,, @(F , E[w_, Q_, P_1) := Module[{Z, u, v, m, i},
z[0] = P;
For‘[m =0, m< 2%k, ++m,
1
Z[m+1] =CF[—
2 (m+1)
SUM [0y, 7 B4,y Z[M] + SUM[ (8,2[31) (8,Z[m~31), {3, @ m}1), {u, vs}, (v, vs}i]

E[v, Q, CF[Sum[Z[m], {m, ©, 2$k}] /. Table[v -» @, {v, vs}]]]

]

ne Zipys [7, 6.1 1= (7, &) // Zipl,, // Zip2,, // Zip3,,

n-3= Egs sps [E1S___1 // Eaz sr2 [825___] := Module[{is = riNd2, lvs},
lvs = Flatten@Table[ {X¢eis Pgei}> {1, iS}];
E (41ycomplement [d2,is]) - (r2JComplement [r1,is]) @@ (ZiP1VSU1vs* [lvs*.lvs, Times[
E[&1s] /. Table[ (Vv :X | pP)i = Vgeir {1, iS}],
E[&2s] /. Table[(v: & | 7); = Vgai, {1, i5}]
11)

mp= Mi i=Eg,ip[1, 0, eSeries[0]];

m; i 5k == ]E{i,j}—»{k) [1, -&; T+ (71'-,: + 7I'J) Pr + (f-,_ + §J) Xk s eSeries [0]]

mf-1=  AllMonomials[{}, @] = {1};
AllMonomials[{}, d Integer] /; d >0 := {};
AllMonomials[{v_, vs___}, d_Integer] :=
Joinee Table[v’ " AllMonomials[{vs}, k1, {k, @, d}];
AllMonomials[vs_List, {d_}] := Joine@e Table[AllMonomials[vs, k], {k, @, d}];

in-}= Basis[js_List, m_] := F1atten@0uter‘[Times,

AllMonomials [Table[p;, {j, js}], m], AllMonomials [Table[xj, {J, js}], m]];
Basis[js List, {m_}] := Flatten@eTable[Basis[js, k], {k, @, m}]
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In[«]:=

Inf+]:=

Inf+]:=

Inf+]:=

GenericCombination[bas_, c_] := bas.Table[cj, {3, Length@bas}];

GenericCombination[bas_, c_, | := bas.Table[c,j, {J, Lengthebas}];

RO: ; :=Egq,i,5 [T% (T-1) (pi-p;) X;, eSeries @@ Table[0, $k +1]];
Rp: ,; = Eqai,[1, 0,

eSeries @@ Prepend[0] @Table [GenericCombination[Basis[{i, j}, {k+1}1, cc1, {k, $k}11;
Ri ,j := Module[{il, 31}, ROy, Rpsy 51 // Mi,i1,i // mj,jhj];

RO; ,; :=Eg,u,5[T% (T7-1) (pi-p;j) X5, eSeries @@ Table[@, $k +1]];
Rp; ,; i=Egai,i (1, 0,

eSeries @@ Prepend[0] @Table [GenericCombination[Basis[{i, j}, {k+1}1, di], {k, $k}11;
R; ,; :=Module[{il, j1}, R@; jRpi; i1 // Mi 515 /7 M5 5145];

Ci_ e = ]E()—)(“L) [Tllz, 0,
eSeries @@ Prepend[0] @Table [GenericCombination[Basis[{i}, {k+1}], e], {k, $k}] ];

Ci_ o= ]E()_,(i) [T_llz, 0,
eSeries @@ Prepend[0] @Table [GenericCombination[Basis[{i}, {k+1}], 1, {k, $k}] ];
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1= CF /@{Ry,25 Ry,2, C1,5 C1}

outf+J= {]E”%{l,z} [\/?, (-1+T) py X2+ (1-T) pa Xz, eSer‘ies[O,
1,1+ TP2X1 Ci,a+P1Xy (C2+Caa-TCua) +TPaXaCrys+P1Xa (Capz+Crs—TCrys) +T2p3 X5 Cpap+
P1P2Xi (TC1,0+2TCr12-2T2C10) +PTX] (Cay6+Cro-TCro+Cap-2TCrip+ T2y 0) +
T2 P X1 X2 C1,13 + P1P2 X1 X2 (T €110 +2T Cpy13 -2 T2 Cppp3) +
PiXi Xy (C1,7+C100-TCr a0+ Cr13-2TCu3 + T2 Cy13) +T2P5 X5 Capaa +

2 2 2 2 2
P1P2 x5 (TCr,11+2TCra-2T2Cap0a) +PIX5 (Cog+Capa1-TCo11+Criaa-2TCoaa+ T2 Cy1a) |

1 (1-T) paxz (-1+T) paxz .
E()s1,2 [7: + , eSer‘les[G,

ﬁ T T

PoX1di,a  P1Xq (Tdyo-dia+Tdia) PpaXadi,s PiXp (Tdyz-dis+Tdis) p3xidg
+ + + +

T T T T T2

d]_)]_ +

P1 P2 X} (Tdy,o-2d1,12+2Tdy,12) p2 x3 (T2 di,6 - Tdy,o+T?dy,g+ds,10-2Tdg 15+ T? d1,12)
+ +

T2 T2

p3 X1 Xy d1,13  P1P2Xa Xy (Tdi,1e —2dg,13 +2Tdyg,13)
+ +

T2 T2

piXa Xy (T2dy,7 - Tdy 10+ T2 d1 00 + d1,13 - 2T dy 13 + T2 dy 13)

+

TZ
p3X3di,1a  P1P2 X3 (Tdy g1 -2dg,10+2Tdyg,1a)
+
TZ TZ

p3 X3 (TZ di,g - Tdy 10+ T2 dy 11 +dy,10 - 2T dy, 1 + T2 d1,14)

+

IE

TZ
]E{}%{l} {'\/?, 0, eSeries [@, e1,1 + P1 X1 e1)2 + pi Xi e1,3} ] >

1
E{5(1 [ﬁ » @, eSeries [9: fi,1+ P2 X1 F1,0 +p1 X3 'F1,3} ] }

-~ RMoves := {
(R1,2Ra,3Rs,6 // My,4,1 // My5,5 // M3,653) = (Ra,3Rq,5R1,6 // My g51 // My 555 // M3,6,3),
(Ri,2R3,4 // My 351 // Maas2) = (N172) s
(C1Ca // M50 ) =11,

(Ri,aRs,2C3 // My 402 // My3,1 // My 551) = Cymay

(C3Ry,2 // M3, // Mya41) = (C3Ra,o // My /7 Myni),

(Ez Ri,3 // My 5,1 // m1,3->1)
(Cz Ri,3// My201 /7 m1,3->1)

UIE) (Ez ﬁs,l // My o, /7 m1)3_)1) =11,
N1y (C2R3,a // My o1 // My 3,) =M
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n[-7= Short [RMoves, 10]

Out[ = J//Short=
{3 C1)1 +T P2 X1 C1,4 + <<37> +

2022-01-06 17:47:36

pi Xg (TZ Ci,6 — 2 T3 Ci,6 + T4 Ci,6 + T C1,7 - 2 TZ C1,7 + T3 C1,7 + 2 C1,8 — 4T Ci,8 + 3 Tz Ci,8 + TZ C1,9 -

3 T3 C]_Jg +3 T4 Cl,g - TS C]_,g +T C1)10 -3 TZ cl,l@ +3 T3 Cl,l@ - T4 C1,10 +2 C1)11 -5T cl,ll +

5 TZ C1,11 — 2 T3 C1,11 + TZ C1,12 — 4 T3 Ci,12 + 6 T4 C1,12 — 4T5 C1,12 + T6 C1,12 + T C1,13 — 4 TZ C1,13 +

3 4 5 2 3 4
6T C1)13—4T C1,13+T C1)13+2C1’14—6TC1)14+8T C1,14—6T C1)14+2T C1)14) +

p3 X3 (TZ Cig+TCr1 T Cr1a +ThCay10 - 2T €y 1 + TOCy1p + T2 € a3 -
2T C3+ TP €13 +2 T2 €10 - 4T €10 + 2 T e 1) ==
3c1,1+ T? P3 X1 C1,4+P1 X1 (2C1,+2C1,4-2TCq,a) + <<40>> +
P1 P2 X3 (T C1,11 - T Ci,11+2TC1,14-4 T Ci,14+2 T C1,14) +
P2 P3 X3 (T3 Ci,11+4 T C1,14 -4 T C1,14> +

p% Xg (TZ C1,8 + T2 C1,11 - T3 C1)11 +2 T2 C1,14 -4 T3 C1,14 + 2 T4 C1)14> 5 <<7>> 5 <<1>>}

Solving forR, C, Sk =1

m1= $K = 13

{R1,25 C1}
unknowns = Cases [{Ry,2, R1,2, C1, C1}, (c|d|e|F)g, , o] // Union

Out[+]= {]E{)q{l,z} [’\/?, <*1+T) P1 Xy + (1*T) P2 X2, eSeries [0,

2,22
C1,1 +TP2X1C1,4+P1 Xy (C1,0+C1,4-TCa,4) +TP2XaCq 5+P1Xa (Cp,3+C1,5-TCq5) +T7pyX]Ca10+

2 2 2.2 2
P1 P2 X1 (T C1,0+2TcCy,12-2T C1,12) +Pp1 X3 (C1,6 +C1,0-TC19+C1,12-2TCy 120+ T C1,12) +

2 2 2
T#p3 X1 X2 €113 +P1 P2 X1 Xa (TC€110+2TCp03-2T €y 13) +

2 2 2 2.2
p1 X1 X2 (C1,7+C1,10—TC1,16+C1,13—2TC1,13+T C1,13) +T°p3 X5 C1,14 +

2 2 2.2 2
P1 P2 X3 (T C1,11+2TCq,14-2T C1,14> +P1 X5 <C1,8 +C1,11 - TC1,11+C1,14-2TCp 04+ T C1,14> H:

]E(}ﬁ{l) ['\/?, 0, eSeries [@, e1)1 + P1 X1 el)z + pi Xi e1,3] :I}

ouf-J= {€1,15 C1,25 C1,35 C1,4» C1,5, C1,65 C1,75» C1,85 C1,95 C1,10» C1,11» C1,125 C1,135 C1,14» di,1, d1,2; d1,3,

dy,4, di,5, d1,6, d1,7, d1 8, d1,9, d1,10, d1,11, d1,12, d1,13, d1,14, €1,1, €1,2, €1,3, 'F1,1: 'Fl,z; 'F1,3}
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in;-1= Short[errors = CCF /@ Cases [RMoves, a_=b_ =» a-b], 25]

Out[ = J//Short=
2 2 2
{T P1X3C1,2-T"P1X3C1,2+P1X3C1,3-TP1X3C1,3-TPaX1C1,4+T PaX1C1,4+TP3X1Cy,4-T P3X1Cy,4+

Tp1X2C1,4 - T2 p1 X, C1,4-TpPaXyC1,4+2 T2 pa X, C1,4 - T p2 X2 C1,4 - T2 p3 X, C1,4 + T2 p3 X2 Ci1,4 +
TP1X3C1,a-2T?P1X3Caa+ T PrXsCaa+ T2PyXsCaa—T  PayX3Cyga+P1XsCys—TPyXsCes-
2P Xy X2 C1,6+ 2T P; Xy X2 €6+ 2T P1 P2 X5 Cry— 2T Py pa X5 Cae+ 2T Pl Xy X3 Cap -2 T2 Pl Xq X3 Ca,6 +
T2 p2 x5 Ci,6 — 2 T pi x5 Ci,6+ T pi x3 Ci,6 +2TP1p2XpX3Cp,7-2 T? p1 P2 X2 X3 Cy,7+ T p: x5 C1,7 -

272 p% x% C1,7 + T pi x% Ci,7+2 pi Xy X3Cy,8-2T pi X3 X3 C1,8 + pi x% Ci1,8-4T pi xg Ci,8 +
3T2pixjcr,e+2TpipaX5Cye-2T2prpyx5Crs-TpPipP2X; Coo+ T2 P1P2X]Cpyo+ <2125 +

4T p1pyXy X3 Caya3 - T2 P3 X X3 C1y13 +4 T2 P3 Xa X3 €1,13 - 4 T*p3 Xo X3 €1,13 + T° P X2 X3 Cq,13 +

2T’ p1p3 Xz X3 C1,13 - 2 T* p1 p3 X2 X3 C1,13 -2 T° pa p3 X2 X3 C1,13 + 4T py p3 Xz X3 C1,13 —

2T p, p3s X2 X3 C1,13 - T p3 X2 X3 C1,13 + T° p3 X2 X3 C1,13+T p2 x5 C1,13 - 4T%p2 x5 C1,13 +

6T pix5cy,3 - 4T pixd a3+ TP pI x5 Cia3 +2T2p1pyX3Ca,03 -6 T2 Papa X5 Caas+

6T p1paxX5Ci,3-2T P1paX3Caa3+ T2 P3 X5 Ca3 - 2T p3 X3 Caya3 + 17 P3 X3 Cay13 + 2 PI Xo X3 €14 -
6T pl Xs X3 C1,14 +6 T2 p3 X2 X3 C1,14 — 2 T pl X2 X3 C1,14 +4TPp1PrXaX3Cy,14 -8 T p1 P2 X2 X3 C1,14 +

4T py ps Xz X3 C1,14 + 2 T2 p3 X2 X3 C1,14 — 2 T p3 X2 X3 C1,14 + p2 x5 C1,14-4T p? X3 C1,14 +7 T pi x5 C1,14 -
6T’ pi X% C1,14 + 2 T pi X% C1,14+2Tp1p2 X% C1,14 -6 T2 p1 P2 X% C1,14+6 T3 p1 P2 X% C1,14 -

2T Py pa X5 €110+ 2T PrP3 X3 Coaa - 2T PP X3 Cay1a — 2T P2 p3 X5 Ca,1a + 2 T4 Py p3 X5 €114,

T2Coq + <1545 + <«<1>

, <<l>, <«<3>, d_q.. + <<54> + «<1>,
TZ

«<1> T? C1,1+ <<54>> + p% Xi €1,3 }

-I-Z -I-2

inf-1= Short [
eqns =
Thread[© == Union @@ (CoefficientRules[#, {X1, X2, X3, P1s P25 P3}]10[ ;5 » 2] & /@ errors)],
10]
Out[+ J//Short=
{e =TCi4-T2Ci4, @=-TCr4+T2Cra, @=T2Cr4-T>Cou)
= -Tc14+2T%C,0-TCra, @= -T2 Cy0+ T Cpa, <74>,
0=Cio-T Cip+ 17 _ Tcy,7-Cig+ CI—ZS +C0-T?Cyo+ Cuie TcC1,10 -
T

C1,11

2 C1,13 C1,14 €1,3
+C1,10 - T Cp10 + -TCi,13-Craa+ +
TZ T TZ TZ
2 2 2 2
0==T C1,6 +T C1’7 + C]_,g +T C1,9 +T C1,10 + Cl,ll +T Cl,lZ +T C1,13 + C1,14 +T 'F1’3_,
0 = d1,6 +T d1)7 + T2 dl,g + dl)g +T dl,le + T2 dl,ll + d1)12 +T d1’13 + TZ d1,14 + T2 'Fl)g,
0 = Cl’s -2T C1)6 + Tz C1,6 - C1)7 +T C1,7 + C1,8 + T2 d1,8 -T d1)11 + Tz d1,11 + d1,14 -2T d1,14 +
T2 d1,14 + 'F1,3 -2T7T 'F1)3 + TZ 'F1,3, 0 == dl,l -T d1)3 + dl,S -T d1)5 +2 TZ d]_]g -2T dl,ll +

2 T2 dl,ll +2 d1,14 -4T7T d1)14 +2 T2 d1,14 + -Fl,l + fl,Z - Tfl,Z +2 'F1)3 - 4T'F1,3 +2 T2 _F1,3}

2
Ci,11 + -1 f13,
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n-1= {sol} = Solve[eqns, unknowns ]

Solve: Equations may not give solutions for all "solve" variables.

2022-01-06 17:47:36

C1,2  Ci,5 1
outf+]= {{cl,l - - 5 C1,3>-TCy,2-Cy,5, C1,4>0, C1,6 >0, C1,7>-— (L+T) C1,16 ~ C1,11,
2 2
1 2
C1,8 = _E (T -T ) Ci,00 - (1-T) Cq,11, C1,9 > 0, C1,12 >0, C1,13 >0, C1,14 > O,
C1,2  Ci,5 C1,2
di,, - 5 +——,d1,0 > -C1,, dy,3 > +Cq,55, d1,4 >0, d1,5 > -C1,5, d1,6 > O,
2
(1-3T) c1,1706  C1,11 (‘1+3T‘2T ) €50 (1-T) cyn
di,7 > - + 5 dig = - - , d1,0>0,
27 272 T

(-1+T) c1,16  C1,11

d1,1e - -C1,10, d1,11 > -

» d1,12 >0, d1,13 >0, di,14 >0,

T
C1,2  Ci,5 C1,2  Ci,5
€,1>-—— -——,€,2>-C1,10, €1,3 >0, f11 > + pat f1,2 > C1,10, F1,3 > 9}}
n-}= sol /. (a_->b_) = (a=D>b)
Ci,2 Ci,5 1
outf-J= {— -—, -TC1,0-C1,5,0,0, —— (1+T) C1,10 — C1,11,
2 2 2
2 C1,2  Ci,5 C1,2
-— (T-T%)c116- (1-T) c1,11, 0, 0, 0, O, + » =C1,2, +C1,5, 0,
2 2 2
(1-3T) c1,106 C1,11 (*1+3T*2T2> Ci,50 (1-T) cyn
-Cq,5, 0, - + » ~ - » 0, -C1,10,
27 T 2 T2 T?
(-1+T) C1,16  C1,11 C1,2  Ci,5 Ci,2 Ci,5
- - ,0,0,0, - - > —C1,10, 9, + > C1,10, @}
T 2 2

= CF /@ {Rpl,z, ﬁl,z, Cq, El}

Outf«]= {]E{}%{l,z} [1, 0,

1
eSer‘ies{

1

2
9, p1 X1 C1,2+£ (=C1,2-C1,5) +P1 Xz (=T C1,2-Cy,5) +P2 Xz Cq,5+P1P2XyXz C1,1e+£ p1 X1

2 2.2 2
Xz (=C1,10 — T C1,16 - 2C1,11) +P1 P2 X5 c1,11+£ p1 X5 (*T Ci,0+ T C1,1e*2C1,11+2TC1,11>H:

. 1 P1 Xz (C1,2+TCy,5)
E(501,2) [1; 0, cSeries |0, -p1X1C1,0 - P2XpC1,5+— (C1,20+C1,5) + T
2 2
P1P2X5 (C1,10 — T C1,10 — C1,11) PTX1 X2 (~Ca,10 +3 T Cp10+2Cpu11)
P1 P2 X1 X3 C1,10 + +

T

2,2 2
p1 X3 <C1,10—3TC1,10+2T C1,1e—2C1,11+2TC1,11>

2 Il

(-=C1,2-C1,5) —P1 X1 C1,1e] } B

2T

2

]E:{}—>{1} {'\E: 0, eSeries [@,

NPk 4

1

(=

E{}qm[ , 0, eSer‘ies[e,

(C1,2+C1,5) +P1X1 C1,1e] } }
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nf-1= Factor /@ CF[Last@ZF@Knot[6, 1] - Last@ZF@Knot[9, 46]]

2 (-1+T)2 (1-4T+T%) 1,10
outf-]- €Series [@, ]
(-2+T)2 (-1+2T)2
1= Cases[{Rpy,2, RPy,55 C15 C1}, (c|d|e| g, , o] // Union
ouf-]= {C1,2, C1,55 C1,105 C1,11}

)= CF /@ ({Rpl,z: Rp; 5, C1, El} /. {€1,00>-1/2,C1,,>0, Cj 5> 0})

Out[+]= {]E{}%{l,z} |:1, 0, cSeries {0,

1 1, 2 1, 2
- p1sz1X2+;l P1 X1 X2 (L+T-4cq,11) +p1p2X2C1,11+ZP1X2 (T—T —4C1,11+4TC1,11>H,
, 1 P1P2aX5 (-1+T-2cy,11)
E{}5(1,2) [1, 0, eSer‘les[O, E P1 P2 X1 X5 + g +

+

471 4712

E(y5(13 {\/?, 9, eSer‘ies[O, %H, E(}5(1) [\/1?, 0, eSer‘ies[@, —; p1 xl} H

P2X1X (1-3T+4cy ;) PIX3(-1+3T-2T2-4cy13+4Tcyn) H
3

= CF /@ ({Rpy,25 RP1,25 C15 C1} /+ {C1,00 > -1/2,C1,550, C1,5 50, 1,13 > T/2})

1 1 1 1
Out[+]= {]E{}a{l,Z} [1, 0, eSeries {@, Z (1—T) pi X1 Xz—E P1 P2 X1 X2+Z (—T+T2) p% X§+ E Tp]_ P2 X%]},

, (1-T)pixixy 1 (-1+T) pix3 Pp1p2X;
Es1,2) [1, 9, eSer‘les[e, —————————— + — P1 P2 Xy Xz + ; - H
4T 2 4T 27T

. P1 X1 1 . 1
]E{}ﬁ{l} {'\/?_, 9, eSeries [0, T]}, E{}%{l} [ﬁ, @, eSeries 0, —; P1 Xl}]}

;= {C€1,09 = =1/2, C1,5 =0, C1,5 =0, C1,11 =T/ 2};
CF /@ {Ry,2, Ry,25 C1, Cy}

o B VT, (<1+T) puxa+ (1-T) p2xa,

. 1 2 1 1 2 2,2 1 2 2
eSer‘les{e, — (-14T)pIXyXa- — TpipaXaXo+ — (T-T?) pyxg+— T P1P2X2H:
4 2 4 2
1 A-T)pixz (-1+T)p2x;
E{}»{I,Z}[i-' * ’
T T T

+ —

(-1+T) pixgXa P1PaXiXa (1-T)pix3 plszEH
+
4T 27 4 T2 2 T2

cSeries [0,

1

)}

E(5013 {\/?, 9, eSer‘ies[O, %H, E(}5(1) [%, o, eSer‘ies[a, -
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In[+]:= CF[RLZ /. T> T'l]

1 (1-T)pixa (-1+T)p2ax;
Outf«]= E{)%(I,Z} { — + >
T T T

(1-T) pix1Xa P1paXiXa (-1+T)pix3 plsz§H
- + +
4T 2T 4712 2 T2

cSeries [0,

in[- = RMoves

our-)= {True, True, True, True, True, True, True, True, True}

The isomorphism with '-calculus

o= T[Egais (2, 0, _1] := CFeT[&™, Sum[p; x5, {i, is}]-0]
E[T[«_, A_]] :=Module[{is = UnioneCases[A, p; =i, ]},

CF@E (y,is[«™*, Sum[p; x;, {i, is}] - A, eSeries[0]]]
1= {Ri,j> Ri,5 // T5 Ry, // T // E} // Column

E(oiig [ VTs (-1+T) pixg+ (1-T) pyxy,

. 1 1 1 1
s eSer'les[G, 3 (1T p%xixj—ETpipjxixj+;1 (T-T1%) p§x§+£T2pipj x%H
1
T[Tﬁ, piXi+ (1-T) pin+ijXj]

E(}(1,5) [\/?, (-1+T) py Xj + (1-T) p;j X5, eSeries[0, 0] |

af e
- ¥l = I‘[a), {xi> X355 %} | ¥ 6 € | . {Pis Pys p,.}] /] E
oY E
1
ouf-J= E¢y50i,5,r) [;, (L-a) piXi —BPjXi —OPrXi —¥PiXj+

(1-6) P3Xj-€Pr Xy~ PiXe - UPjXp+ (1-E) pprXp, €Series[o, 0]

ng= ¥l // My // T
1
1
(-1+8) w
outf+J= T[—er/Sw,
(-y+By-ad) pkxk (-€+B€-660)prXk (-0+Bod-ay)pXr (-Z2+B=Z-0Y) prXr

+ + +

-1+p -1+8 -1+p -1+5
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Inf]:= Simpli-Fy[

aBy
EeT [, (X1, X2, Xs}.| 6 € 1 | .{P1, P2, P3}| Eqyoi,3[1, @, eSeries[0, pix;11 // mys.1 //
AUV

My,251 // My,551 // My350 |03, 20 /. (X | P)_ - 0]

B+ye-Bn

Out[«]=
-l1+B+ye+n-Bn

Inf]:= Simpli'Fy[

afBy
Eer [0’, {X1, X2, X3}.| 6 €n [.{pP1, P2, P3}] E(}5¢1,9) [1: o, eSer‘ies[O, pPi Xj]] //my i, /7
AUV

Mi,251 // My,51 /7 M350 (03, 2] /. (X[ p) ~ 9]

Y

Out[=]=
-1+B8+ye+n-0Bn

Inf = Simplify[
apBy

Eer [w.’ {X1, X2, X3}.[ 6 €n |.{p1, P2s P3}] E(y5(i,5} [1: 0, eSeries [0, Pj Xi]] //my i /7
AUV

Mi200 // M50 // My |03, 21 /. (x| p)_ > 0]

€

Out[+]=
-1+B+ye+n-Bn

Inf+ J:= Simpli'Fy[

aBy
Eer [w) {X1, X2, X3}.| 6 €n [.{P1, P2, pB}] E (54,5} [11 0, eSeries [0) Pj Xj]] [/ My i, 7/
AUV

Mi20 // M50 // M3 |03, 21 /. (x| P)_~ 0]

YeE+n-Bn
Outf«]=
“l+B+ye+n-Bn
nf- 1= Cq
p. X.
outf-J= E(y5qi) [\/?, 0, eSeries {0, - H
2

http://drorbn.net/AcademicPensieve/2021-12/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2021-12: PABI.nb 2022-01-06 17:47:36

nf-1= CF [Ei)j /. T> T'l]

1 1 , o 1

Outf[+]= E{)e(i,j) {1, 0, eSer‘ies[@, (—1+T) pi X3 Xj +£ Pi pj Xi Xj +Z (T—T2> p3 Xj —ETpi pj X?}]

AR

inf-1= CF [Rpi)j]

. 2 1 1 2 2,2 1 2
out-l= E(}5(1,5) [1, o, eSer‘les[G, (1-T) pi xq X5 - Pi Py Xi Xj +;l (-T+T%) pi x5 +5Tpi P; xjH

DR

: 0 1 2 1 1 2 2,2 1 2
Inf+ J= Slmpllfy[z (1-T) p} xixj—; Pi Pj Xi X5 +Z (-T+T%) pixj +ETpi P; xj]

1
Outf[+]= Zpl ((71+T) Pi+2I9j) Xj (7X1+TXj>
Inf+ ]:= Simplify[

apBy
Eer [w.v {X1, X2, X3}.[ 6 €n |.{p1, P2s Ps}] E(15(i,5} [11 0, eSeries [0: Pi Xi xj]] /1 my i, /7
AUV

Mi20n // M50 // My |03, 21 /. (x| P)_~ 0]

2y (B+ye-Bn)

Out[~]=
(-1+B+ye+n-pn)?

Infe]:= Simpli-Fy[

aBy
EeT [a), {X15 X2, X3}.| 6 € n | .{P1s P2 Ps}] Ey4,3) [1: 0, eSer‘ies[O, P; Xj]] [/ My i, /7
AUV

My,251 // My,551 // My350 |03, 20 /. (X | P)_ - 9]

afBy
Inf+J:= ]E@I‘[w, {X1, X2, X3}.| 6 € n |.{P1s P2» Ps}] Rps,§ // Ma,isa // My,251 // My 551 /7 My 3,
AUV

1

ouf-]= Ery 1y [ s
Ww-Bw-yeEW-Nw+Bnw

(1-B-ve-N+BN-A+LBA+YEA+NA-LBNnA-au-you+anu-o6v+Bov-aev) p1 Xy

3

1-B-vye-n+Bn
eSer‘ies[@, (By—TBy—T?{2+T27(2—Y€—BY€+726+TY2€—Y262—5U+BZU+
2Tyn-Byn-TRyn-ven+2Byen+Bn*-p2n?) /(2-4B+2p-4ye+
4/3>(e+2>/262—477+8[377—4/3277+47/e77—4/37(677+2772—4/3772+2/32772) +
((rayu+Tayp-aByu+Tapyu+2Tay? u-2Tay’ u+you-Byou-y>6u-
TY2 6 u-ByY o u+3TRY?6u+2TY 6u-2T?yY 6u+3ayeu+raByepu-ayieu-
3Tom(2<—:u+3yzéeuf/3y26<—:u—y366uny3éeu+ay262u+anufa/3nu+
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2aynu-4Taynu+2aBynu-2Tay’ nu+2T oy’ nu-Byonu+Byonu+y onu-
3TY?onu+By?onu+TRy*Snu-dayenp-afyenu+ay enu+Tay’enu-
y?senu-2an*u+2afnu-ayn*u+3Taynu-afyn*u-TaByn*u-yoniu+
By6n2u+ot7(€n2u+oz773u—ab’r]su—otﬁv+Tan+ot52v—To<BZv+2To¢7{v—
2Tzotyv—2TO(B)/v+2T2a[37(v+/36v—2ﬁ26v+636\/—2T)/6V—B)/6V+ST57(6V+
By Sv-3TRPySv+2T¥ 6 v-2T ¥*6v-2TRvy?6v+2T?2By?S6v+aev-apiev-
20()/(—:v72Toryev+a/3yev+3TO(Byev+3yéev74/3y6€v+/32yéevf
23/266v+/3yzéev+T/3>(266v+3a7{ezv—a/37(ezv+y2662v—2To<r)v+20</3r]v+
2TaB77\/—20(5277v—2Ta7{r]v+2Tzo<7/r]v+2Ta[5yr]v—2Tzo<[5)/77v—[5677v+
ZBzénv—B36r7v—2T)/6r7v+/3)(617v+3TB)/6nv—Bzyénv—Tﬁzyénv—aBe77v+
O(/32€77V+20(7{€T]V*O(/3}(€UV*TO(BYGT]VJrYéGUV*BT(@ET}V*O(YGZT’]VJr
ZTOH’]Z\/—OtBT’]ZV—BTO(BT]Z\/+OtBZT’)2V+TO(/32T’]ZV—O(67’]2V+O(B€)’]2\/> p1X1>/
(2-6B+6B82-2p-6ye+12Bye-6Bye+6y’e’-6By° e’ -2y e’-6n+1831n-
1862r7+653r7+127(e77—24/3ye17+12/32ye7776>/262r7+6/3y26277+6772—18/3772+
1882 n*-6p°n"-6ven’+12Bven’-6pyen’-2n*+6B8n° -6 n*+28° ) +
((azyuz—Tazyuz—Tazyzuz+T2a2y2u2—2ay6u2+20(57(6;12+2a){26u2—2Ta[57{26u2—
2Toay o2+ 2T avy3 612 -2y2 82 12+ 232 82 12+ y3 82 12+ T3 62 2 - 2T RY3 6% 12 -
Ty a2 2Ty’ P -2 ye?+ 2T Y el -2ay?ioe?+2Tayisep -3l ynu?+
3Ty +2Ta?yinu2-2m2a?yinul+dayénp®-4apyénu’-4ay* snu’+
2Tay?*sn2+2Tapy?éent+2Tay?sn®-2Tav¥6n?+2v2 82 nu? - 282 &2 nu -
VPEnlt TP nt a4l yenpt-27 Y enpt+2av?senpt+ 30 ynt it -
3Ty -T2y + T2y 2 —2ay6n i +2aBy 6 n2 2 +2avy 6 n? 2 -
2Tay?en? -2 yen -2y 2 +Talyn? 2+ uv-Tal uv-o?Buv+
TO(2/3,uV—ZTOCZY/JV+ZTZOCZ)//JV+ZTQZBY/JV—ZTZO(ZBY/,(V—ZO(5UV+4O(/35/JV—
20([526uv+20(7/6;1v+2Tot7(6uv—ZQB)/éuv—6To<By6uv+4Tothy6uv—
4Ta7(26uv+4T2ay26uv+4Ta[3>{26uv—4T2aB7(26uv—2}(62uv+4ﬁyé2uv—
2By UV S uv+3T Y S Uy - B SP uv-TTRY S uv+4TB Y 8 uv -
2TV 8% uv 2T 362 uv+2TRY3 6% uv-2T23y3 6% uv-2euv+2a®Bepuv+
azyeuv+3Toz2>/euv—4To<2[a’>/euv—4017(66uv+4a[37(66uv+2a7/266uv+
2Tot7(266;1v—4To¢[37(26euv—27(2626uv+2[57{2626uv+y3626uv—TY3626uv—
Zazyezuvaayzéezuv—Baznuv+3Ta2nuv+3a26nuv73TaZBnuv+
4T0(27(r7uv—4T20(27m7/Jv—4Tasznuv+4T2a2/3yr7uv+40(577/,tv—8a/36r7uv+
40(/325nuv—4ozy677/4v+4o</3y677;1v+4To</3yé77uv—4To</32>(6nuv+
4To¢7{26r]uv—4T2017(26r]uv—4TaBy26nuv+4T2a[57{26r)uv+2y62nuv—
4By nuv+2BySnuy -V Enuv+TyY S nuv+py 8 nuv-TB¥> & nuv+
4a2€77uv—40(2/3€nuv—Zazyenuv—ZTazyenuv+4Ta2/3yenuv+4ayéer7uv—
40(/37(66nuv72ayzéenuv+2Tayzéenuv+2a2yeznuv+3a2n2uv—
3To¢2nzuv—3&2/3n2uv+3T0(2/3)72uv—2To¢2ynzuv+2T2a2yr]2uv+2Ta2/3>(r]2uv—
ZTZOLZBYT’]zu\/—20((57’]2[1\/+4O(B(57’)2u\/—20([52(57’]2UV+20(7{67’)2[1\/—2TO(7{57’)2/1\/—
20(/3}/6nzuv+2TaByén2uv72azenzuv+2azﬁen2uv+azyen2uv—
Tazyenzuvfaz773uv+Ta2r73uv+a25n3uv—Ta25ry3uv7Ta2v2+T2a2v2+
2T BV -2T2a? BV -T2 B2V + TP a? B2Vv2+2Ta s Vv -6TaBs Vv +6Tap?s v -
2TaB 6V -2Tay v +2T ay 6V +4TaBy sV -4T apysvi-2TaBy 65V +
2T2a52y6v2+2T7(62vz—6T/37(62v2+6T[527(62v2—2T53y62v2—T}/262v2+
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T2y 62V 2T B Y 62V -2 T2 B2 62 VE TRV 82 VE+ TP B2 y2 82 v+ ol eVvi+ Tal e vi -
O(ZB€V273TO(2/3€V2+2TO(2/32€v2720(56V2+4O(/35€V2720(/325€v2+201)/5€sz
20(/37(56vz—2T0(/37,(56v2+2T0(/32y66v2—2){626v2+4/3y626v2—2/32\(526v2+
7/2626\/2—Twzz626vz—Byz526v2+T67(2626vz—20(262v2+20¢2562v2—20¢7{662v2+
20(/3}/662vz+2To¢277v2—2T2a277v2—4T0(2577v2+4T2a2617v2+2Ta282r]v2—
2T2a? B2 nvi-2Taénv?i+6TaBénvi-6Tap envi+2Tapienvi+2Tayénv? -
2T2ay6nv2—4Ta/3y6nv2+4T2a/3)/677v2+2Ta/32y6nvz—ZTzaﬁzyénvz—
20(26)’]v2+2O(2[367’]v2+2TO£2/36T]V2—2T0(2/32677v2+20(567’)\/2—4(1/3561’]v2+
20([5266nvz—Zayéer]v2+2Tayéer]v2+2a[3’yéenvz—ZTotByéer]v2+
20(26277\/2—20(266277vz—Taz772\/2+T20(2172v2+2To<26172v2—2T2a2B772v2—
TO(ZBZUZV2+TZO(2[32772\/2+O(2€UZVZ—TOKZE772v2—062/36772v2+TO(2/3€‘r72v2> p%xf)/
(4-163+24p-163° +43" -16yc+48Bye-4832 ye+16 37 ye + 24y €’ -
483y e?+2432 2 et 163 et + 168y el a4yt et 16 +6431 -
963°N+64B31n-168"n+48vyen-144pyen+1443%yen-48p3yen -
48)/262r]+965y262r7—48/32)(262r7+16y3e377—16/3y3e3r7+
240 -96B3n%+1443° 1?2 -96pR°n?+ 243 n*-48yen®+144Byen® -
144[527(6r]2+48537/6r]2+247/262772—48[57{262r]2+246272€2r]2—
16n°+645n°-96B8°n°+64p>n*-168"n’+16ven’-48Bven’+
4862)/6773—1663ye173+4774—16/3774+2452r]4—1663774+4/34774)]]

Infe]:= Simpli'Fy[(/37—T/37—T72+T272—~(e—/3~(e+72e+T72e—
Y e¥-Bn+p’n+2Tyn-Byn-TRyn-ven+2Byen+Bn’-pn?)/
(2—4B+2/32—47e+4/3~(e+272e2—4r]+8/3r)—4/3217+4yer]—4/37er]+2n2—4f3r]2+2/32n2)]
Outf+]= (B (-1+n) 77—62 (-1+n)yn-By (-1+T+e+n+Tn-2€n) +
¥y (TPy-e@+y (-1+e)+n) +T (y (-1+e) +2n))) /(2 (-1+B+ve+n-Bn)?)
apBy

1= |IdentityMatrix[3] - |6 e n // Det // Simplify
AUV

ouf-]= 1-€-YA+YEA-YOU-NU-V+EV-B (O+nNA-OV)+a (-1l+e+nu+Vv-€V)

Solving for R, C, Sk =2

In[«]:= $k = 2;
{Rq,25 C1}
Short [RMoves, 20]
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Outf+]= {]E{H{l,z) [ VT, (=1+T) p1Xp+ (1-T) pa Xa,
. 2 1 o202 Lo, 2
eSer‘les{O, — (-1+T)pixXaXp-— Tp1pPaXaXo+ — (T=T%) pix5+— T?pypayX3,
4 2 4 2
2.2.2
C2,1+TP2aXyCpa+P1X1 (Co2+Coa-TCp4) +TPaXpCo5+P1Xy (Ca3+Co5-TCy5) +T7p5X]Cp 10+
2 2 2.2 2
p1 P2 X1 (T C,0+2TCy10-2T C2,12) +Pp1 X3 (Cz,s +C,0-TCo+Cp12-2TCo 10+ T C2,12) +
2 2 2
T# P53 X1 X2 C2,13 +P1P2a X1 Xa (TCo10+2TCo13-2T% ¢y 13) +
2 T 27 T2 T2 p2x2
P1 X1 X2 (C2,7+C2,1e— C2,10 + €2,13 — C2,13 + C2,13) + 17 P2 X3 Co,14 +
2 2 2.2 2
P1 P2 X3 (T C2,11+2TCp14-2T C2,14> +P1 X5 (Cz,s +C2,11 - TCp11+C2,14-2TCo 08+ T C2,14> +
3.3.3 2.3 (12 2 3
T2p3 X3 Co,07 +P1 P Xq (TP Ca,03+3 T €07 -3 T € 07) +
3.3 2 2 3
P1 X3 (Cz,ls+C2,19—TC2,19+C2,23—2TC2,23+T C2,03+C2,07-3TCp07+3T7°Cp,07-T C2,27) +
2 3 2 2 3
P1 P2 X3 (T C2,19+2TC2,23*2T C2,23+3TC2’27*6T C2,27+3T C2)27> +
3.3 .2 2.2 2 2 3
T2 Py X Xz Ca,28 + P1 Py X1 Xo (T9Co,00+3T%Co08 3T Cp,08) +
3.2 2 2 3
p1 X1 X2 (Cz,ls+Cz,ze—Tcz,ze+C2,24—2TC2,24+T C2,24+C2,08-3TCp8+3T Cp08-T Cz,zs) +
2 2 2 2 3
P1 P2 X1 X2 (TC2,20+2TC2,24*2T C2,24+3TCp08-6T Cy08+3T Cz,zs) +
3.3 2 2 2 (12 2 3
T2 p3 X1 X5 C2,20 + P1 P53 X1 X5 (T¥ 2,25 + 3T 2,20 -3 77 C3,20) +
3 2 2 2 3
p1 X1 X3 <C2,17+C2,21—TC2,21+C2,25—ZTC2,25+T C2,25 +C2,200-3TCp09+3T Cp 09T C2,29> +
2 2 2 2 3
P1 P2 X1 X5 (TC2,21+2TC2,25*2T C2,25 +3TCp29-6T"Cy,09+3T C2,29> +
3.3.3 2.3 (12 2 3
T2 P2 X3 Ca,30 + P1 Py X5 (T Cayo6+3 T Cou30 - 3T €y, 30) +
3.3 2 2 3
p1 X3 (C2,18+C2,22—TC2,22+C2,26—2TC2,26+T C2,26 +C2,30 - 3T Cp36+3T°Cp 30T C2,3e) +
2,3 (T 2T 272 3T 6 T2 373
P1 p2X2( C2,22 + C2,26 ~ C2,26 + C2,30 -~ C2,30 *+ Cz,sa) P

1 X1

. 2,2 3.3
]E{}%{l} {'\/?, 0, eSeries [0, — ez,l + p]_ X1 eZ,z + pl Xl 92,3 + pl Xl 92)4] }}
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Out[~ J//Short=
1 2 3 2 3 3
{E (’T +T ) p1p3X1x2x37£T P1 P2 P3 X1 X2 X3 +
1 3 4 2 2
— (*T +3T ) P1 p2p3X1X3+3C2,1+Tp2X1C2)4+Tp3X1C2’4+T P3 X3 C214+ «<104>> +
4

p1 P33 (T4 C2,26 + 3 T C2,30 - 3 T® C2,3e> +pap3 %3 (TS C2,26 + 3 T C2,30 — 3 T C2,30) +

p; X3 <T3 Ca,18+ T2 €00 - THCouop + T2 Co06 - 2T o6 + 77 Co 06 + T €27 -
3T Co07+3T2Co07 -T2 Coo7+T° Coag-3T%Co08+3T Coos -T2 Coos+ TP Co 00 -
37°Ca,20+3T°Co20-T Co,20+2T7 Cay30-6T*Ca 30+ 6 T° C230 — 2 T° Cp 30 ) +

p1 p3 X3 (3 T2Cy18-3T2Co18+3T%Co,00-5T2Co,00+2 T4 Co,00+T°Co,03-3T0Co03+3T €03 -
T8 0,03+ T4 2,00 - 3T Co2a +3T%Co 00~ T/ €o0a + T2 €05 ~ 3T o 05 +3T° Cp 05— T8 €y 05 +
AT%¢Cy06-10TCp 06 +8 T4 Coo6-2T° Coa6+3T° Co07-12T% ¢y, 07+ 18T 3,07 - 12 T8 ¢ 57 +
37707 +3T4Co08-12T7C0,08+18T%¢Ch08-12T Cp08+3 T2 Coo8+3 T2 Co00-12TCp 00 +
18 T° C2,20 - 12 T° € 00+ 3T/ Co,20 + 6 T2 Coy30 — 21 T2 €230 + 27 T4 5,30 - 15 T° €230 + 3T° Ca 30 +

P3P X3 (T C2,20+ 2T Caya6 - 2T° €26 + 3T Coy30 - 6 T° Coy30 + 3T° Coy30) +

! PIPsX3 (-T2 + T8+ 2T2Cy 00 - 4T Cp 22 + 4T €20 +4T% €06 - 817 Co a6 + 8T Co a6~ 4 T° o6 +
6T Ca30-12T7 Co 30+ 12 T4 Cp30 - 12 T2 o 30 + 6 T Coy30) = 3 Co,1 + T2 P3 X1 Coy4 +

<«<143>> +p3p3 X3 (THCa,20+ 2T Cay26 - 2T Cay26 + 6 T C2,30 - 12 T° Ca, 30 + 6 T° €3, 30

pi Xi (T3 Co,15 + T2 Co,16 + <<13>> +Cy 30 + e2,4)
<<7>>, +
T3

+ +

pi <«<1>> (<<50>> + «<1>>) <<1>> «<47>> +24 T3 €,4
e}
8 T3 4 «<1>> 4T3

= unknowns = Cases[{R; 5, Ry,2, C1, C1}, (c|d]e]|F)g. , o] // Union
El 3 $ I

ouf-}= {€C3,15 €2,25 C2,35 C2,45 C2,5, C2,65 C2,75 C2,85 C2,95 C2,105 C2,115» C2,125 C2,135 C2,145
C2,15, C2,165 C2,17, C€2,18, C2,195 C2,205 C2,21, C€2,225 C2,23, C2,24, C2,25, C2,265 C2,27,
C2,285 C2,29, C2,30, d2,1: dz,z, d2,3; Cl2,4: dz,s: dz,e: d2,7; dz,s; d2,9) d2,10: d2,11;
dz,125 da,13, d2,14, da,15, dz 165 d2,17, d2,18, d2,19, 02,20, d2,21, d2,22, d2,23, d2,24,

dy,25, d2,26, d2,27, d2,28, d2,20, d2,305 €2,1, €2,2, €2,3, €24, 'F2,1; 1c2,2; 'Fz,s: 'F2,4}
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in;-1= Short[errors = CCF /@ Cases [RMoves, a_=b_ =» a-b], 25]

Out[- J//Short=

{E (*ZTPiX1X2X3+4T2PiX1X2X3*2T3Pixlxzxa*4T2PiP2X1X2X3+4T3PiP2X1X2X3+
2T Py p3 X1 Xa X3~ 2 T2 Py p5 Xy Xa X3 - 2 T2 pd P3 Xq Xp X3 + 2 T2 p3 p3 Xq Xp X3 + T2 p3 X5 X3 -
2T P X3+ T P33 x5 +3 T2 P2 pa X2 x3 - 3T P2 Py X3 X3 + T2 p1 P35 X5 X3 - 3 T2 py p3 X3 X3 +
2T 1 PI X X3 +2 T2 p1PaPsXo Xz - 2T P paps XaXs +2T2pI Xy X5 -4 T2 p3 xg X5+ 2 T4 p3 xg X5 +
T2p§p2x1X§+T3piplex§—2T4pip2x1X§—T2p§p3x1x§+5T3pip3x1x§—4T4pip3x1x§—
2T3p1p2p3x1x§+2T4p1p2p3x1x§+T3pixzx§—2T4pix2x§+T5pix2x§—T3p%p2x2x§+
2T pipaxa X5 -T2 pipyXa X5 -3 T2 py p3 Xa X3 + 3T py p5 Xy X5 + T2 pa p3 Xz X5 + <<1963>> +
72T pf p2 X2 x% Cy,30 — 288 T2 pi P2 X3 xg Cp,30 +432 T pf P2 X3 x§ Cy,30 — 288 T pi P2 X2 x§ Cy,30 +
72T° pi p2 X2 x§ Cp,30 + 72 T2 p1 p% X3 x§ Cp,30 — 216 T3 p1 p% Xy xg Cy,30 + 216 T p1 p% X3 x§ C2,30 —
72T Py P5 Xy X5 € 30 + 24 T2 P3 Xy X5 Co,30 - 48 T 3 X3 X5 Co,30 + 24 T° P3 Xy X5 C2,30 + 8 P3 X3 C2,30 -
48T p3 X3 Ca,30 + 120 T2 p3 X3 Cp,30 - 152 T2 3 X3 C5,30 + 96 T p3 X3 C2,30 - 24 T° p3 X3 C2,30 +
24T pf p2 xg Cy,30 — 120 T2 pf P2 xg Cp,30 + 240 T pf P2 xg Cy,30 — 240 T pi P2 xg C,30 +
120 T° pf pa X3 C2,30 - 24 T8 pI P2 X3 C2,30 + 24 T2 p1 P53 X3 C2,30 ~ 96 T2 Py P53 X3 C,30 +
144 T% p; p3 X3 C2,30 - 96 T° p1 P53 X3 Cz,30 + 24 T° py p3 X3 C2,30 + 24 T* pf p3 X3 3,30 -
48 T° i p3 X3 C2,30 + 24 T° I P3 X3 C2,30 ~ 24 T P p3 X3 2,30 + 48 T° p3 p3 X3 C,30 - 24 T° p3 p3 X3 €230 +
24.T° py p3 X3 C2,30 - 24 T° p1 p3 X3 C2,30 - 24 T° p3 3 X3 C2,30 + 24 T° Py p3 X3 C2,30) 5

-T2 p% X1 Xy + <<638>> + <<1>>

, <<5>,
8713
<«<1>
873
2T -8T2+ «<167> +8pi X3 em}
8T3

mn-1= Short[#, 10] &[eqns =
Thread[© == Union @@ (CoefficientRules[#, {X1, X2, X3, P1s P25 P3}]10 ;5 » 2] & /@ errors)]]

Out[~ J//Short=
2 2 2 3
{0 — Tc2,4 -T C2,4, 0-=-=-T C214+T C2,4, Q=T C214fT C2,4,
1 2 3
<<213>>, Q=-—+— - C2)15 +3T C2,15 -3T7 C2)15 +T C2,15 + C2,16 -2T7T C2,16 +
4 4

T C2,16 — C2,17 + T Cp,17 + Cp,18 + T ds 18 - T da oo + T dy, 00+ Tdy, 06 -2 T dy, 26 +
T2 dy,06-0d2,30+3Tda,30-3T2da 30+ T2 dy30-Fa,a+3TFa-3TFy0+T Fou,
5T T2
0 == DAY +dy+Tdy3+dya+Tdy5-2Tdy,7-4T>dyg+dy10-2Tdy,10+2Tds 11~
4T%dy 19 +2dy,13-2Tdy,13+4Tdy14-4T2dy,14+6T°dy,17+18T7dy 15 -
4Tdy, 0 +6T dy, 50 -12T%dy, 5 + 18 T2 dy 05 + 2dy 25 - 8 Tdy, 55 + 6 T2 dy 55 +
6T dy, 06— 24T dy 06+ 18T dy 26 +6dy,00 - 12T dy, 50 + 6 T2 dy 20 + 18 Tdy, 30 -

36 T%dy,30+ 18T dy,30+ TFo +4TFy3-4T2F,3+18TF, ,-36T°F,,,+18T> f2)4}
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n-1= {sol} = Solve[eqns, unknowns ]
Solve: Equations may not give solutions for all "solve" variables.

C2,2 Cp5
outf+]= {{c2,1%* S T, C2,3>-TCy2-Ca5,Cp40—>0,Cr—>0, Cry7 >~
1 2
Ca,8 = _E (T -T ) C2,00 - (1-T) C3,115, C2,9 >0, Cp,12 >0, C3,13 > 0, Cp,14 > 0, C2,15 > 0,

(1+T) C2,18 — C2,115

N R

2+T 1 ) 1 ) 3
C2,16 = ~ 2,265 C2,17 > — (-1-T+2T%) = (1-T) Ca .06, Cay18 > — (T+2T°-3T°),
24 24
1 1 T2
C2,19 > 0, C2,20 — —g: C2,21 > g (1+2T), C3,20 > _Z - (1-T) C3,265 C2,23 >0, C2,24 > 0,
1 C2,2 Cp5
Co,25 > ——, C2,07 >0, Cy,08 >0, Cy,209 >0, Cy 39 >0, dy 1 > + » oo > —Cy)0,

-1+T (1—3T> C2,10 C2,11

dy 3 - +Cy,55, 0240 >0,dy 5> -Co5,dy 620, dy 7> - - + s
8T 2T T
1-T (-1+3T-2T*) 00 (1-T) Conn 1
dy,s > - - - > d2,0 20, dy16 > — - C2 10,
8T2 2T2 T2 4
1 (-1+T) cz,106  C2,11
dy,11 > -— - - 5 d2,10 20, dy 13> 0, dy 14> 0, dy15 > 0,
4T T
2+T 2,2 5+T+4T%2 (1-T) ¢a,2 3-2T-T?
d2,16—>— S d2,17—>— - > dz,lsﬁ—i: d2,19%9;
24T T 2412 T2 24713
1 -2-T 1+T* (1-T) ¢z, 1
d2,29—>—*) d2,21*—7; dz,zzﬁ— - ) d2,23%9: d2,24*9: dz,zsﬁ—*:
8 8T 8 T2 T2 8
-1-T ¢y, Ca,2 Cy5
dz,26 = - - 5 42,27 >0, d;28 >0, dy 290> 0, dy,36 >0, €3,1 > - - s
8T T 2 2
C2,2 Cy5
€, -Cy10, €2,3>0, €40, ;- + > F2,0 - 7;1 +C10, 2,320, f2,4- 9}}
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1= sol /. (a_->b_) =» (a=Db)

C2,2 Cp5
outf-j= 4 - - s =T Cy,2-Cy,5, 0,0, -

5 (1+T) €2,16 — C2,115 —

N R
N R

(T*Tz) Cr10- (1-T) C2,11,
1

2+T 1 5 ) 3 1
0,0,0,0,0, — -Cy, — (-1-T+2T%) - (1-T) 3,26, (T+2T1°-37°), 0, -—,
24 24 24 8
1 T2 1 Cr2 Cas C2,2
- (1+2T), —— - (1-T) C2,26» 0,0, -—,0,0,0,0, + > =C2,2, — +Cy;5, 9,
8 4 8 2 2 T
“1+T  (1-3T) Ca0 Com  1-T (-1+3T-2T*) 00 (1-T) o1
-C2,5, 9, - - + > = - - b
8T 2T T 8 T? 2 T2 T2
1 1 (—1+T) C2,1e C2,11 2+T C2,26
0) - 7C2’1@, - = - ] 0: 0) 0, 9) - +
4 4T T T 24T T
~5+T+4T%> (1-T)cCy 3-2T-T? 1 -2-T 1+T% (1-T)cy
- - y = E) 0: . » - - ] @) @,
2412 T2 2473 8 8T 8 T2 T2
1 -1-T 3,2 C2,2 Cas C2,2 Cas 1
-7 = - ,90,0,0,0, - -~ —C2,10, 9, 0, + > =~ *+C2,10, 0, 9}
8 8T T 2 2 2 2 4

In[e]:= cases[{lez, EI,Z, C1, El}) (C | d | e | -F)$k,_) 0)] // Union

ouf-J= {€C2,25 C2,55 C2,105 C2,115 C2,26}

1= {Z1, Z2} = ZF /@ {Knot[1@, 106], Knot[12, NonAlternating, 369]}
KnotTheory: Loading precomputed data in KnotTheory/12N.dts.

KnotTheory: The GaussCode to PD conversion was written by Siddarth Sankaran at the University of Toronto in the summer of
2005.

T4

o= {]E{H{l}[ 2 3 4 5 6 7. 8’
1-4T+9T2-15T3+17T4-15T°+9T6 4T + T

0, eSeries[@, (3-20T+69T?-161T>+272T*-3287T°+2257°+927’ -
548 7% +952T° - 1113 7' + 980 T - 668 T2 + 349 T - 135 T* + 36 T - 5 T*¢) /
(2-16T+68T2-204T° +470 T - 872T° + 1338 T° - 172077 + 1870 T° - 1720 T +
1338 7% - 872 T + 470 T*2 - 204 T + 68 T - 16 T + 2T%°) ,
(3-40T+264T%-1128T%+3437 T*-7552T° + 10297 T° + 2304 T’ - 67324 T° + 259472 T -
699066 T'® + 1539252 T - 2919131 T2+ 4882760 T** - 7290870 T** + 9779044 T -
11816854 T*® + 12877354 T - 12651386 T*® + 11191592 T*° - 8896165 T2 + 6336738 T*! -
4030390 T?2 + 2278962 T?* - 1139320 T>* + 500046 T>° - 190857 T2° + 62504 T2 - 17215 7?8 +
3862T% -668T°° + 80T - 5T°% -32c,,,+480TCy,, - 3696 T>C,,5 +19448T° ¢, 5 -
78192 T c,,, + 254496 T° 5, - 693960 T8 ¢, + 1620216 T c,,, - 3284656 T8 Cy 5 +
5831784 T°c,,,-9103728 T ¢, , + 12483640 T ¢, , - 14922472 T ¢, , + 15241728 T ¢, , -
12646416 T c;,, + 7205208 T ¢, , - 7205208 7' ¢, , + 12646416 T ® ¢, , - 15241728 T ¢, , +
14922472 7% c,,, - 12483640 T* ¢, , + 9103728 T* ¢, , - 5831784 T?* ¢, , + 3284656 T* ¢, , -
1620216 T* c,,, + 693960 T*° , , - 254496 T ¢, , + 78192 T ¢, ,, - 19448 T ¢, , +
3696 T*° ¢, , -480 T ¢y, +32T%% ¢y, -32Cy,5+480 T Cyy5 - 3696 T2 €y 5 + 19448 T2 ¢y 5 -
78192 T% ¢, 5 + 254496 T° 5,5 - 693960 T® ¢, 5 + 1620216 T/ ¢,,5 - 3284656 T2 ¢ 5 +
5831784 T° ¢, 5-9103728 T ¢, 5 + 12483640 T ¢, 5 - 14922472 T ¢, 5 + 15241728 T2 ¢, 5 -
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12646416 T ¢, 5+ 7205208 T ¢, 5 - 7205208 T ¢, 5 + 12646416 T8 ¢, 5 - 15241728 T ¢, 5 +

14922472T%° ¢, 5 - 12483640 T* ¢, 5 + 9103728 T ¢,,5 - 5831784 T** ¢,,5 + 3284656 T ¢, 5 -

1620216 T® ¢,,5 + 693960 T*° ¢, 5 - 254496 T? ¢, 5 + 78192 T*% ¢, 5 - 19448 T¥ ¢, 5 +

3696 T°% ;5,5 - 480 T ¢; 5+ 32 T2 Cy5 - 24 Cy 10 + 352 T Cp,10 - 2648 T> C5,19 + 13592 T° ;1 -

53208 T* 5,10 + 168192 T° 5,15 - 443688 T° 5,1 + 995864 T7 5,15 - 1920832 T8 ¢, 16 +

3187896 T° Cy,10 - 4506304 T ¢, 15 + 5249976 T ¢ ,10 - 4549000 T 5,16 + 1601312 T ¢, 14 +

3879856 T ;5,10 - 11310184 T ¢, 16 + 19225392 T ¢, 14 - 25720600 T ¢ 16 +

29172688 T8 ¢, 10 - 28882144 T ¢, 14 + 25295944 T?° ¢, 15 - 19717304 T* ¢, 16 +

13701152 T?% ¢y,10 - 8475672 T2 ;10 + 4648480 T** ;10 - 2244568 T2° ¢, 10 + 944232 T?° ;5 16 -

340800 T% 10 + 103176 T°® €3 10 - 25304 T%° C5 10 + 4744 T%° ¢; 10 - 608 T> C;, 10 + 40 T°% €3 10) /
(8-128T+1056 T2 - 5984 T° + 26064 T* - 92544 T° + 277584 T° - 720096 T’ + 1642328 T° -

3332448 7T° + 6069152 T'° - 9986912 T*! + 14922472 T*? - 20322304 T*3 + 25292832 T** -

28820832 T*° + 30099512 T*° - 28820832 T + 25292832 T*® - 20322304 T +

14922472 7% - 9986912 T? + 6069152 T22 - 3332448 T2 + 1642328 T* - 720096 T%° +

277584 T%° - 92544 7% 1 26064 T?® - 5984 T°° + 1056 T*° - 128 T + 8 T%?) | } ,

T4

]E<H{l}{ 2 3 4 5 6 7 . 8’
1-4T+9T2-15T3+17T4-15T°+9T6 4T/ + T

0,
eSeries|o,

(3-20T+69T2-161T°+2727T*-3287°+225T°+92T" -548T° +

952 7% - 1113 T*° + 980 T*! - 668 T'2 + 349 T** - 135 7™ + 36 T - 5 7'¢) /
(2-16T+68T2-2047T>+470 T -8727° + 1338 T°- 1720 1" + 1870 T° - 1720 T° +

1338 7% -872 T +470 "2 - 204 T + 68 T - 16 T + 2T%°) ,

(3-40T+264T°-11207> +3333T*- 6896 T° + 7641 T° + 9944 T’ - 83404 T° + 283088 T° -
716082 T + 1514140 T - 2796883 T*? + 4607952 T*> - 6839214 T** + 9183044 T%* -
11164950 T + 12281354 T - 12199730 T*® + 10916784 T*° - 8773917 7% + 6311626 T** -
4047406 T> + 2302578 T2> - 1155400 T** + 507686 T?* - 193513 T*® + 63160 T¥’ - 17319 T +
3870 T%° - 668 T°° + 80 T> - 5T°2 -32c¢, ,+480Tc,,, - 3696 T ¢, , + 19448 T’ ¢, , -
78192 T% ¢, , + 254496 T ¢5,, - 693960 T® ¢, 5, + 1620216 T/ ¢, , - 3284656 T2 ¢, 5 +
5831784 T°c,,,-9103728 T% ¢, , + 12483640 T ¢,,, - 14922472 T ¢, , + 15241728 T ¢, , -
12646416 T ¢, , + 7205208 T ¢, , - 7205208 T ¢, , + 12646416 T*¥ ¢, , - 15241728 T ¢, , +
14922472 7% c,,, - 12483640 T? ¢, , + 9103728 T ¢, , - 5831784 T ¢, , + 3284656 T** ¢, , -
1620216 T® ¢,,, + 693960 T*° ¢, , - 254496 T*" ¢, , + 78192 T*® ¢, , - 19448 T¥ ¢, , +
3696 T*° c,,, - 480 T ¢y, +32T%% ¢y, - 32Cy,5+480 T Cy,5 - 3696 T2 €y 5 + 19448 T2 ¢y 5 -
78192 T cy,5 + 254496 T° 5,5 - 693960 T® ¢, 5 + 1620216 T C,,5 - 3284656 T8 ¢, 5 +
5831784 T° ¢, 5-9103728 T ¢, 5 + 12483640 T ;5 - 14922472 T ¢, 5+ 15241728 T ¢, 5 -
12646416 T ;5 + 7205208 T ¢, 5 - 7205208 TV ¢, 5 + 12646416 T8 ¢, 5 - 15241728 T ¢, 5 +
14922472 T%° c,,5 - 12483640 T* ¢, 5 + 9103728 T*? ¢,,5 - 5831784 T*2 ¢,,5 + 3284656 T ¢ 5 -
1620216 T*° c,,5 + 693960 T*° ;5 - 254496 T ¢, 5 + 78192 T ¢, 5 - 19448 T ¢, 5 +
3696 T°% c;,5 - 480 T ¢;,5 +32T72 €55 - 24 Co,10 + 352 T Cp,10 - 2648 T> C5,19 + 13592 T° 5,10 -
53208 T% 3,10 + 168192 T° ;19 - 443688 T° €, 10 + 995864 T’ €;5,16 - 1920832 T8 ¢, 10 +
3187896 T° Cy,10 - 4506304 T ¢, 15 + 5249976 T ¢, 10 - 4549000 T2 5,16 + 1601312 T ;14 +
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3879856 T™ ;5,10 - 11310184 T™ ¢, 15 + 19225392 T ¢, 15 - 25720600 T ¢, 10 +

29172688 T8 ¢, 1 - 28882144 T ¢, 1 + 25295944 T?% 5 15 - 19717304 T ;5 16 +

13701152 T%% C5,10 - 8475672 T% C;y,10 + 4648480 T* ¢, 14 - 2244568 T*° €, 10 + 944232 T%° ;5 16 -

340800 T? C;,10 + 103176 T°® €5 10 - 25304 T2 5,10 + 4744 T°° €310 - 608 T*! €310 + 40 T2 3,10 /
(8-128T+1056 T2 - 5984 T° + 26064 T* - 92544 T° + 277584 T° - 720096 T’ + 1642328 T° -

3332448 T° + 6069152 T ~ 9986912 T + 14922472 T'2 - 20322304 T*3 + 25292832 T _
28820832 T 130099512 T2® - 28820832 T'7 + 25292832 T8 _ 20322304 T +
14922472 T%° - 9986912 T?! + 6069152 T2 - 3332448 7% + 1642328 T** - 720096 T?® +

277584 T%° - 92544 1% + 26064 T?° - 5984 T*° + 1056 T° - 128 T + 8 T%?) | } }

mr1= {Z1[3, 2] = Z2[3, 2], Z1[3, 3] - Z2[3, 3]} // Simplify
(-1+T)*T? (1-3T+2T2+5T°-12T*+18T° - 12T°+ 5T/ + 278 - 377 + T%)

Outf+]= {Tr‘ue, -
(1-T+T%) (1—3T+5T2—7T3+5T4—3T5+T5)3

n1= {C1s €1 CF[CF[Rpy,, /. T> T [3, 3] - CF[Rp,,,]1[3, 31]} /-

{€C2,220, Cy 550, C162>1/8,C3,11>-1/8,Cy26>1/8}

P1 X1 1 H)

Out[«]= {]E(}%{l) {'\/?, 6, eSeries [0, y —— P1 X1
2 8

1 1 1
E{5(1 {ﬁ, 9, eSer‘ies[e, _E P1 X1, —g p1 xl} } , 6}

inf-]= {€2,2 =0, C2,5 =0, C2,10 =1/8, Ca;11=-1/8, C,56 =1/8};
{R1,z, E1,2, Ri,2 /. T> L R fl} // CF // Column

B [ VT, (C1+T) pixa+ (1-T) prxa,

. 1 1 1
eSer‘leS[O, (*1+T> piX1X27ETp1 p2X1X2+£ <T*T2> piX§+E T2 p1 sz%,

1
4
1 1 1 1

e 3-3T) P%X1X2+*8T|91P2X1X2+g (-1+T) Pixixz—ngiF’zX%Xﬂ

1 2 2,2 1 2 1 2 3 2 1 2 2 2
= (-T+71%) PIxs -5 TP1P2X3+ . (-4+117-7T17) P X1 X3+ (-T+4T%) pip2xa X -
132 2 2 1 2 3 3,3, 1 2 3 2 3 142 2,3
ST pipixaxde & (T-4T2+37) pixd+ 1 (T-T2-27%) pipy 3+ 2 T2py p3 3 |
1 (1-T) p1 X2 (-1+T) p2 X2 . (-1+T) pixix; P1 P2 X1 X2 (1-T) p}x3 p1 P2 X3
E{}%{I,Z} {7‘\/7 N T + T N eSeries 0, aT + o7 + 272 TR
(-3+3T) pdx; X, P1 P2 X1 X2 (1-T) p X3 x, _ p3 p2 X3 X2 (1-T) p2 x3 _ Pip2 X3
Out[+]= 16T 8T 6T 8T 16 T2 8T
(-7+11 T-4T2) Pi X1 X5 (4-T) pipax1 X3 P1 P} X1 X3 (3‘4T+T2) pix; (‘Z‘T"Tz) pip: %3 P1 P} X3 } }
+ - + +
2412 812 812 2413 813 812
1 (1-T) p1 X2 (-1+T) pa2 Xz . (1-T) p% X1 X3 P1 P2 X1 X2 (-1+T) P% X% pP1 P2 X%
E{}ﬁ(l)z}{»\,jr > T + T , €Series [0, a1 - o7 + e + o2 2
(-343T)piXaxs  PaPaxaXe ~(AI-T)pixixe pipaxiXe ~(1-T)pixj papax}
16T 8T 6T 8T 16 T2 8T
(70TaT)pixid | @ T pipxd | pipbxd | (24T eIk (2T pleaxd | pipixd 1]
24712 8 T? 8 T? 24713 8 T3 8 T?
. P1 X1 1
E{y5013 [\/T , 0, eSeries [0, S s g h1 le

1 . 1 1
E{yL1y [*T; o, eSer‘les{e, 5 P1Xe, —o P X1H
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n1= CF[Ry,2 /. T T][3, 3] - CF[Ry,,][3, 31
outf-]= @

= Factor /@Rp, ,[3]

1
Out[+]= eSeries {0, - pP1 (*p1+Tp1+2p2) X2 (*X1+TX2),
4

1
—& p1 X2 (—3p1x1+3Tp1X1—6p2x1+2pfxi—2Tpix§+6p1p2x§—6p1x2+9Tp1x2—

3T2py1Xo +6Pa Xy +8P2 Xy Xo —ATPI Xy Xo —4 T3P Xq Xa - 6 Pg P2 Xg Xo — 12T Py pa X3 X +

6p§x1x2—2Tp§x§—4T2p§x§+6T3p§x§+6p1pzxg—6Tp1p2x§+12T2p1p2x§—6p§x§)]

n-1= Simplify /@Rpy ,[31

1
ouf-]= €Series {9, Z_ P1 ((-1+T) p1+2p2) Xo (-X1+TX3),

1
—— p1X2 (6p2 (X1 -X2) (-1+PaXy) ~2 (-1+T)pd (x§+2 (2+4T) X% - T (1+37T) x3) +
48

3p; (2paXg+ Xy (-14T-2(1427T) ppxXy) + X2 (-2+3T-T>4+2 (1-T+2T?) p2x2>))]

inf- 1= RMoves

ouf )= {True, True, True, True, True, True, True, True, True}

Solving for R, C, Sk =3

n-1= $k = 33
{R1,25 C1}
ot {E G, [VTL (-14T) prxa+ (1-T) paxa,
1 1 1 1
eSer‘ies{@, — (=1+T) pixg Xy - — Tp1PaXy Xg+— (T—Tz) P2 x3+— T p1py X3,
4 2 4 2
1 2 1 1 3.2 1_, 2
— (3-3T)piXaXa+ —TpipaXaXa+— (=1+T) p3 X3 Xz - — TpypaXiXp+
16 8 6 8
1 2y 2.2 1 . 1 2y 3 2 1 2\ 2 2
(-T+T%) pix3- = Tpipaxs+ (-4+11T-7T%) pixaXs+ — (-T+4T%) p1p2XxsX; -
16 8 24 8

1 1 1 1
2 2 2 2 3, 3.3 2 3y 2 3 2 2.3
— TP pipixaxs+ — (T-4T +3T) pixg+— (T-T?-2T%) pipax;+— T°p1p3 x5,
8 24 8 8
2.2 .2
C3,1+ T P2Xy1C3,4+P1 Xy (C3,2+C3,4-TC3,4) +TPrXaC3,5+P1Xa (C3,3+C3,5-TC35)+T"p3X]C3,10+
2 2 2.2 2
P1P2X; (TC3,0+2TC3,10-2T%C3,10) +PIXT (C3,6+C3,0-TC3,0+C3,12-2TC3,10+T2C3,10) +
2 2 2
T7 p3 X1 X3 €3,13 + P1 P2 X1 X2 <T C3,00 +2TC3,93-2T C3,13) +
2 T 2T T2 T2 p2x2
P1 X1 X2 <C3,7+C3,1e* C3,10 + €3,13 — C3,13 + C3,13) + 17 P2 X3 C3,14 +
2 2 2.2 2
p1 P2 X3 (T C3,11+2TC3,14-2T C3,14) +Pp1 X3 (Cs,s+C3,11—TC3,11+C3,14—2TC3,14+T C3,14) +
3.3.3 2.3 (12 2 3
T2 p3 X3 3,07+ P1 P X7 (T2 C3,03+3 T2 C3,07 -3 T C3,07) +
3.3 2 2 3
P1 X3 (C3,15+C3,19—TC3,19+C3,23—2TC3,23+T C3,203+C3,27-3TC3,27+3T7°C3,57-T C3,27) +

pi P2 Xi (T C3}19 +2T C3,23 -2 TZ C3,23 +3T C3’27 -6 TZ C3,27 +3 T3 C3)27> +
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T2 p3 X3 X2 C3,08 + P1P3 X1 Xa (17 C3,00+3T% C3,08 -3 T C3,08) +

PI XI X, <C3,16 + 3,0~ TC3,00+C3,00~2TC3,00+ T2 C3,00+C3,08-3TC3,8+3T°C3,05-T C3,28> +

Pi P2 X3 X2 (T C3,20+2TC3,00-2T2C3,24 +3TC3,08 - 6T C3,05+3T C3,28> +

T2 p3 X1 X5 C3,20 + P1P3 X X5 (T2 €3,05 +3 T2 3,20 - 3T C3,9) +

PI X1 X5 (€3,17 + C3,21 - TC3,21 + C3,25 - 2 T C3 55 + T2 C3,05 + €3,00 - 3T C3,00 +3T% C3,59 - T° C3,29> +

Pi P2 X1 %5 (T C3,00+2TC3,05 -2T2C3,05 +3TC3,00 -6 T2 3,09+ 3T C3,29> +

T2 p3X; C3,30 + P1P3 X5 (T7 €36 + 377 C3,30 - 3T C3,30) +

p: X3 (C3,18 +C3,020-TC3,20+C3,06-2TC3,26+T°C3,26+C3,30 -3TC3,30+3T°C3,3 - T Ca,sa) +

PIP2%3 (TC3,22+2TC3,06-2T%C3,6+3TC3,30- 6T C3,30+3T7C3,30) +T7P3XF €351 +

P1P3 X7 (TP Ca,06 +4 T €350 - 4T  Ca,51) +PI P2 Xy (TC3,36+2T C3,01 - 277 €301 +
3TC3,06-6T7C3,46+3T° Ca06+4TCay51-12T2 €350+ 12T €350 -4 TG 1) +

p7 X7 (C3,31 +€3,36 - TC3,36 +C3,01 - 2T C3,21 + T° C3,41 + C3,06 - 3T C3,26 + 3T° C3,46 -
T> €306+ C3,50 - 4T C3,50 +6 T2 3,51 - 4T7 €350 + T4 C3,51) +

PIPSX] (T2 3,40 +3 T2 C3,06 -3 T7 C3,06+6 T2 Cay51 - 12 T2 €350 + 6 T C3,51) + THp3 X3 X5 €352 +

P1P3XEXa (T2 Ca,a7+4T €350 - 4T Ca0) +PIP2Xi %o (TC3,37+2T C3,2- 2T  Cap +
3TC3,47-6T7C3,47+3T C3,07+4TCa,52-12T2 €350+ 12T €350 -4 TGy ) +

P1 X3 X2 <C3,32 +C3,37 - TC3,37+C3,a0 - 2T C3,00 + T2 C3,00 + C3,27 - 3T C3,27 +
3T%C3,47- T C3,a7+C3,50-4TC3,50+6 T2 C3,50- 4T 3,50+ THC3 ) +

PIPIXi X (T2 C3,2+3T%C3,47-3T 3,07 +6 T2 C3,50- 12T 3,50 + 6 T €352 +

THPs X3 X5 €353 + PPy XX (17 Ca,a8 +4T7 €353 -4 T Ca,53) +

PIP2 X3 X5 (TC3,38+2TC3,43-2T%C3,43+3TC3,08-6T°C3,48+3T° C3,05+ 4T C3,53 - 12T €353 +
12T ¢3,53 -4 T4 C3,53) + T XTI X5 (C3,33+C3,38 - T €338 + €303 - 2T €303 + T2 C3,03 +
C3,08-3TC3,08+3T%Ca,05-T° C3,48 +C3,53 -4 T C353+6 T?C3,53-4T C3,55+ T C3,53) +

PIPs X3 X5 (T2 C3,43+3T°C3,48-3T° C3,48+6T7 C3,53-12T 3,53+ 6 T C3,53) +

T p3 x1 X3 C3,54 + P1 P3 X1 X3 <T3 C3,40 +4 T C3,54 — 4 ™ C3,54> +

PIP2X1X] (TC3,30+2TC3,08-2T%C3,00 +3TC3,09 -6 T2 C3,09 +3T° €309 + 4T C3,54 - 12T €350 +
12T ¢35 - 4T C3,54) +P1 X X3 (3,34 + C3,30 ~ T C3,30 + C3,4a — 2 T C3,44 + T% €304 +
C3,49 - 3T C3,a0 +3T%C3,00 - T> C3,49 + C3,50 - 4T C3,50 + 6 T° C3,50 - 4T C3,50 + T* C3,54) +

PIPs X1 X] (T2 C3,04+3T°C3,09-3T° C3,49 + 6 T2 C3,50 - 12 T° €354 + 6 T 3,54 ) +

T*p3 X3 €355 + P1P3 X5 (T2 Ca,50 +4T7 €355 -4 T ey 55) +P3 P2 X3 (TCaa0+ 2T Caya5 — 277 €305 +
3T C3,50-6T°C3,50+3T7 C3,50+4TC3,55 -12T2C3,55+12T7 €355 -4 T C3,55) +

Py X3 (C3,35 +C3,40 - T C3,40 + C3,45 ~ 2T C3,45 + T C3,45 + C3,50 - 3T C3,50 + 3 T° C3,50 -

3 2 3 4
T C3)59+C3’55—4TC3,55+6T C3,55—4T C3)55+T C3,55> +

pi pg Xg (TZ C3,45 +3 TZ C3,5@ -3 T3 C3)5g +6 T2 C3,55 -12 T3 C3)55 +6 T4 C3,55> ] } >

. P1 X1 1 2,2 3.3 4 4
E{5¢1) {\E; 0, cSeries [9; - —g P1 X1, €3,1 + P1 X1 €3,2 + P] X1 €3,3 +P3 X7 €3,4+ P71 Xg 93,5] H

n- )= unknowns = Cases[{Ry,2, Ry,2, C1, C1}, (c|d|e|f)g, , ] // Union
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ouf-]= {C3,1, €3,2, €3,3, C3,4, C3,5, C3,6, C3,7, C3,85 C3,9, C3,105 C3,11, C3,12, C€3,13, C3,14, C3,15, C3,16,
C3,175 C3,18, C3,195 C3,205 C3,21, C3,225 C3,23, C3,24, C3,25, C3,265 C3,27, C3,28, C3,29, C3,30, C3,31,
C3,32, C3,33, C3,34, C3,35, C3,36,5 C3,37, C3,38, C3,39, C3,40, C3,41, C3,42, C3,43, C3,44, C3,45,
C3,465 C3,475 3,48, C3,49, C3,50, C3,51, C3,52, C3,53, C3,54, C3,55, 03,1, d3,2, d3,3, d3,4, d3 5,
d3,e, d3,7, d3,8, d3,9, d3,10, d3,11, d3,12, d3,13, d3,14, d3,15, d3,16, d3,17, d3,18, d3,19, 3,20,
ds,21, d3,22, d3,23, d3,24, d3,25, d3,26, 03,27, d3,28, 03,29, d3 30, 3,31, d3,32, d3,33, d3,34, d3,35,
d3,36, d3,37, d3,38, d3,39, 3,40, d3,41, 3,42, d3,43, 03,44, d3,45, 03,46, d3,47, d3,48, d3 49,

d3,50, d3,51, d3,50, d3,53, d3,54, d3,55, €3,1, €32, €3,3, €3,4, €35, T3,1, F3,2, 3,3, F3,4, 3,5}

n-1= Short[errors = CCF /@ Cases[RMoves, a_ =b > a-b], 25]

Out[ = J//Short=

1
{— (12 Tp1p2 X2 X3 - 12 T py pa Xo X3 + 80 T P X1 Xp X3 — 168 T2 p3 X1 X X3 + 88 T° p3 X1 Xz X3 +
192

12T pf py Xy Xa X3 + 72 T2 p3 Py Xq Xz X3 - 84 T2 pl Py Xq Xp X3 — 24 T2 py p5 Xg Xz X3 +

24 T3 p1 p%xl Xy X3 + 24 T2 pi pP3 X1 X3 X3 24713 pi pP3 X1 X3 X3 + 37 p‘llxi Xy X3 —149Tp‘11x§x2x3+
187 T2 pd x3 Xa X3 - 75 T2 p3 X2 Xa X3 + 76 T p3 pa X2 X5 X3 - 220 T2 p3 py X3 X5 X3 + 144 T2 p3 py 2 X5 X3 +
48 T2 pa p3 x2 x; X3 - 48 T2 pZ p3 X3 Xy X3 - 12 T2 p3 p3 X3 Xo X3 + 12 T2 pd p3 X2 x5 X3 +

472 pix§x3—8T3pix§x3+4T4pix§x3—54Tpip2x§x3—12T2 pip2x§x3+138T3 pip2x§x3—
72T p2 py X3 X3 - 66 T2 py P3 X5 X3 + 36 T2 1 p2 X5 X3 + 30 T py p3 X5 X3 - 24 T2 py ps p3 X5 X3 +
24Ty py p3 X5 X3 - 77 TP X1 X5 X3 + <<8170>> + 16128 T> p; p, X5 C3,55 - 26880 T* p3 p, X3 C3 55 +
26880 T° p3 py X5 C3,55 - 16 128 T® p3 p, X5 C3,55 + 5376 T/ p3 p, X5 C3,55 - 768 T p3 p, X3 C3,55 +
1152 T% p2 p3 X3 C3,55 - 6912 T° p3 p3 X5 C3,55 + 17280 T* p2 p3 X3 C3,55 - 23040 T° p3 p3 X3 C3,55 +
17280 T® p2 p3 X3 C3,55 - 6912 T’ p3 p3 X5 C3,55 + 1152 T2 pZ p3 X3 C3,55 + 768 T> py p3 X3 C3,55 —

3840 T* py p; X3 C3,55 + 7680 T° p1 p3 X5 C3,55 — 7680 T° p1 p3 X3 C3,55 + 3840 T' p1 p3 Xj C3,55 -

768 T8 p; p3 X3 C3,55 + 768 T° p3 p3 X3 C3,55 — 2304 T° p3 p3 X3 C3,55 + 2304 T’ p3 p3 X3 C3,55 —

768 T8 pi ps3 x‘31 C3,55 — 768 T p% ps3 x‘31 C3,55 + 2304 T® pg ps3 x‘; C3,55 — 2304 T’ pg ps3 xg C3,55 +

768 T p3 p3 X3 C3,55 + 1152 T® p2 p3 X3 C3,55 - 2304 T7 p3 p3 X3 3,55 + 1152 T2 pZ p3 x5 €355 -

1152 T pJ p3 x§ C3,55 + 2304 T p5 p3 x§ C3,55 - 1152 T° pJ p3 X3 C3,55 + 768 T/ py p3 x5 €355 -

12T+ «<402> + «<1>
768 T8 P1 pg Xg C3’55 - 768 T7 P2 pg Xg C3,55 + 768 T8 P2 pg Xg C3,55> N <<7>> N " }
96 T

nf-7= Short[#, 10] &[eqns =
Thread[© == Union @@ (CoefficientRules[#, {X1, X2, X3, P1> P25 P3}]10 ;5 » 2] & /@ errors)]]
Out[ = J//Short=

{0 =TC3,4- T2 C3,4, 0= -TcC3 4+ T2 C3 1o wclomy <<490>>, 0 == <1>>,

3 237 _, 157
0= —+ -T -

8 16 16
3T d3,16 -6 T2 d3)17 -9 T3 d3,1g + d3,29 -3T d3)29 +2T d3,21 -6 TZ d3)21 +3 TZ d3,22 -9 T3 d3’22 +2 d3,24 -
3T d3’24 +4T d3,25 -6 T2 d3’25 +6 TZ d3,26 -9 T3 d3,25 +3 dg,zg -3T dg’zg +6T d3,29 -6 T2 d3’29 +
<«<18>> +12 Tz d3)43 +6T d3)44 - 36 TZ d3)44 + 36 T3 d3)44 +12 Tz d3)45 -72 T3 d3,45 +72 T4 d3)45 +
6 d3,48 -18T d3,48 +12 T2 d3’43 +18 T d3)49 - 54 T2 d3,49 + 36 T3 d3,49 + 36 TZ d3,59 - 108 T3 d3,59 +
72T d3,50 + 12d3,53 - 24 Td3,53 + 12 T>d3,53 + 36 Td3,54 - 72 T> d3,54 + 36 T> d3,54 + 72 T> d3 55 -

14473 d3,55 + 72T d3,55 + T2 3,3+ 9T? f3,4 - 9T F3,4+ 72T 3,5 - 144 T> f3 5+ 72 T* f3,5}

+ d3,6 +T d3)7 + T2 d3,8 + d3)9 +T d3,1@ + T2 d3)11 + d3’12 +T d3,13 + T2 d3)14 -

n-1= {sol} = Solve[eqns, unknowns]
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Solve: Equations may not give solutions for all "solve" variables.

Outf]= {{C3,1 - -

C3,2 G35

- 72 » C3,3>-TC3,,-C35, C3,4 >0, C3,6 >0,

2022-01-06 17:47:36

1 1 1
€372 — (-1-T) - — (1+T) 3,00 - C3,11, C3,8 > - — (T-T?) C3,00 - (1-T) €311,
32 2 2
C3,0 >0, C3,1p >0, C3,13 >0, C3,14 > 0, C3,15 > 0, C3,16 ~ a_) (5+7T) -cC3,20,
) 1 2 13
C3,07 > — (7-3T-4T%) - (1-T) C3,26, C3,08 > — (-7 T+8T*-T%), ¢3,19 > 0,
48 48
1 1 1 )
C3,0> — 5 C301> — (-3-7T), C3,0> — (2T+T*) = (1-T) 3,26, C3,23 > 0,
32 16
1
C3,24 > 0, C3,25 > ?6 » C3,27 >0, C3,28 >0, C3.29 >0, C3,39 >0, C3,31 >0,
1 1 ) 3
C3,32> —— (-3-5T) ~C3,50, C3,33 > — (-3-5T+8T?) + — (-1+T) 3,50,
192 64 2
1 2 3 2
3,38 > — (13-23T+43T°-33T°) - (1-2T+T%) 3,50,
192
1 2 3 o 1 2 13
3,35 > — (-17T+36T°-39T°+20T") - — (1-3T+3T*-T°) c3,50,
192 2
1 1 1 )
C3,36 20, C3,37 > - —, C3,33 > — (1+9T), €339 > — (-13+13T-12T%),
48 48 48
2 3 2 1
3,0 > — (5T-6T*+3T°) - (-1+2T-T%) C3,50, C3,41 > @, C3,420 >0, C3,43 > — —,
16 8
1 77T 3 1
C3,a8 > — (6+5T), C3a5 > -— +— (-1+T) C3,58, C3,46 >0, C3,47 >0, C3,48 >0, C3,400>-—,
32 32 2 48
C3,2 C35
C3,51 >0, C3,50 >0, C3.53 >0, C3,54 >0, C3,55 >0, d3,3 > +——, d3, 2 > -C3,2,
C3,2 1-3T (1-3T)C3,50 C3,11
ds,3 —» +C3,5, 3,4 > @, d3;5 > -C3,5, d3,6 > 0, d3,7 > - - + s
32T 2T T
“142T-T% (-1+3T-2T%) 300 (1-T) c3,11
ds,z > - - - > d3,0 > 0, d3,10 > - C3,10,
16 T2 272 T2
-1+T (—1+T) C3,1e C3,11
ds,11 > - - - > d3,10 >0, d313 >0, d3,14 > 0,
16T T
-5+17T C3,26 2—15T+13T2 (1-T) C3,26
ds,15 » 0, d3,16 > - + > d3,17 = - - s
96 T T 48 T2 T2
-1+8T-7T? 1 -7-3T
d3jig>-———————,d3,1020,d3,0 > -—, d3 01 > -————
48 T3 16 32T
3-2T+2T%>  (1-T) c3,2 1 1-T 3,
ds,22 > - - 5 03,23 >0, d3 24 >0, d3 5> -—, d3 6 > -—— - ’
16 T2 T2 16 8T T

d3,27 > 0, d3,28 > 0, d3,29 > 0, d3,33 > 0, d3,31 > 0, d3,3, > -

3-11T  c350
S ,

192 T T
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4+3T-7T% 3 (-1+T) C3,50 ~25+19T+T2+5T3  (-1+2T-T?) c3,50
d3,33 - - + » 03,34 = — - )
64 T2 272 19273 T3
16-23T+12T2-T3-4T% (1-3T+3T>-T) ¢35 1
ds 35 > - - » d3,36 > 0, d3,37 > —,
192 T4 274 48
9+ T ~12+13T-13 T2 7-12T+9T2+2T3  (1-2T+T%) 3,50
d3,;38 > - ———, d3,30 > - s d3,20 > - - s
48 T 48T2 48T3 -|-3
5+6T ~2-3T-2T% 3 (-1+T) c3,50
d3,41 2 0, d3,4p >0, d343 > —, d3,aa > -——, d3,45 > - +
8 32T 32 T2 2712
-1+T C3,5@
d3,46 > 0, d3,47 > 0, d3,43 >0, d3 499 > —, d3,50 > - -——, d3,51 >0,
48 24T T
C3,2 C3;5

d3,50 >0, d3 ;53 >0, d3;54 >0, d3,55 >0, €37 > - - ——, €3> —C3,19, €3,3 >0,

C3,2  C3,5
+

€3,4-0, €350, f3;- > 3,22 C3,10, F3,3 20, f34-50, f35- 9}}

= sol /. (a_ - b_) = (a=Db)
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C3,2 C3.5 1 1
outfJ= {*7 - » —T16€C3,0-C3,5,0,0, — (-1-T) - — (1+T) C3,10 - C3,11,
2 2 32 2
1 ) 1
_E (T—T ) C3,50 - (1-T) c3,11, 0, 0, 0, 0, O, % (5+7T) -cC3,26»

1 1 1 1
— (7-3T-4T%) - (1-T) C3.26, — (-7T+8T2-T3), 08, —, — (-3-7T),
( ) : ( P

48 48 16 32
1 R 1
o <2T+T ) -(1-T) C3,26, 0,0, —,0,0,0,0,0, — (-3-5T) —C3,505
16 16 192
1 2 3 1 2 3 2
— (-3-5T+8T%) +— (-1+T) c350, — (13-23T+43T*-33T°) - (1-2T+T?) c3,s0,
64 2 192
2 3 4 1 2 3 1 1
— (-17T+36T°-39T°+20T*) - — (1-3T+3T°-T°) C3,50, 0, -—, — (1+97),
192 2 48 48
1 5 1 X R R 1 1
— (-13+13T-12T ), — (5T-6T +3T ) - (—1+2T—T ) C3,50, 0,0, ——, — (6+5T),
48 16 8 32
7T 3 1 C3,2  C3,5 C3,2
-— +— (-1+T) C3,50, 0,0,0, -—,0,0,0,0,0, + > =C3,2, — +C3)5, 9, -C3,5, 9,
32 2 48 2 2 T
1-3T (1-3T)cs00 Cau1  -142T-T2 (-1+3T-2T%) 300 (1-T) c3,4
- - + y ~ - - » 0, -C3,10,
32T 2T T 16 T2 2 T2 T2
-1+T (*1+T) C3,19 C3,11 -5+17T7 C3,26 2—15T+13T2 (1*T) C3,26
- - - ,0,0,0,0, - + y - )
16T T T 96 T T 48 T2 T2
~1+8T-7T? 1 -7-3T  3-2T+2T* (1-T) ¢35, 1
- 0) I B - - ) 0: 9, )
48 T3 16 32T 16 T2 T2 16
1-T C3,26 3-11T C3,50 44+3T-7T? 3(-1+T) C3,50
e | 0, @, 0: e) 0) - + » + ]
8T T 192 T T 64 T2 2 T2
~25+19T+T2+5T3  (-1+2T-T?)c356  16-23T+12T2-T2-4T% (1-3T+3T>-T%) 3,50
- - ) - 3
19273 T3 192 T4 274
1 9+T -12+13T7-13T2  7-12T+9T2+2T% (1-2T+T?) ¢35
0) o = R y - - 5] 0)
48 48T 48 T2 48 T3 e
1 5+6T ~2-3T-2T%> 3(-1+T) c3,s0 1 -1+T  c3,50
e) oy = . + i) e) O, e) oy = - 5]
8 32T 32 T2 2 T2 48 24T T
C3,2 C3,5 C3,2 C3,5
0) GJ 0: 9, 9: - - ] _C3,101 e) @: 9: + T: C3,10: 9, 0) 6}

2 2 2
In[e]:= cases[{Rllz, R1,2, Ci, Cl}, (c | d | e | -F)$k,_) CD] // Union
ouf-]= {C3,2, €3,5, C3,1085 C3,115 C3,265 C3,50}

n1= CF[{Cys (C1O3, 41 /. T>TY) +Cyl3, 41, (Rpy,, /. T TY)[3, 4] +Rp, ,[3, 41} /.
{C3’25 - -1 / 8, C3)59 -1 / 24, C3,11 -1 / 16 + C3’10}]

P1 X1 1
> —— P1X1,
8

Outf+]= {]E{H{l} {\ﬁ, 0, eSeries [9: (-C3,2-C3,5) —p1 X1 C3,10} } » 9, 9}

N
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1= CF[Rpy,5 /+ {€3,26 » -1/ 8, C3,50 > 1/ 24, C3,11 > 1/ 16 +C3,10} ]

. 1 2 1 1 2 2,2 1 2
Outf«]= E{}_wllz} {1, 0, €Ser‘1e5[e, Z <1—T) p1X1 Xz—; P1 P2 X1 X2+£ <—T+T ) pl X2+£Tp1 P2 XZ-‘

1 2 1 1 3.2 1 2 2
— (1—T) p1X1X2+§ p1p2X1X2+£ <—1+T) p1X1X2—§ p1p2X1X2+

16

1 2 2,2 1 2 1 2 3 2 1 2 2
— (2-3T+T%) pixs - —p1paXs+ — (-2+T+T*) pixa x5+ — (1+2T) pjpaXxyX;-
16 8 12 8

1 1 1 1
—piprxaXs+ — (T+2T2-3T) pixg+ — (-1+T-2T%) pipax; + = P1P; X,

8 24 8 8
- 3,2 i 2 2 i 4 3 i 3 3

(17 +7T) p7 X1 X2 + p1 P2 X1 X2 + (-11-5T) py X Xz - p1 P2 X7 X2 +

96 16 192 48

1 2 3 2 1 2 2 1 2 2 1 2 4 2 2
— (13-9T-4T%) pixa X+ — (-3-7T) pipaXaXz+ — P1PsXa X+ — (-7 -T+8T*) pyxix;+
48 32 16 64

1 3 2,2 1 2.2 .,2.,2 1 2 3 3.3 1 2 2 3
— (1+9T) pIpaXi X5 - — PIpPIXi X5+ — (-7T+8T*-T°) pixg+— (2+T%) p1p2X; -
48 8 48 16

1 2 .3 1 2 3 4 3 1 2 3 3
—p1p3X;+ —— (5-7T+35T%-33T°) pixg X3+ — (-13+13T-12T%) p3 pa Xy X5 +

8 192 48

1 2 .2 3 1 3 3 1 2 3 4 4 4

— (6+5T) pipoXa X5 —— p1 Py Xa X5+ — (—4—5T+24T -35T°+20T ) p1 X5 +

32 48 192

1 2 3 3 4 1 2.2 .4 1 3 .4

— (2+11T-16T*+9T°) pipaXs+ — (-2-5T) pIp3X;+ — P1P; X5 +P1X1C3,2 +

48 32 24

1 1

E (=C3,2-C3,5) +P1 Xz (-TC3,2-C3,5) +P2XzC3,;5+P1P2Xy Xz C3,1e+g p1p2 X5 (1+16 C3,10) +

1 1
5 piX]_Xz (—3—T—48C3,1@—16TC3,1@) +?6 piX% <—1+T—16C3,1@+8TC3)19+8T2 C3,19)]}
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In[e]:= CF[
Rpy,, /- {€3,6 > -1/8, C3,50 >1/24, €3,11 >1/16+C3,10} /. {C3,2 20, €350, C3,30> -1/ 32}]

. 1 2 1 1 2 2,2 1 2
our-1= Ey51,2) [1, 0, eSer‘les[e, ;l (1-T) pf X XZ_E P1 P2 X1 x2+;l (—T+T ) p3 x2+£Tp1 P2 X5,

1 2 1 1 3.2 1, 2
— (1-T)prXaXa+—pP1PaXaXa+— (=1+T) p3XjXp—-— p1P2XjXa+
16 8 24 8

1 1 1 1

— (2-3T+T%) pixi-—pip2aX3+— (-2+T+T?) pIxg x5+ — (1+2T) pipaXxyxj-

16 8 12 8

1 1 1 1

—p1pixaXs+— (T+2T2-3T) pixg+— (-1+T-2T%) pIpyx3+— p1p; X3,
24 8 8

1 2 1 1 3.2 2, 2

— (=3-T)p1XaXa- —— P1P2XaXa+ — (17+7T) py Xy Xa+ — P1P2X] X2+

64 32 96 16

1 1 1
— (-11-5T) piXgXa- — PipaXs Xp+ — (-2+3T-T%) pi X3+ — p1paXj+
48 64 32

192

i 2\ .3 2 i 2 2 i 2 2 i 2) pA g2 32
(13-9T-4T%) p3 x3 X5 + (=3-7T) pipaXs X5+ — P1PsX1 X5+ (-7-T+8T%) pIxix;+

48 32 16 64

1 3 2,2 1 2.,.2.,2 .2 1 2 3 3.3 1 2 2 3

— (L+9T) pIpaXiXs - — PIpsXiXs+— (-7T+8T*-T°) pix;+ — (2+T%) pipaX; -

48 8 48 16

1 1
—p1p3x3+—— (5-7T+35T2-33T°) pyxy X3+ — (-13+13T-12T?) pjpoxg X +
8 192 48

1 1 1
— (6+5T) pipsXaX3 - — P1PaXi Xy +—— (-4-5T+24T°-3577+20T") pix]+
32 48 192
1 1 1
— (2+11T-16 T2+ 9T plpox+ — (-2-5T) pipixd+ — pipixd]|
48 32 24

Slow G

n-1= a=4; f8=24;
nf-7= rvk = RVK[K]

ouf-}= RVK[ {Xm[4, 1], Xm[6, 3], Xm[2, 5]}, {6, @, 0, -1, 0, 0}]

m-1= n = Length[rvk[1] ]

outf+}= 3

nj= & = Times @@ rvk[1] /. {Xp[i_, j_] > R@; j, Xm[i_, j_] = Re; ;}
1
Outf[-]J= E{}%{1;2:314’5’6} [m,

1 1 1
(*1+;J (=P1+Pa) X1+ (*1+;J (=P3 +Pe) X3+ (*1+;J (P2 - Ps) Xs, €Series [0, @]
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1= & %= Ej,(0}Table[i-1/2, (i,2n+1}] [1s @, €Series [0, pg_1/2 Xg_1/2]11]
1
IR OE IR EIE S| fevrt
1 1 1
(—1+ ;J (-p1+Pa) X1 + (—1+ ;] (-p3 + Pe) X3 + (—1+ ;] (P2 - Ps) Xs, eSer‘ies[@, pg Xg]]
inf-}= DO[E =8 // Mg, k05 {k,1/2,2n+1/2,1/2}];
g

T3/2 1-T+T2-T°
ouf-1= Ef}5(0} [7, 0, eSeries|@, ———— +Tpg Xe”
1-T+T? 1-T+T?

1= Factor[E[3, 2] /. (X | p)e - O]
(-1+T) (1+T?)

out[]= —
1-T+T?

s __sh, (T =) )x
m K R 5,1( L)
| )\ . 2z 3 H Y 10

Fast p;

! S

=
b= <KD e @W %ﬂo G iﬁ
P GiLp=<
X\Q mv?\)}élélﬂlﬁ o 22 &‘jp g“—]%" ?

ék(/ 5
&?M ] rouw ‘J# G‘JHJ —’/ J)/éH-l“a*GVP} O
et — T - wﬁ(’ )6 \Tsf

bla) (53 a5

1= K = GST48;
Alexander [K] [T]

i 2 1 2 5 2 7
oufj= 13- — 4 — - — - — 4 — —— —— 7T 2T 45T 2T T 27 - T®

T8 T7 T6 T4 T3 T2 T
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= CF /@ {Rp1,z) ﬁLz) Ci, E1}

. 1 2 1 1 2\ 2.2 1 2
Outf«]= {]E{}ﬁ{l,z} [1, 0, cSeries {0, — (1—T) pl X1 Xy — — P11 P2 X1 Xg + — (—T+T ) p1 X2+ — Tpl P2 XZ]}’
4 2 4 2
, (1-T)pixax, 1 (-1+T) PIX; P1P2 %3
E51,2) [1; 0, 65@"‘195[9; ——— +t— p1pP2Xa X+ - H
4T 2 472 27T
p1 X1 1 1

E(513 {\/?, 9, eSer‘ies[@, H, E(j5(1) [ﬁJ 0, cSeries |09, —5 p1 xl} ]}

PABL[K ] := Module[{rvk, n, B, C, s, i, j, 0@, G, o1},
rvk = RVK[K]; n = Length[rvk[1]]; B = Table[@, 2n, 2n+1];
Do [
s = If[Head[c] === Xp, 1, -1]; {i, j} = Listeec;
BIi, {i, 1+1}] = {1, -1}; BLJj, {J, J+1, i+1}07 = {1, -1, T° -1},
{c, rvkI11}];
00 =Det[B[ ;5,2 ;301] // Factor;
G = Table[@, 2n, 2n]; G[ ;5 , 33 2n-1] = Factor@Inverse[B[ ;; , 2 ;301055 5235 2n];
el = Factor@Plus[

Sum[

s = If[Head[c] === Xp, 1, -1]; {i, j} = Listeec;

1-T° 1
S [ 2 GIi, i] GIi, 31 ‘; (G[i, il GIJ, jI +GIi, jOGLJ, i) +

LEE . en2 s . ..
—— GLi, 31+ T° (6LL, ST 6, 3D |5 €5 kI ],

rvk[2, kJ

Sun| GLk-1, k-11, {k, 2, 2n}] |;

2
{r9, p1} ]
inf-}= Timing@PAB1 [K]

(-1+2T-T2-T 42T -T°+T%) (-1+T-2T*+ TP+ T8 - 277+ T8)

bl

ou- - {78 .6094, {7
T7

-(((-1+T) (13-457+7172-717°+58 7" -357°-397°+101 1" +37 7% -3357°+372 T+ 56 T* -

506 T2 + 478 T2 — 114 T - 81T - 31T 1204 T 270 T8 + 210 T¥° + 8 722 - 328 T2 &
481T7%2 31172 - 77 11697 -115T7% -107% +59 T8 - 3172 + 730, 3 T31) ) /

(2 (-1+2T-T2-Tu2T 1241 (-2 T 278 T 102774 7°)°) ) }}
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1= Timing@Factor@ZF [K] [3, 2]
Outfe)= {3489.64,
—(((—1+T) (13-45T+717%- 717>+ 58 T*-35T°-397°+ 10177 +37T°-3357° + 372 7" + 56 T** -

506 T3 + 478 T3 - 1147 - 81 T¥ - 317 1 204 TV - 270 T*® + 210 T*° + 8 T?? - 328 T?* +
481 T2 311722 77 +169T%° -1157%° ~10T% +59T%® _317%°, 7%, 3 T31) ) /

(2 (-1+2T-T2-T 22T 124 T%)° (C1+ P27 T 102774 7)) |}
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